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Preface 


What happens when ordinary matter is so greatly compressed that the 
electrons form a relativistic degenerate gas, as in a white dwarf star? What 
happens when the matter is compressed even further so that atomic nuclei 
overlap to form superdense nuclear matter, as in a neutron star? What 
happens when nuclear matter is heated to such great temperatures that 
the nucleons and pions melt into quarks and gluons, as in high-energy 
nuclear collisions? What happened in the spontaneous symmetry break- 
ing of the unified theory of the weak and electromagnetic interactions 
during the big bang? Questions like these have fascinated us for a long 
time. The purpose of this book is to develop the fundamental principles 
and mathematical techniques that enable the formulation of answers to 
these mind-boggling questions. The study of matter under extreme con- 
ditions has blossomed into a field of intense interdisciplinary activity and 
global extent. The analysis of the collective behavior of interacting rela- 
tivistic systems spans a rich palette of physical phenomena. One of the 
ultimate goals of the whole program is to map out the phase diagram of 
the standard model and its extensions. 

This text assumes that the reader has completed graduate level courses 
in thermal and statistical physics and in relativistic quantum field theory. 
Our aims are to convey a coherent picture of the field and to prepare the 
reader to read and understand the original and current literature. The 
book is not, however, a compendium of all known results; this would have 
made it prohibitively long. We start from the basic principles of quantum 
field theory, thermodynamics, and statistical mechanics. This develop- 
ment is most elegantly accomplished by means of Feynman’s functional 
integral formalism. Having a functional integral expression for the parti- 
tion function allows a straightforward derivation of diagrammatic rules for 
interacting field theories. It also provides a framework for defining gauge 
theories on finite lattices, which then enables integration by Monte Carlo 


xi 


xii Preface 


techniques. The formal aspects are illustrated with applications drawn 
from fields of research that are close to the authors’ own experience. Each 
chapter carries its own exercises, reference list, and select bibliography. 

The book is based on Finite- Temperature Field Theory, written by one 
of us (JK) and published in 1989. Although the fundamental principles 
have not changed, there have been many important developments since 
then, necessitating a new book. 

We would like to acknowledge the assistance of Frithjof Karsch and 
Steven Gottlieb in transmitting some of their results of lattice computa- 
tions, presented in Chapter 10, and Andrew Steiner for performing the 
numerical calculations used to prepare many of the figures in Chapter 
11. We are grateful to a number of friends, colleagues, and students for 
their helpful comments and suggestions and for their careful reading of the 
manuscript, especially Peter Arnold, Eric Braaten, Paul Ellis, Philippe de 
Forcrand, Bengt Friman, Edmond Iancu, Sangyong Jeon, Keijo Kajantie, 
Frithjof Karsch, Mikko Laine, Stefan Leupold, Guy Moore, Ulrich Mosel, 
Robert Pisarski, Brian Serot, Andrew Steiner, and Laurence Yaffe. 
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Review of quantum statistical mechanics 


Thermodynamics is used to describe the bulk properties of matter in or 
near equilibrium. Many scientists, notably Boyle, Carnot, Clausius, Gay- 
Lussac, Gibbs, Joule, Kelvin, and Rumford, contributed to the develop- 
ment of the field over three centuries. Quantities such as mass, pressure, 
energy, and so on are readily defined and measured. Classical statistical 
mechanics attempts to understand thermodynamics by the application of 
classical mechanics to the microscopic particles making up the system. 
Great progress in this field was made by physicists like Boltzmann and 
Maxwell. Temperature, entropy, particle number, and chemical potential 
are thus understandable in terms of the microscopic nature of matter. 
Classical mechanics is inadequate in many circumstances however, and 
ultimately must be replaced by quantum mechanics. In fact, the ultravio- 
let catastrophe encountered by the application of classical mechanics and 
electromagnetism to blackbody radiation was one of the problems that 
led to the development of quantum theory. The development of quan- 
tum statistical mechanics was achieved by a number of twentieth century 
physicists, most notably Planck, Einstein, Fermi, and Bose. The purpose 
of this chapter is to give a mini-review of the basic concepts of quantum 
statistical mechanics as applied to noninteracting systems of particles. 
This will set the stage for the functional integral representation of the 
partition function, which is a cornerstone of modern relativistic quantum 
field theory and the quantum statistical mechanics of interacting particles 
and fields. 


1.1 Ensembles 


One normally encounters three types of ensemble in equilibrium statistical 
mechanics. The microcanonical ensemble is used to describe an isolated 
system that has a fixed energy E, a fixed particle number N, and a fixed 
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volume V. The canonical ensemble is used to describe a system in contact 
with a heat reservoir at temperature T. The system can freely exchange 
energy with the reservoir, but the particle number and volume are fixed. 
In the grand canonical ensemble the system can exchange particles as well 
as energy with a reservoir. In this ensemble the temperature, volume, and 
chemical potential jz are fixed quantities. The standard thermodynamic 
relations are summarized in appendix section A1.1. 

In the canonical and grand canonical ensembles, T~'! = 8 may be 
thought of as a Lagrange multiplier that determines the mean energy 
of the system. Similarly, u may be thought of as a Lagrange multiplier 
that determines the mean number of particles in the system. In a rela- 
tivistic quantum system, where particles can be created and destroyed, 
it is most straightforward to compute observables in the grand canonical 
ensemble. For that reason we use the grand canonical ensemble through- 
out this book. There is no loss of generality in doing so because one 
may pass over to either of the other ensembles by performing an inverse 
Laplace transform on the variable u and/or the variable 3. See appendix 
section A1.2. 

Consider a system described by a Hamiltonian H and a set of con- 
served number operators N;. (A hat or caret is used to denote an opera- 
tor for emphasis or whenever there is the possibility of an ambiguity.) In 
QED, for example, the number of electrons minus the number of positrons 
is a conserved quantity, not the number of electrons or positrons sepa- 
rately, because of reactions like ete~ — etete~e~. These number oper- 
ators must be Hermitian and must commute with H as well as with each 
other. They must also be extensive (scale with the volume of the system) 
in order that the usual macroscopic thermodynamic limit can be taken. 
The statistical density matrix p is the fundamental object in equilibrium 
statistical mechanics: 


p = exp[-8(H - mÑi)| (1.1) 


Here and throughout the book a repeated index is assumed to be summed 

over. In QED the sum would run over two conserved number operators if 

one allowed for both electrons and muons. The statistical density matrix 

is used to compute the ensemble average of any desired observable, rep- 
resented by the operator A, via 

A= 

Tr ô 


(1.2) 


where Tr denotes the trace operation. 
The grand canonical partition function 


Z = Z(V,T, m, u2, ...) = Trp (1.3) 
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is the single most important function in thermodynamics. From it all the 
thermodynamic properties may be determined. For example, the pressure, 
particle number, entropy, and energy are, in the infinite-volume limit, 
given by 
O(T In Z) 

OV 
O(T In Z) 

Oi 
O(T In Z) 

OT 


P= 
Ni = 


1.2 One bosonic degree of freedom 


As a simple example consider a time-independent single-particle quantum 
mechanical mode that may be occupied by bosons. Each boson in that 
mode has the same energy w. There may be 0, 1, 2, or any number of 
bosons occupying that mode. There are no interactions between the par- 
ticles. This system may be thought of as a set of noninteracting quantized 
simple harmonic oscillators. It will serve as a prototype of the relativistic 
quantum field theory systems to be introduced in later chapters. We are 
interested in computing the mean particle number, energy, and entropy. 
Since the system has no volume there is no physical pressure. 

Denote the state of the system by |n), which means that there are n 
bosons in the system. The state |0} is called the vacuum. The properties 
of these states are 


(n|n’) = fnn orthogonality (1.5) 


(oe) 
` |n){n| = 1 completeness (1.6) 
n=0 


One may think of the bras (n| and kets |n) as row and column vectors, 
respectively, in an infinite-dimensional vector space. These vectors form a 
complete set. The operation in (1.5) is an inner product and the number 
1 in (1.6) stands for the infinite-dimensional unit matrix. 

It is convenient to introduce creation and annihilation operators, at 
and a, respectively. The creation operator creates one boson and puts it 
in the mode under consideration. Its action on a number eigenstate is 


alln) = /n+1|\n +1) (LT) 
Similarly, the annihilation operator annihilates or removes one boson, 


aln) = /n|n — 1) (1.8) 
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unless n = 0, in which case it annihilates the vacuum, 
al0) = 0 (1.9) 


Apart from an irrelevant phase, the coefficients appearing in (1.7) and 
(1.8) follow from the requirements that at and a be Hermitian conjugates 
and that ata be the number operator N. That is, 


N|n) = alan) = njn) (1.10) 
As a consequence the commutator of a with at is 
[a,a'| = aa — aa = 1 (1.11) 
We can build all states from the vacuum by repeated application of the 
creation operator: 
1 
vn! 
Next we need a Hamiltonian. Up to an additive constant, it must be 
w times the number operator. Starting with a wave equation in nonrela- 


tivistic or relativistic quantum mechanics the additive constant emerges 
naturally. One finds that 


In) = —=(a')"|0) (1.12) 


H = $w(aal + ata) = w (ala+ 3) = w (ñ + 3) (1.13) 


The additive term iw is the zero-point energy. Usually this term can 
be ignored. Exceptions arise when the vacuum changes owing to a back- 
ground field, such as the gravitational field or an electric field, as in the 
Casimir effect. We shall drop this term in the rest of the chapter and leave 
it as an exercise to repeat the following analysis with the inclusion of the 
zero-point energy. 

The states |n} are simultaneous eigenstates of energy and particle num- 
ber. We can assign a chemical potential to the particles. This is possible 
because there are no interactions to change the particle number. The 
partition function is easily computed: 


Z = Tre SH-HN) — Tye Blw-H)N 


= Y (njee n) = Se eee (1.14) 
n=0 n=0 
O 1 
-1 — el-u) 
The mean number of particles is found from (1.4) to be 
1 
e (1.15) 


ef(w-B) — 1 
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and the mean energy E is wN. Note that N ranges continuously from zero 
to infinity as u ranges from —co to w. Values of the chemical potential, in 
this system, are restricted to be less than w on account of the positivity 
of the particle number or, equivalently, the Hermiticity of the number 
operator. 

There are two interesting limits. One is the classical limit, where the 
occupancy is small, N <1. This occurs when T « w — u. In this limit 
the exponential in (1.15) is large and so 


N = P-#) classical limit (1.16) 


The other is the quantum limit, where the occupancy is large, N > 1. 
This occurs when T > w — p. 


1.3 One fermionic degree of freedom 


Now consider the same problem as in the previous section but for fermions 
instead of bosons. This is a prototype for a Fermi gas, and later on will 
help us to formulate the functional integral expression for the partition 
function involving fermions. These could be electrons and positrons in 
QED, neutrons and protons in nuclei and nuclear matter, or quarks in 
QCD. 

The Pauli exclusion principle forbids the occupation of a single-particle 
mode by more than one fermion. Thus there are only two states of the 
system, |0) and |1). The action of the fermion creation and annihilation 
operators on these states is as follows: 


at |0) = |1) 

a|1) = |0) 

aiD =0 (1.17) 
) 


Therefore, these operators have the property that their square is zero 
when acting on any of the states, 


aa = aat =0 (1.18) 
Up to an arbitrary phase factor, the coefficients in (1.17) are chosen so 
that a and at are Hermitian conjugates and ata is the number operator 


N: 


N|n) = njn) (1.19) 
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It follows that the creation and annihilation operators satisfy the anti- 
commutation relation 


{a a} = aaf +ata =1 (1.20) 
The Hamiltonian is taken to be 
H= iw(ata — aat) = w(Ñ — 3) (1.21) 


This form follows from the Dirac equation. Notice that the zero-point 
energy is equal in magnitude but opposite in sign to the bosonic zero- 
point energy. In this chapter we drop this term for fermions, as we have 
for bosons. 

The partition function is computed as in (1.14) except that the sum 
terminates at n = 1 on account of the Pauli exclusion principle: 


Z = Tre S(H--N) — Tr e-ben) 


1 1 
= N (nje Be) n) = S e Blw—H)n (1.22) 
n=0 n=0 


=] + e Bwe—H) 


The mean number of particles is found from (1.4) to be 


1 
Nad (1.23) 
and the mean energy E is wN. Note that N ranges continuously from zero 
to unity as u ranges from —oo to co. Unlike bosons, for fermions there is 
no restriction on the chemical potential. 
As with bosons, there are two interesting limits. One is the classical 
limit, where the occupancy is small, N < 1. This occurs when T & w — u: 


N =e 8») classical limit (1.24) 


which is the same limit as for bosons. The other is the quantum limit. 
When T — 0 one obtains N —> 0 if w > u and N > 1 ifw <u. 


1.4 Noninteracting gases 


Now let us put particles, either bosons or fermions, into a box with sides of 
length L. We neglect their mutual interactions, although in principle they 
must interact in order to come to thermal equilibrium. One can imagine 
including interactions, waiting until the particles come to equilibrium, 
and then slowly turning off the interactions. Such a noninteracting gas 
is often a good description of the atmosphere around us, electrons in a 
metal or white dwarf star, blackbody photons in a heated cavity or in 
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the cosmic microwave background radiation, phonons in low-temperature 
materials, neutrons in a neutron star, and many other situations. 

In the macroscopic limit the boundary condition imposed on the surface 
of the box is unimportant. For definiteness we impose the condition that 
the wave function vanishes at the surface of the box. (Also frequently used 
are periodic boundary conditions.) The vanishing of the wave function on 
the surface means that an integral number of half-wavelengths must fit in 
the distance L: 


Ne =2L/je Ay =2L/jy rz = 2L/ Je (1.25) 


where jz, jy, jz are all positive integers. The magnitude of the x com- 
ponent of the momentum is |pz| = 27/A, = Tjz/L, and similarly for the 
y and z components. Amazingly, quantum mechanics tells us that these 
relations hold for both nonrelativistic and relativistic motion, for both 
bosons and fermions. 

The full Hamiltonian is the sum of the Hamiltonians for each mode on 
account of the assumption that the particles do not interact. We use a 
shorthand notation in which j represents the triplet of numbers (jz, jy, jz) 
that uniquely specifies each mode. Thus the Hamiltonian and number 
operator are 


n=) H; 
j 

Ñ=) Ñ; 
j 


Then the partition function is the product of the partition functions for 
each mode: 


(1.26) 


Z = Tre- bH -eÑ) — Tea = I] Z; (1.27) 
j j 


Each mode corresponds to the single bosonic or fermionic degree of free- 
dom discussed previously. 
According to (1.4) it is In Z that is of fundamental interest. From (1.27), 


oo oo œœ 


InZ = 5 >. > In Ljavhy de (1.28) 


Je=l ji=1jz=1 


In the macroscopic limit, L — oo, it is permissible to replace the sum 
from jy = 1 to oo with an integral from jy = 1 to oo. (The correction to 
this approximation is proportional to the surface area L? and the relative 
contribution is therefore of order 1/L.) We can then use dj, = Ld|p,|/m 
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to write 


L8 [ee] a [ee] 
mZ=% f def dolf alp.|inz(p) (129) 
T Jo 0 0 


In all cases to be dealt with in this book the mode partition function 
depends only on the magnitude of the momentum components. Then the 
integration over py may be extended from —co to oo if we divide by 2: 


nZ vf Tri Z(p) (1.30) 

= — In 
C 

Note the natural appearance of the phase-space integral f d?xd°p/(27)° 


in this expression. 
Recalling the mode partition function from the previous sections we 


have 
mz=v f 


where the upper sign (+) refers to fermions and the lower sign (—) refers 
to bosons. From (1.4) and (1.31) we obtain the pressure, particle number, 
and energy: 


dp —B(w—p) \~ 
Gaal (1 +e ) (1.31) 


P= a ln Z 
dp 1 
Dg vf (27) ebw-H) +1 (1a) 


d?p w 
am vf (27)’ eßw=u) +1 


These formulæ for N and E have the simple interpretation of phase- 
space integrals over the mean particle number and energy of each mode, 
respectively. 

The dispersion relation w = w(p) determines the energy for a given 
momentum. For relativistic particles w = \/p? + m?, where m is the mass. 
The nonrelativistic limit is w = m + p?/2m. For phonons the dispersion 
relation is w = csp, where cs is the speed of sound in the medium. 

There are a number of interesting and physically relevant limits. Con- 
sider the dispersion relation w = \/p? + m?. The classical limit corre- 
sponds to low occupancy of the modes and is the same for bosons (1.16) 
and fermions (1.24). The momentum integral for the pressure can be per- 
formed and written as 


mT? m 
P= u/T ( ) . or 
za ° Ko T classical limit (1.33) 
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where Kə is the modified Bessel function. The nonrelativistic limit of this 
is 


3/2 
P= =) emt classical nonrelativistic limit (1.34) 


Knowing the pressure as a function of temperature and chemical potential 
we can obtain all other thermodynamic functions by differentiation or by 
using thermodynamic identities. 

The zero-temperature limit for fermions requires that u > m, other- 
wise the vacuum state is approached. In this limit all states up to the 
Fermi momentum pp = yu? — m? and energy Ep = u are occupied and 
all states above are empty. The pressure, energy density € = E/V, and 
number density n = N/V are given by 


1 
P= 2u3pp — mupp — mIn (HF PE 
167? m 
i Pose og 4,. (w+ DF 
e= Tee E — mupp +m In [u (1.35) 
PE 
6r? 


In the nonrelativistic limit, 


P 
3072m 


(1.36) 


3 
€=mn+ a. nonrelativistic limit 


Electrons and nucleons have spin 1/2 and these expressions need to be 
multiplied by 2 to take account of that! The low-temperature limit for 
bosons will be discussed in the next chapter. 

Massless bosons with zero chemical potential have pressure 


p= "1 1.37 
= (1.37) 
This is one of the most famous formulae in the thermodynamics of radi- 
ation fields. 

If time reversal is a good symmetry, a detailed balance must occur 
among all possible reactions in equilibrium. For example, if the reac- 
tion A+ B— C+D can occur then not only must the reverse reac- 
tion, C+ D — A+ B, occur but it must happen at the same rate. 
Detailed balance implies relationships between the chemical potentials. It 
is shown in standard textbooks that, for the reactions just mentioned, the 
chemical potentials obey 44 + uB = uc + up. For a long-lived resonance 
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that decays according to X — A + B, the formation process A+ B— X 
must happen at the same rate. The chemical potentials are related by 
Ux = LA + pp. Generally any reactions that are allowed by the conserva- 
tion laws can and will occur. These conservation laws restrict the number 
of linearly independent chemical potentials. Consider, for example, a sys- 
tem whose only relevant conservation laws are for baryon number and 
electric charge. There are only two independent chemical potentials, one 
for baryon number (jg) and one for electric charge (ug). Any particle 
in the system has a chemical potential which is a linear combination of 
these: 


Hi = biHB + gig (1.38) 


Here b; is the baryon number and q; the electric charge of the particle 
of type i. These chemical potentials are all measured with respect to the 
total particle energy including mass. (The chemical potential TA as cus- 
tomarily defined in nonrelativistic many-body theory, is related to ours by 
i = ui — mi.) Bosons that carry no conserved quantum number, such 
as photons and 7? mesons, have zero chemical potential. Antiparticles 
have a chemical potential opposite in sign to particles. 

The electrically charged mesons 7* and m~ have electric charges of 
+1 and —1 and therefore equal and opposite chemical potentials, zg and 
— uQ, respectively. The total conserved charge is the number of 7+ mesons 
minus the number of z~ mesons: 


d°p 1 1 
a vi (27)3 (so —1  eBwtue) — z) (1.39) 
and the total energy is 
dp Ww w 
a al (27)? (= Zi ae- z) (1.40) 


If the bosons have nonzero spin s, then the phase-space integrals must be 
multiplied by the spin degeneracy factor 2s + 1. An analogous discussion 
can be given for fermions. 


1.5 Exercises 


1.1 Prove that the state |n} given in (1.12) is normalized to unity. 

1.2 Referring to (1.17), let |0} and |1) be represented by the basis vectors 
in a two-dimensional vector space. Find an explicit 2 x 2 matrix 
representation of the abstract operators a and at in this vector space. 

1.3 Calculate the partition function for noninteracting bosons, including 
the zero-point energy. From it calculate the mean energy, particle 
number, and entropy. Repeat the calculation for fermions. 
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1.4 Calculate the average energy per particle of a noninteracting gas of 
massless bosons with no chemical potential. Repeat the calculation 
for massless fermions. 

1.5 Derive an expression like (1.39) or (1.40) for the entropy. Repeat the 
calculation for fermions. 
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Functional integral representation of the 
partition function 


The customary approach to nonrelativistic many-body theory is to pro- 
ceed with the method of second quantization begun in the first chap- 
ter. There is another approach, the method of functional integrals, which 
we shall follow here. Of course, what can be done in one formalism can 
always be done in another. Nevertheless, functional integrals seem to be 
the method of choice for most elementary particle theorists these days, 
and they seem to lend themselves more readily to nonperturbative phe- 
nomena such as tunneling, instantons, lattice gauge theory, etc. For gauge 
theories they are practically indispensable. However, there is a certain 
amount of formalism that must be developed before we can start to dis- 
cuss physical applications. In this chapter, we shall derive the functional 
integral representation of the partition function for interacting relativistic 
non-gauge field theories. As a check on the formalism, as well as to obtain 
some feeling for how functional integrals work, we shall then rederive some 
well-known results on relativistic ideal gases for bosons and fermions. 


2.1 Transition amplitude for bosons 


Let d(x, 0) be a Schrédinger-picture field operator at time t = 0 and let 
it(x,0) be its conjugate momentum operator. The eigenstates of the field 
operator are labeled |¢) and satisfy 


3(x, 0)|4) = o(x)|¢) (2.1) 


where $(x) is the eigenvalue, as indicated, a function of x. We also have 
the usual completeness and orthogonality conditions, 


f dp(x)|¢)(d| = 1 (2.2) 


12 


2.1 Transition amplitude for bosons 13 


(Paleo) = 11% Qalx p(x )) (2.3) 


Similarly, the eigenstates of the conjugate momentum field operator 
satisfy 


f(x, 0)|m) = (x)|m) (2.4) 


The completeness and orthogonality conditions are 


/ CD | 4 (2.5) 


27 


(alm) = []&ratx) ) — m(x)) (2.6) 


The practical meaning of the formal expressions (2.2), (2.3), (2.5), and 
(2.6) is elucidated in Section 2.6. 

Just as in quantum mechanics one may work in coordinate space or in 
momentum space, one may work here in the field space or in the conjugate 
momentum space. In quantum mechanics, one goes from one to the other 
by using 


(zp) = el” (2.7) 
In field theory one has the overlap 


(din) = exp (+ f arn(0(x)) (2.8) 


In a natural generalization one goes from a denumerably finite number 
of degrees of freedom N in quantum mechanics to a continuously infi- 
nite number of degrees of freedom in quantum field theory: yh Dix, > 
f x r(x) d(x). 

For the dynamics one requires a Hamiltonian, which is now a functional 
of the field and of its conjugate momentum: 


H= / Ba H(i, e) (2.9) 


Now suppose that a system is in a state |¢,) at a time t=0. After a 
time tẹ it evolves into e~”"|¢,), assuming that the Hamiltonian has no 
explicit time dependence. The transition amplitude for going from a state 
|da) to a state |p) after a time tẹ is thus (dp|e~"" |b,). 

For statistical mechanical purposes we will be interested in cases where 
the system returns to its original state after the time tre. To obtain a 
practical definition of the transition amplitude we use the following pre- 
scription: we divide the time interval (0, t¢) into N equal steps of duration 
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At = ts/N. Then, at each time interval we insert a complete set of states, 
alternating between (2.2) and (2.5): 


N 
(Galea) = lim f (er (2) 


x (ba|tN) (nye! dy) (@n|"N-1) 
x (ty_ile" t ona) - 


x (palmi) (mile lo) (ilda) (2.10) 


We know that 
(b1l¢a) = 6(¢1 — Pa) (2.11) 
(as a shorthand for (2.3)) and that 
(hi+ilTi) = exp (i [os miia (a) ) (2.12) 
Since At — 0, we can expand as follows, keeping terms up to first order: 


(mile Athi) & (mil (1 — iH At) lei) 


= (1 —iH;At) exp (-i f èx n(x) (2.13) 
where 
H; = | @x (00), 6:09) (2.14) 


Putting it all together we get 
l N 
(ale |) lim f (11 dri t/2n) AO — Pa) 


N 
xexp d idt | de [Hla 3) ~ mlO = )/A 
j=1 
(2.15) 
where dy41 = a = Q1. The advantage of alternating between 7 and ¢ for 


the insertion of a complete set of states is that the Hamiltonian in (2.13) 
and (2.15) is evaluated at a single point in time. 
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Taking the continuum limit of (2.15), we finally arrive at the important 
result 


pale ee) rare 
a M 
ee f f "a f Ba (atx t) d -H (atx,2), 66,2) (2.16) 


The symbols [dz] and [dọ] denote functional integration as defined in 
(2.15). The integration over 7(x,t) is unrestricted, but the integration 
over $(x,t) is such that the field starts at a(x) at t=0 and ends at 
a(x) at t = te. Note that all references to operators have gone. 


2.2 Partition function for bosons 
Recall that 


f= = / dba (bale PE-N] ha) (2.17) 


where the sum runs over all states. This expression is very similar to that 
for the transition amplitude defined in the previous section. In fact we 
can express Z as an integral over fields and their conjugate momenta by 
making use of (2.16). In order to make that connection, we switch to 
an imaginary time variable 7 = it. The trace operator in (2.17) simply 
means that we must integrate over all ġa. Finally, if the system admits a 
conserved charge then we must make the replacement 


HiT, p) > HCT, 6) — uN (T, 6) (2.18) 


where MN (r,ġ) is the conserved charge density. We finally arrive at the 
fundamental formula 


a- / [d7] fa 


B 
x exp f dr | da (ins? — H(T, p) + uN (a, 6))| (2.19) 
0 

The term “periodic” means that the integration over the field is con- 
strained in such a way that $(x,0) = (x, 8). This follows from the trace 
operation, setting a(x) = $(x,0) = (x, 8). There is no restriction over 
the m integration. The expression for the partition function (2.19) can 
readily be generalized to an arbitrary number of fields and conserved 
charges. 
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2.3 Neutral scalar field 


The most general renormalizable Lagrangian for a neutral scalar field ¢ 
is 


L= 48 p p — imp? — U(4) (2.20) 
where the potential is 


U(¢) = gg? + A¢* (2.21) 
and A > 0 for the stability of the vacuum. The momentum conjugate to 
this field is 

_ oL Og 


=e (2.22) 


and the Hamiltonian is obtained through the usual Legendre transforma- 
tion 


Og 
Ot 


There is no conserved charge. 
We shall evaluate the partition function by returning to the discretized 
version: 


N f% dr; 
n= oo UL 27 Ja aa) 
N 
x exp (© Siimon — 93) 
j=l 


— Ar [513 + 5(Vo;)? + im + U()] }) (2.24) 


H=r L= in? + 4(Vd)? + img + Ul) (2.23) 


The momentum integrals can be evaluated immediately since they are 
simply products of Gaussian integrals. We divide position space into M° 
small cubes with V = L’, L=aM,a— 0, M — œ, M being an integer. 
For convenience and to make sure that Z remains explicitly dimensionless 
at each stage of the calculation, we write 7; = A;/(a?Ar)!/? and integrate 
A; from —oo to oo. We get 


eye 
-jA +i (=) (dj41 — $j)Aj 


= (2r) 712 exp (H — ar) (2.25) 
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for each cube. Thus far we have 


z= lim 7 —M* a f (IIa) 
1 ( dj41 — 6)" 
E 


- 5(Voj)? — ime — U(¢,)] | 
(2.26) 


Taking the continuum limit, we obtain 


Z=N' / onl exp ( [ dr I BL c) (2.27) 


The Lagrangian is expressed as a functional of ¢ and of its first derivatives. 
The formula (2.27) expresses the partition function Z as a functional 
integral over @ of the exponential of the action in imaginary time. The 
overall normalization constant N’ is irrelevant, since multiplication of Z 
by any constant will not change the thermodynamics. 

Next, we turn to the case of noninteracting fields by letting U(¢) = 0. 
Interactions will be discussed in a later chapter. We define 


S= [ow fere=- fa r | bs ($2 a (6) me 


(2.28) 
Integrating by parts, and using the periodicity of ¢, we obtain 


= 1 f 3 o? 2 2 


The field admits a Fourier expansion: 


TORNA Seer Only) (2.30) 


n=—-œ p 


where wn = 27nT, owing to the constraint of periodicity that ¢(x, 8) = 
ọ(x,0) for all x. The normalization in (2.30) is chosen such that each 
Fourier amplitude is dimensionless. Substituting (2.30) into (2.29) and 
recalling that the field is real, we find that 


S=-—18X_ X (wa + &)bn(P) 2 (Pp) (2.31) 
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with w = \/p? + m2. The integrand depends only on the magnitude of 
the field, A,(p) = |¢n(p)|. Integrating out the phases, we get 


z=N' JJJ f7 aanp) epli + uao] 
n p — 
= N' [J Tf en? [B +02)” (2.32) 
n p 


From the treatment above, we know that a factor of (27)~!/? appears 


for each momentum integration. Thus, ignoring an overall factor that is 
independent of volume and temperature, 


z= [P (2.33) 
n p 
The partition function can be formally written as 
Z=N' / [d¢] exp[—4(, Dd)] = N” (det D)? (2.34) 


where N” is a constant. Here D equals 3?(—0?/07r? — V? + m?) in (x,7T) 
space and (3?(w? + w?) in (p, wn) space, and (¢, D@) is the inner product 
on the function space. The expression (2.34) follows from the formula for 
Riemann integrals with a constant matrix D: 


f dzy «++ dp e7% Put = ql? (det Dy (2.35) 


One may also derive (2.33) using (2.34). 
We now have 


mZ=-4%ð 5 n[G? wh + &”)] (2.36) 
n p 
Using the following identities, 


In [(2rn)? + Bw’] = 1 ~ a as In{1 + (27n)?| (2.37) 


6? + (27n) 


and 


oe) 


1 Qn? 2 
2 n2 + (0/27) 0 (+35) ven 


and dropping a temperature-independent term, we can write 


pai 1 1 
mz=-5> f dð (ita) (2.39) 
P 


2.4 Bose-Einstein condensation 19 


Carrying out the integral and dropping terms that are independent of 
temperature and volume, we finally get 


mz=v [oF 5 Bw In(1 o™)] (2.40) 


This expression is identical to the bosonic version of (1.31) with u = 0, 
except that (2.40) includes the zero-point energy. Both 


o 1 d?p 
and 
ð BE. 


should be subtracted, since the vacuum is a state with zero energy and 
pressure. 


2.4 Bose—Einstein condensation 


An interesting system is obtained by considering a theory with a charged 
scalar field ®. The field ® is then complex and describes bosons of pos- 
itive and negative charge, i.e., they are each other’s antiparticle. The 
Lagrangian density in this case is 


L = 0, B*HS — m?B* S — APS)? (2.43) 
This expression has an obvious U(1) symmetry: 
P > &' = Ge" (2.44) 


where a is areal constant. This is a global symmetry since the multiplying 
phase factor is independent of spacetime location. 

By Noether’s theorem, there is a conserved current associated with 
each continuous symmetry of the Lagrangian. We can find this current 
by letting the phase factor a depend on the spacetime coordinate for a 
moment. In this case the U(1) transformation is 


L> L' =O, (Bre) D4 (He) — m7 HS — (G*S)? 
= L + ®*60,,a a + i0,0(8*O"S — BO" S*) (2.45) 
The equation of motion for the “field” a(x) is 
OL’ OL’ 
n = Z 2.4 
a O(0Ha) Oa 220) 


Since OL'/Ja = 0, it follows that the “current” 0L'/0(0"a) = ®* ®0,,a + 
1*0, P — i$, P* is conserved. We recover our original theory by letting 
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a(x) = constant. The conserved current density is then 
jp = i($*0,® — BO, 8") (2.47) 


with 0”j,, = 0. The conservation law may be verified independently using 
the equation of motion for ®. The full current and density are J, = 
f x jul) and Q = f z jo(a). 

It is convenient to decompose ® into real and imaginary parts using 
the real fields ġı and ¢2, ® = (ġı + id2)/V2. In terms of the conjugate 
momenta Tı = 0¢,/O0t, 72 = O0¢2/O0t, the Hamiltonian density and charge 
are 

H= ziri +73 + (Voi)? + (V2)? + még] + m?g3] + FAT + $3)" 

(2.48) 


and 
Q= f Prom — $172) (2.49) 


The partition function is 


Z= | (amjlan) J ___, alld] x exp | i “an [ae 


x (in 2 + ime ve H(T1, T2, Q1, Q2) + w(dem — sra) (2.50) 


where we have used a chemical potential associated with the conserved 
charge Q. Integrating out the conjugate momenta, we get 


Z= (N? ddy|{d 
( ) Jad all 9al 
7 3 | 1(2¢1 _. 2 (br ? 
x exp fofi Ž—=3 (£ - inda) = (22 + iver) 
(2.51) 


where N’ is the same divergent normalization factor as before. Notice 
that the argument of the exponential in (2.51) differs from one’s naive 
expectation of 


L(O1, $2, OnG1, On2; u = 0) + wjo(1, $2, 70¢1/07, 10¢2/0T) 


by an amount p.?®*®, owing to the momentum dependence of jo. 

The expression (2.51) cannot be evaluated in closed form unless \ = 0. 
In this case, the functional integral becomes Gaussian and can then be 
worked out analogously to that for the free scalar field. 


— $(Vd1)? — (Vp)? — imi — impi — XO, + 63)? 
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The components of ® can be Fourier-expanded: 


Qı = V2C cos 0 + (2 >, 2 etl tT) din (p) 
do = V2¢sin 6 + (ez 2 elP +47) dan (p) 


Here ¢ and @ are independent of (x,7) and determine the full infrared 
behavior of the field; that is, ¢1.9(p = 0) = ¢2,9(p = 0) = 0. This allows 
for the possibility of condensation of the bosons into the zero-momentum 
state. Condensation means that in the infinite-volume limit a finite frac- 
tion of the particles resides in the n = 0, p = 0 state. 

Setting A = 0 and substituting (2.52) into (2.51) after an integration 
by parts, see (2.29), we find 


Z= (n'y (10 f dérn(p) tonne) ef (2.53) 
n p 


(2.52) 


where 
s= ovy -m -4E (bral), dap) (2) 
n p i 
and 
2 2 = 
D=6 T et " we R i 2) 
Carrying out the integrations, 
In Z = BV (p? — m?)C? + In(det D)! (2.54) 


The second term can be handled as follows: 


In det D = ln fee +a? — p?) + 4p w] | 
P 


n 


=In {ITT P+ o-u} HTT 8+ +09] 


n p n p 


(2.55) 
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Putting all this together, 


In Z = BV(w? — m2)? — a A + (w= p)"]} 
T322 mie | we + N al; (2.56) 


The last two terms in (2.56) are precisely of the form (2.36). All we 
need to do is recall (2.40) and make the substitutions w —> w — u and 
w —> w + p, respectively, for the two terms in (2.56). We obtain 


InZ = BV(u? -e-v f Ee 
i [Gu +In (1 = ee) +In (1 m e Pet) (2.57) 


There are several observations we can make about (2.57). The momentum 
integral is convergent only if |u| < m. The parameter Ç appears in the final 
expression but @ does not, as expected from the U(1) symmetry of the 
Lagrangian. In this context, since the parameter Ç is not determined a 
priori, it should be treated as a variational parameter that is related to 
the charge carried by the condensed particles. At fixed @ and yp, In Z is 
an extremum with respect to variations of such a free parameter. Thus 


OlnZ 
oç 


= 26V (W? —m7)E = 0 (2.58) 


which implies that ¢ = 0 unless |u| = m, in which case ¢ is undetermined 
by this variational condition. When |u| < m we simply recover the results 
obtained in Chapter 1, namely (1.31). 

To determine ¢ when |u| = m, note that the charge density p = Q/V 
is given by 


T /ƏlnZ : 
p=> = Im¢? + p*(8, u =m) (2.59) 
V\ Ou u= 
where 
eg f Op 1 1 
j (27)3 (Le-m) — 1 ebwtm) — 1 
(The case u = —m is handled analogously.) Here the separate contribu- 


tions from the condensate (the zero-momentum mode) and the thermal 
excitations are manifest. If the density p is kept fixed and the tempera- 
ture is lowered, js will decrease until the point u =m is reached. If the 
temperature is lowered even further then p*((, 4 = m) will be less than 
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p. Therefore ¢ is given by 


ee oa CL) 


2m 


(2.60) 


when u = m and T < Ty. The critical temperature is determined implic- 
itly by the equation 


p= (Be, p= m) (2.61) 


In the nonrelativistic limit, one obtains 


_ 2T p = 3 
Te = a (ain) p<m (2.62) 


In the ultrarelativistic limit, one finds 
3\ 1/2 
t= (22) p> m? (2.63) 


In the limit m — 0, we have |u| — 0 and Te — oo. When m = 0, all the 
charge resides in the condensate, at all temperatures, and none is carried 
by the thermal excitations. 

There is a second-order phase transition at Te. This can be shown rig- 
orously by a careful examination of the behavior of the chemical potential 
u(p,T) as a function of T near Te with p fixed. This analysis is left as 
an exercise. A more intuitive way to see this involves the general Landau 
theory of phase transitions [1]. The order parameter ¢ drops continuously 
to zero as T, is approached from below and remains zero above Te. Phys- 
ically, the reason for a phase transition is the following. At T = 0, all the 
conserved charge can reside in the zero-momentum mode on account of 
the bosonic character of the particles. (This would not be the case for 
fermions.) As the temperature is raised, some of the charge is excited out 
of the condensate. Eventually, the temperature becomes great enough to 
completely melt, or thermally disorder, the condensate. There is no rea- 
son for ¢ to drop to zero discontinuously; hence the transition is second 
order. 


2.5 Fermions 


We now turn our attention to (Dirac) fermions. In relativistic quantum 
mechanics, we know that electrons or muons are described by a four- 
component spinor Y. The components are identified as Ya, with œ run- 
ning from 1 to 4. The motion of a free electron is characterized by a 
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wavefunction 


ee = >» a [b(p, s)u(p, s) e+ d*(p, s)u(p, s) e”*] 
(2.64) 


Here u and v are positive- and negative-energy plane-wave spinors, respec- 
tively. The sum on s runs over the two possible spin orientations for a 
spin-1/2 Dirac fermion. The expansion coefficients b(p, s) and d*(p, s) are 
complex functions in relativistic quantum mechanics but become opera- 
tors in a field theory. As usual, p- x = p4x, = Et — p- x. Equation (2.64) 
is normalized as 


f Ba Wi (x, t)d(x,t) = FY [olp s) + dp, 87] =1 (2-65) 
p s 


In the absence of interactions, the Lagrangian density is 


L= }lip — my (2.66) 


The Dirac matrices y", which are defined by the anticommutators 
{79,7} = 2g””, are in the standard convention 


*=(0 =) m 


v=(2, 4) 


Each of these is a 4 x 4 matrix: “1” denotes the unit 2 x 2 matrix and ø 
denotes the triplet of Pauli matrices. In (2.66), = y4? and Ø = yO, = 
y"0/dx". Written out explicitly, 


ð 
L = yta (HS +iy: V- m) yp (2.68) 


The Lagrangian has a global U(1) symmetry, so that y — we~*® and 
yt — wie’. Following Noether’s theorem, there is a conserved current 
associated with this symmetry. To find it, we proceed in the same way 
as we did for the charged scalar field theory. We allow a to depend on 
x, treating it as an independent field. Under the above phase transforma- 
tion, L —> L + Y [Ja(x)]y. Using the equation of motion for a(x), namely 
0, (OL/O|0,a(«)|) — ƏL/ðalx) = 0, we find the conservation law 


ð, j” = 
jh = jy (2.69) 
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Now we set a = constant to recover our original theory. The total con- 
served charge is 


Q= fèar = fèr (2.70) 


For relativistic quantum mechanics in the absence of interactions this is 
a trivial result because of (2.65). 

In the field theory we treat w as a basic field. The momentum conjugate 
to this field is, from (2.68), 

OL 
I= ———— = iyt 2.71 
Tom ~ *Y (AI 
because y°7° = 1. Thus, somewhat paradoxically, ọ and wi must be 
treated independently in the Hamiltonian formalism. The Hamiltonian 
density is found using the standard procedure: 
OW 


a B 
H=05 -L= ($) v- t= diy V + me (2.72) 


The partition function is 
Z = Trte fH-o) (2.73) 


Apart from two differences, which could be lost in the formalism if we are 
not careful, we can follow the steps leading up to (2.19) and write 


g= fiiaviaw exp if dr | dae (2 +iy-V-m+ mP) v] 
(2.74) 


Recall that ~ and yt are independent fields, which must be integrated 
independently. In contrast with boson fields, there is no advantage in 
attempting to integrate the conjugate momentum separately from the 
field. The two differences mentioned above have to do with the periodicity 
of the field in imaginary time 7 and with the nature of the “classical” (in 
the path-integral formulation) fields y(x, 7) and w'(x,7) over which we 
integrate. 
The canonical commutation relations for bosons are 


[ô t), ay, t)] = ne- y) 
(2.75) 


(2.76) 
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These commutation relations are the only ones allowed by the fundamen- 
tal spin-statistics theorem in relativistic quantum field theory. In the limit 
h — Othe field operators are replaced by their eigenvalues. For the case of 
bosons, those eigenvalues are actually cnumber functions, as illustrated 
n (2.1). We have expressed the partition function as a functional inte- 
gral over these cnumber functions, or “classical fields”. For the case of 
fermions, the h — 0 limit is rather peculiar since the eigenvalues replac- 
ing the field operators anticommute with each other! This is of course 
connected with the Pauli exclusion principle and with the famous spin- 
statistics theorem. Note that (2.74) instructs us to integrate over these 
“classical” but anticommuting functions. The mathematics necessary to 
handle this situation was studied by Grassmann. There are Grassmann 
variables, Grassmann algebra, and Grassmann calculus. 

For a single Grassmann variable 7, there is only one anticommutator 
to define the algebra, 


{n,n} =0 (2.77) 


Because of this, the most general function of 7 is (using a Taylor series 
expansion) f(7) =a-+6n, where a and b are cnumbers. Integration is 


defined by 
f dn =0 


fim=1 


The first of these says that the integral is invariant under the shift n —> 
n +a, and the second is just a convenient normalization. 
In a more general setting, we may have a set of Grassmann variables 


(2.78) 


ni,i = 1,2,... N, and a paired set nl. The algebra is defined by 


{nis m} = {mnt} = {nl nt} =0 (2.79) 


The most general function of these variables may be written as 
f=at D aini + 5 bin? + 5 QijNinj + `> bagnini 
i i i,j tJ 
F es cinin + +++ + dimin n\n (2.80) 
a,j 
Integration over all variables of (2.80) is defined by 


I didm ---dn\dny f = d (2.81) 


Integrals over Grassmann variables were introduced for the explicit pur- 
pose of dealing with path integrals over fermionic coordinates. The 
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bibliography at the end of this chapter refers the interested reader to 
more detailed treatments. 
For our purposes, the only integral we need is 


f anjam vee dn\,dnn en — det D (2.82) 


where D is an N x N matrix. This formula is simple to prove if N = 1 or 
2. The general case is left as an exercise for the reader. 

As with bosons, it is most convenient to work in (p, wn) space instead 
of (x,7) space. In imaginary time we can write 


tris Al WUp-x+wnT) 9), 
Pal T) Wed P Dan(P) (2.83) 


where both n and p run over negative and positive values. For an arbitrary 
function defined over the interval 0 < Tr < 8, the discrete frequency wn 
can take on the values nrT. For bosons we argued that we must take 
Wn = 2nnT in order that ¢(x, T) be periodic, which followed from the trace 
operation in the partition function. This can be verified by examining the 
properties of the thermal Green’s function for bosons defined by 


GB(%, y; Ti, T2) = Z7 Tr (AT, [d(x n)d(y,r)]$ (284 


Here T, is the imaginary time ordering operator, which for bosons acts 
as follows: 


Tr [x TAY, T2)| = O(71)6(72)O(71 — T2) + O(72)6(71)O(72 — 71) (2.85) 


where @ is the step-function. Using the fact that T, commutes with p = 
e P* where K = H — uÔ, and the cyclic property of the trace we find 
that 


Gp (x,y37,0) = 2-1 Tr |e? d(x, 7) d(y, 0)| 


= Z! Tr[dly,0) E b(x,7)| 
= Z- Tre PKK (y, 0) eH G(x, 7)| 


=27 Tle" by, B)d(x,7) 


= 2" Tef ôT, [b(x,7)d(y,9)| } 
= Gp(x, Y37; p) (2.86) 
(Notice that $(y, 3) = e?* d(y,0) err: in analogy with the real time 


Heisenberg time-evolution expression ¢(y,t) = e’”*d(y,0)e#".) The 
result (2.86) implies that ¢(y,0) = ¢(y, 2) and hence wn = 2rnT. 
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For fermions, however, instead of (2.85) one has (in direct analogy with 
the real time Green’s functions) 


T, [Ail] = ADAN — 72) — H(re)B(r1)O(2— n) (2.87) 


Following the same steps as in (2.86), one is led to 


Gp(x, y;7, 0) = —Gp(x, y;T, b) (2.88) 
This implies that 
w(x, 0) = —Y¥(x, 8) (2.89) 
and hence 
wn = (2n +1)rT (2.90) 


This antiperiodicity required of fermion fields is in no way inconsistent 
with the trace operation in the partition function. The trace only means 
that the system returns to its original state after a “time” p. Since the sign 
of w is just an overall phase and hence is not observable, the right-hand 
side of (2.89) describes the same physical state as the left-hand side. 

Now we are ready to evaluate (2.74). Inserting (2.83) and using (2.82) 
we get 


z- HN Staon eo 
where — 
S= 0 9 ithal) Datan) 
D= “19 on +p) — y+ p- m] 
and so 


Z = det D (2.92) 


In (2.92) the determinantal operation is carried out over both Dirac 
indices (thus with 4 x 4 matrices) and in frequency-momentum space. 
Using 


Indet D = Tr InD (2.93) 
and (2.67), one finds that 


ln 2 =2 > In{ 3? [(wn + ip)? + wh (2.94) 
n p 
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Since the summation is over both negative and positive frequencies (2.94) 
can be put into a form analogous to (2.55), 


InZ = SOO {in [Pw w- w)*)] +n [PWR + 1))] } (2.98) 


Following (2.37), we write 


B? (wep)? dée2 
In [(2n + 1)?x? + 6?(w + p)?] = f 
n [( n+ ) n +8 (w 1)" i 62 + (2n + 1)2x2 
+In [1 + (2n + 1)?r?] (2.96) 
The sum over n may be carried out by using the summation formula 
3 1 = m(cot Tg — cot my) (2.97) 
nec (n — &)(2— y) y—= 
This gives 
S 1 1/1 1 (2.98) 
a FIA a ef +1 l 


Integrating over 0 and dropping terms that are independent of 8 and yp, 
we finally obtain 


3 
ln Z = av f oa [Gu + In (1 + e Pere) +n (1 ne emeta) (2.99) 
This result agrees with that derived in Chapter 1 using completely differ- 
ent methods. 

Notice the factor 2 in (2.99). This factor comes out automatically and 
owes its existence to the spin-1/2 nature of the fermions. Separate con- 
tributions from particles (w) and antiparticles (— p) are evident. Finally, 
this formula also contains a contribution from the zero-point energy. 

To recapitulate, the difference between fermions and bosons in the func- 
tional integral approach to the partition function is essentially twofold. 
First, for fermions we must integrate over Grassmann variables instead 
of c-number variables. Contrast the result (2.92), Z = det D, for fermions 
with the result (2.34), Z = (det D)~'/?, for bosons. Integration over c- 
number variables would have led to a factor —1 in (2.99) instead of the 
factor 2. Second, and this is related to the first, is the fact that the 
fermion fields are actually antiperiodic in imaginary time, with period 
GB, instead of periodic as is the case for bosons. The consequence is that 
Wn = (2n + 1)rT for fermions whereas wn = 27nT for bosons. These two 
points account for the difference between (2.57) (with ¢ = 0, of course) 
and (2.99). 
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2.6 Remarks on functional integrals 


The notation used for functional integration (and differentiation!) is 
deceptively simple. It must be kept simple, for if we think back on the 
tremendous progress made in mechanics and electromagnetism in the 
nineteenth century, it was certainly made easier by the introduction of 
compact notation for differentiation, integration, and vectors. This also 
seems to be the case with functional methods in modern quantum physics. 
However, it is also clear that the mathematical symbols we are using rep- 
resent rather exotic entities. For example, (2.6) uses a Dirac delta function 
whose argument is a difference between two functions. A less formal and 
compact, but more practical, way to view these objects is to start with 
a complete orthonormal set of real functions for the physical problem 
of interest. Call this set w,(x), with n any positive integer. Then any 
function may be written as 


a(x) = > anWn( T) (2.100) 


n=1 


Another function may be expressed as 


b(x) = So bnwn(a) (2.101) 
Then T 
§ (a(x) — b(£)) = Il 5(an — bn) (2.102) 
and T 


f [da(x)] = [J ” dan (2.103) 


and so on. Most physical problems are defined on the space of a continu- 
ous variable, such as position. For such problems it is intuitively obvious 
that the functional integral ought to be divergent in general since the pos- 
sible functional configurations form an uncountably infinite set. Indeed, 
it seems that the extent to which mathematical rigor can be applied to 
functional integrals is still uncertain. This should be no surprise since they 
are just a means of phrasing the physical content of relativistic quantum 
field theory. The extent to which mathematical rigor can be applied in 
the operator formalism is probably no more certain, because of the highly 
singular nature of the products of field operators at a point. For physi- 
cal problems defined on a space of discrete variables, some mathematical 
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rigor can be applied. This is one reason why certain spacetime theories 
are defined on a spacetime lattice. This will be studied in Chapter 10. 


2.7 Exercises 


2.1 For the charged scalar field show, by direct application of the equa- 
tion of motion for ®, that j, = i(*0,® — P, ®*) is conserved. 
2.2 If j,, is conserved show that 


Q= 5 | #riolx,t)=0 


2.3 Obtain (2.62) and (2.63), starting from (2.59) to (2.61). 

2.4 For Bose-Einstein condensation, consider u as a function of p and 
T. If p is held fixed, show that u and Ou/OT are continuous but 
0? u/ƏT? is discontinuous at Ty. 

2.5 Prove (2.82). 

2.6 Fill in the steps leading from (2.91)—(2.93) to (2.94). 

2.7 When m = 0 show that (2.99) can be evaluated in closed form, lead- 
ing to P = Tln Z/V = p4/12n? + w?T?/6 + 7x°T*/180. 
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Interactions and diagrammatic 
techniques 


Unfortunately it is not possible to carry out the functional integration 
in closed form when the Lagrangian contains terms that are more than 
quadratic in the fields. The reader is invited to verify this. Thus, it is 
important to develop approximation techniques. An approximation that 
is expected to be useful when the interactions are weak is found by expand- 
ing the partition function in powers of the interaction. The convergence 
properties of these perturbation expansions have not been established 
with any degree of mathematical rigor, however. An alternative approach 
is to evaluate the partition function containing a given Lagrangian on a 
spacetime lattice using numerical Monte Carlo methods. This approach 
is described in Chapter 10. 


3.1 Perturbation expansion 


Consider a single scalar field ¢. Other, more physical, theories such as 
QED, QCD, the Glashow—Weinberg—Salam model, and effective nuclear 
models will be considered in later chapters. The reader must be prepared 
now to learn some basic techniques before tackling more complicated but 
physically relevant theories. 

The partition function is 


Z=N' f ideje? (3.1) 
The action can be decomposed as 
S = So + St (3.2) 


where So is at most quadratic in the field and Sj, the part due to inter- 
actions, is of higher order. We may expand (3.1) in a power series in 


33 


34 Interactions and diagrammatic techniques 


the part due to interaction, St: 


Z=N' f [ddle"? X a (3.3) 
ll 


Taking the logarithm on both sides we get 


eo 1 
nz =n (m fto] Jem (r4 5 | 
= ln Zo + ln Zy (3.4) 


This explicitly separates the interaction contributions from the ideal gas 
contribution, which we have evaluated already. The relevant quantity that 
we actually need to compute is 


_ fidgles st 
(St)o = Tage 


which is the value of Sj raised to an arbitrary positive integral power 
and averaged over the unperturbed ensemble, represented by So. The 
normalization of the functional integration is now irrelevant, as it cancels 
in the expression (3.5). 


(3.5) 


3.2 Diagrammatic rules for \¢* theory 


The task of actually evaluating (3.4) and (3.5) is significantly more dif- 
ficult than our compact notation would suggest. It is in fact useful to 
associate diagrams with the mathematical expressions in the expansion. 
Diagrams are a common language in particle physics, nuclear physics, sta- 
tistical physics and condensed matter physics and allow for the exchange 
of ideas and concepts among these different disciplines. 

Consider the lowest-order correction to In Zo in Ad* theory. It is 


—r fdr fdz f{ [dele $4 (x, T) 
J[ddle% 


If we express $(x,7) as a Fourier series as in (2.30), and insert this into 
(3.6) we get 


mZ =- far f de ss `> - 


Ni,- NA P1,- P4 


ln Zi = 


(3.6) 


i A 
x exp[i(pi +: + pa): x] exp [ilwn, + +++ + wn)T] B 
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where 


ae III fa exp[— $8 (w? +q” + m”)d,(q)¢-1(—4)] 


X On: (P1)On2(P2)Ons(P3)On,(P4) 


and 


The integrations over x and 7 yield a factor GV6n,+...4n,,0 6p, +--+pio- 
The numerator of the whole expression for In Z1 will be zero by symmet- 
ric integration unless ng = —n1, p3 = —pi and n4 = —n2, pa = —p2, or 
the other two permutations thereof. This will satisfy the constraints of 
the Kronecker deltas and the integrals will factorize. The integrals in the 
numerator are canceled by those in the denominator except for the two 
corresponding to l = n1, q = pı and l = n2, q = p2, and the other two 
permutations. Using 
2 
T dx r2e7 4% /2 1 


oO a = 3.8 
J dx e7 ax? /2 a ( ) 


we obtain 


2 
In Z1 = ~3\8V ("x f Epon) (3.9) 


Here we have defined the propagator in frequency-momentum space as 
1 


= 3.10 
w2 + p? +m? ( ) 


Do(wn, p) = 


The expression (3.9) can be associated with a diagram in the following 
way. Remember that we are calculating ln Z4 to first order in A. With 
¢*(x,T) we associate a cross with four arms (because of the fourth power 
of @), with the vertex located at (x, 7): 


Mer: Xer) 


After expressing each field ¢(x,7) as a Fourier series we draw the figure 


(po, Wn») (ps, Wns) 


(P1, Wn) (Pa, Wna) 
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The directions of the arrows reflect the signs of the momenta and fre- 
quencies. By convention, we draw them pointing towards the vertex, but 
we could have chosen a convention in which they all point away. The 
functional integration vanishes unless ng = —n1, p3 = —p, and n4 = no, 
P4 = — pvo, etc. Thus we connect the ends in pairs. There are three possible 
pairings. We then have 


ma=3 (XQ) (3.11) 
(P1,Wn,)(P2, Wna) 


With each closed loop we associate a factor 


Of os Do(wn: p) 


With the vertex we associate a factor —\ (coming from £r = —A¢*) and 
a factor 


6 .in wour V Opin Pout > Bin wout (27)? (Pin — Pout) 


Since the arguments of the frequency-momentum-conserving deltas are 
zero we simply get an overall factor GV. The factor V makes ln Z4 a 
properly extensive quantity. Pictorially, (3.11) corresponds precisely with 


(3.9). 
Next we look at order \? in In Zy. From (3.4) it is 
dale St\" _ 4 Slag] S? 
inet dl l 3.12 
ee 2 ( [[dd]es ) +5 2 f[ddleSe (3.12) 


The first term in (3.12) is simply 


-i(n Z1)? = —4 (s 3( X )e 3: CO) (3.13) 


The second term in (3.12) may be analyzed algebraically using func- 
tional integrals or it may be analyzed diagrammatically. Choosing the lat- 
ter approach, we draw two a ees to the factors $4(x,T) 
and f(x, T") contained in 5($?)o 


XX 
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We then pair the lines as before. Counting in the factor one-half and all 
the possible pairings, we obtain 


OO s OO +S" OOO 
2 2 
4 2 
Aa fu 


Combining (3.13) and (3.14), we observe that all the disconnected dia- 
grams cancel. We are thus left with 


In Z = 36 CCOO 12 O (3.15) 


What is needed at some arbitrary order N in the perturbative expansion 
of In Zy should now be clear. We formally expand in powers of A: 


InZ = Sn Zy (3.16) 
N=1 


where ln Zy is proportional to AN. The “finite-temperature Feynman 
rules” at order N are: 


1 Draw all connected diagrams. 

2 Determine the combinatoric factor for each diagram. 

3 Include a factor T >, {[d?p/(27)?]Do(wn, p) for each line. 

4 Include a factor —A for each vertex. 

5 Include a factor (27)?6 (pin — Pout) fwn wou for each vertex, correspond- 
ing to energy(frequency)—momentum conservation. There will be one 
factor 3(27)°5(0) = BV left over. 


We now understand why D is called a propagator: it propagates a 
particle (or field) from one vertex to the next. We have illustrated the 
cancellation mechanism only at second order. However, it is clear why 
disconnected diagrams cancel. If, at some order, there existed a contribu- 
tion that was the product of K connected diagrams then this contribution 
would be proportional to V*. If we have done our job correctly, then In Zr 
is an extensive quantity proportional to V and thus no such contribution 
can arise. 

The formal proof that in In Z the disconnected diagrams cancel goes 
as follows. From (3.3) and (3.5) we have 


Za = >> (i)o (3.17) 


1=0 


In general, (S{)o can be written as a sum of terms, each of which is a 
product of connected parts (see (3.14)). Denoting a connected part by a 
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subscript c, we may write 


S} z : Sy) a S2 02... ba, Gn} Bago 
(St)o D o a1laal(2) ea REDEA 1)0¢ (ST oe +2a2+3ag+--l 


Q1,Q2,.. 


(3.18) 


The combinatoric factor takes into account indistinguishability, and the 
Kronecker delta picks out the contribution of order \!. Substituting (3.18) 
into (3.17) and summing over / eliminates the Kronecker delta: 


oo ay 2\ a2 Ss 
Fe y So Tes +++ = exp (> J (St (3.19) 


Q1,49,...=0 n=1 


Hence In Z4 is simply the sum of the connected diagrams. 
As an example, let us apply these rules to the second diagram of (3.15). 
We get 


O- BV( ry faye? Sf op 


x Do(Wn,,P1)°** Dolwna, pa) (2n)°6(P1 + +++ pa) B6n,4.-414,0 
(3.20) 


The evaluation of expressions such as (3.20) is not simple and will be 
discussed in detail in Section 3.4. The diagrammatic technique is a conve- 
nient means for keeping track of the combinatoric factors and the order of 
the coupling constant in a perturbative expansion of the partition func- 
tion. It circumvents much of the tedious algebra associated with the direct 
evaluation of functional integrals. 


3.3 Propagators 


We shall define a finite-temperature propagator in position space by 


D(X1, T1; X2, T2) = (O41, T1)(X2, T2)) (3.21) 


where the angle brackets denote an ensemble average. Owing to trans- 
lation invariance, D depends only on x; — xg and Tı — T2. The Fourier 
transform is, with xj = x, X2 = 0, 7, =T, T2 = 0, 


B . ; 
D(wn, p) -f ea e (PP xtenT) D(x, T) 
= OY Édu (br) Sn (P») f dr f da 


n1,N2 TA 


x expļi(pı — p) - x] expļi (wn, — wn)r] (3.22) 
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The ensemble average vanishes by symmetric integration unless nı = —ng, 
pı = —p2. Then 


D(wn, p) = 8? (bn(P)d—-n(—P)) (3.23) 


We remind the reader at this point of the concept of a functional deriva- 
tive. Consider the integral 


r=I[f|= i dz f(x)w(2x) 


where w(x) is some weight function and J is a functional of f(z), i.e., it 
depends on the function f(x). The functional derivative of J with respect 
to f(y) is 
ôI 
ôf (y) w) 

The generalization to more complicated functionals of f(x) is immediate. 

Recalling (3.3), (2.31), and (3.10), we discover that D(wn,p) can be 
expressed as a functional derivative of ln Z with respect to Do(wn,p). 
Then 


_ gpLldéleSén(p)6—(-P) 


óla Z óla Z 
= 9 = 2pŻ 24 
óD VED, ee) 


Unless otherwise indicated, the symbol D will from now on refer to the 
propagator in frequency-momentum space. 
We define the self-energy II(w,, p) by 


D(wn,P) = [we +p? +m? + Iwn, p)] 

= (1+ DoI) t Do (3.25) 

We shall see shortly that, in the absence of interactions, I = 0 and D = 
Do, the free-particle propagator. Using (3.25) and (3.24), 


óln Z 
6Do 


(1+ Doll)~* = 2D) (3.26) 
Recall from (2.33) that 
Iln Zo = 4X 5 h [Dolon a) 8? (3.27) 
n q 
Thus 


ln Zo 
Do (wn, p) 


= {D7 (wn, p) (3.28) 
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and so (3.26) becomes 


ln Zy 
Do 


It is useful to consider the formal expansion of II in a power series in A: 


(1+ DID! = 1+ 2D (3.29) 


Il = Scn, (3.30) 


Here I; is ostensibly of order / in the coupling constant. Let us see how 
(3.29) works at the first few orders. Expanding to first order, we obtain 


ln Zi 
6Do 


-LOO 
-122 (OO) 
ee 12D) () (3.31) 


Thus, differentiating In Z, with respect to Do is equivalent to cutting 
each line in the diagram, as inspection of (3.9) shows. A factor 2 appears 
because we can choose either of the two lines in the “figure 8”. Thus 


T = -2 C) (3.32) 


Continuing in this way, we seek the second-order contribution to II. 
Again differentiating (3.29) and keeping terms of order \”, we obtain 


6ln Zə 
6Do 


x (3 OOO) 
= 2D 36 12 
°6Do ( i ©) 


= 144D, + 96Dp <- 
+u OO (3.33) 


The term Dollı Dol: on the left-hand side simply cancels the last diagram 


on the right-hand side. Thus 
Bo i (3.34) 


The last diagram in (3.33) is one-particle reducible; that is, by cutting one 
line we can break the diagram into two disconnected parts. The first two 


1 — Dolly = 1 + 2Do 


—Dollə + Dollı Doll = 2Do 
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diagrams in (3.33) are not of that form, they are one-particle irreducible 
(1PI). It is apparent that the one-particle reducible diagrams arise from 
the iteration of Dol in the denominator of (3.29), 


II = -2 (a) (3.35) 
6Do 1PI 


where by 1PI we mean that only the 1PI diagrams contribute to II. The 
procedure is then as follows. First draw all diagrams which contribute 
to In Zy up to a given order, then differentiate with respect to Do, and, 
lastly, throw away the one-particle reducible diagrams. This yields the 
diagrammatic expansion of II. 


3.4 First-order corrections to II and In Z 


Let us evaluate the one-loop diagram in (3.32). It yields the expression 


Il = wary | EET — (3.36) 


where w? = p? +m. We could do the frequency sum using (2.97), but 
there is a more elegant method, which we sketch below. 
Suppose we want to evaluate a frequency sum of the form 


T 5 f(po = iwn = 2mnT'i) (3.37) 


n=— o0 


Here we think of po as the fourth component of a Minkowski four-vector. 
We may express (3.37) as a contour integral, 


T 1 1 

— god = h{ -= ; 

smi f tonto) eoth (5 4p) (3.38) 
where the contour C is as shown in the following figure: 


|} 


oes 


le fe fe 4 
OO-O-O 
Q 
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The function 58 coth(4 Bpo) has poles at po = 27nTi and is everywhere 
else bounded and analytic. The contour can be deformed into 


R 


Then, with a suitable rearrangement of the exponentials in the hyperbolic 
cotangent, we get 


z deof) ( i l ) 


Qni joo—e 2 e—FPo =] 
E 1 1 
— d =+ 3.39 
tS dt (3t a) (3.39) 
Setting po —> —po in the first integral, 
oe 1 ioo 1 
T X> flpo= ion) = z f dpo 3 flo) + Fro) 
2771 J E 2 
n=— 00 
1 ioo+e 1 
— d — ———— (3.40 
i [f(po) + f(—Po)] a, 7 (3-40) 


This expression is correct as long as f(po) has no singularities along the 
imaginary po axis. The frequency sum then naturally separates into a 
temperature-independent part (the vacuum part) and a part contain- 
ing the Bose-Einstein distribution (the matter part). In some sense, the 
replacement of frequency sums by contour integrals, as in (3.40), is equiv- 
alent to switching from imaginary time (discrete frequencies in Euclidean 
space) to real time (continuous energies in Minkowski space). However 
this is only a matter of mathematical convenience and involves no new 
physics. 

Using (3.40), Hy can now be evaluated. With f(po) = —1/(p? — w?) we 
obtain 


Tl, = Y + 17 (3.41) 
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where 


y= 12a f oF 
a +m? 


mat — a f ts 1 
am 


For IY% we have simply defined p4 = ipo and dtp = dpadp, with p4 inte- 
grated from —co to oo. This is the standard result of T = 0 field theory in 
four Euclidean dimensions. For IIP®*, we have closed the contour about 
the only pole in the right-hand half-plane, located at po = w. There is 
no surface contribution since the integrand falls off sufficiently rapidly as 
[po] + oo. 

The vacuum contribution to II is actually divergent. This divergence 
needs to be regulated. The most straightforward way of doing this is to 
place a high-momentum cutoff, Ac, on p = \/p7 + p°. Since the solid angle 
subtended by a hypersphere in n dimensions is Qn = 27”? [T (n/2)]7}, we 
get 


mm = 3A [^ pdp _ 3 2 — m2 In A2 +m? 
1 Qn? Jo Pm? 4r?| ° m? 


2 
—> [a2 —m? In (5) (3.42) 


where the arrow indicates that terms that vanish as A, — oo have been 
dropped. At T = 0, the inverse propagator to first order in A is 


D! (p4, p) = på + p? + m? +I (3.43) 


In order to avoid a divergent mass we add a counterterm —56m?¢? to the 
Lagrangian. Treating this as an additional interaction, we see from (3.4) 
and (3.5) that to lowest order this counterterm contributes to In Zņ as 


-}8m*(0)0=-4 C) (3.44) 


The cross represents 6m?. The corresponding contribution to the self- 
energy is, from (3.35), 


—<— = óm? (3.45) 


Adding (3.45) to (3.42) we obtain the renormalized self-energy. We choose 
the counterterm so that 


A2 
ee _ - [az - m? In & )] + 6m? = 0 (3.46) 
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Then m remains as the physical mass of the particle. More generally, we 
expand 6m? in a power series in À: 


m? = 3 roan ae Phe (3.47) 


and determine coefficients such that IIv@°"*"(p? = M?) = 0 at each order 
in perturbation theory, at some arbitrary subtraction point M. This is 
part of the renormalization program, which is outside the scope of this 
book. The relevance of the renormalization group at finite temperature 
and chemical potential is discussed briefly in Chapter 4. 

The complete renormalized self-energy at T > 0 at first order in A is 
then 


a. 1 
m= 12a [ 35 as = ar (3.48) 


where the arrow indicates its value as m — 0. Notice that II{" is finite 
and vanishes when T = 0. It is also momentum independent, but this is 
not generally true for higher-order diagrams. 

Next we calculate the lowest-order correction to In Z. It is 


e 
dle 
II 
| 
w 
> 
D 
x 
ATTN 
S 
M 
© 
sS 
w 
iS) 
3 
= 
Se 
N 


dpi 1 V 
-3A8V (J aoa} 
3ABV 4 m? A2)? 
4 
+ er ss h ( me (45 (3.49) 


The last term is a (divergent) contribution to the zero-point energy and 
pressure of the vacuum (at T = 0, P=InZ/GV = —E/V). Since only 
pressure and energy differences are physically measurable, this term does 
not contribute to the finite-temperature pressure. If we agree to normalize 
the vacuum pressure and energy density to zero then the physical pressure 
contribution at order A is 


pi 1 yV 
E (J a z) (3.50) 
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When m = 0 and à < 1 then, from (2.40) and (3.50), 
2 oh 
por (T-t) (3.51) 


The pressure should be proportional to T4 by dimensional analysis. 

In these calculations, no new ultraviolet (high-momentum or short- 
distance) divergences appear at finite temperature. All such divergences 
are already present at T = 0; whatever regulation and renormalization is 
necessary at T = 0 is sufficient at T > 0 as well. This can be understood 
in three alternative ways. (i) We construct a complete set of states that 
are eigenstates of the Hamiltonian with energies Eg. In practice, for an 
interacting field theory this is usually impossible, but let us imagine it 
has been done. Then the partition function is obtained directly as 


z=% gm (3.52) 
S 


and no new T > 0 divergences can arise. (ii) We go back to the transition 
amplitude (2.16) and compute this quantity as a function of tp. To obtain 
the thermodynamic partition function we simply analytically continue 
from real to imaginary time. (iii) We recall that in the diagrammatic 
expansions each internal loop involves a frequency sum. The frequency 
sum can be expressed as a sum of contour integrals, one corresponding 
to T = 0 and the other to T > 0; see (3.40). The vacuum integral can 
give rise to quadratic or logarithmic ultraviolet divergences. The finite- 
temperature integral is cut off exponentially in the ultraviolet region by 
the Bose-Einstein distribution. That is to say, the very-short-distance 
behavior of the theory is unaffected by finite temperature. 


3.5 Summation of infrared divergences 


The next-order contribution to In Z when m = 0 is actually of order A3/2 
and not à? because of a finite-temperature infrared divergence in the per- 
turbative expansion. To see this, consider the second diagram in (3.15). 
To study its infrared structure, let ny = n2 = ng = n4 = 0 and py ~ po ~ 
P3 ~ pa ~p. In the limit p — 0 this diagram behaves like GV A?T° dp, 
which is infrared convergent. The first diagram in (3.15) has an entirely 
different structure. Each of the two end loops is proportional to I. Set- 
ting n = 0 in the middle loop and letting p denote the three-momentum 
flowing in that loop, we find that the behavior is 8VII?Tdp p-?. This is 
infrared (small-p) divergent. This divergence is unrelated to the ultra- 
violet divergences of the field theory at T = 0. This new divergence at 
T > 0, when m = 0, is due to the fact that I #4 0. The boson develops 
a dynamically generated mass-squared, mee = If" = \T?. However, we 
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are expanding perturbatively with a propagator that has zero mass. The 
dynamically generated mass should then damp the infrared divergence. 

At order \ it is easy to see that the dominant infrared divergent 
diagram is 


2x 3l)* 
Or Cw loops) ~ BVI Tdp p>- (3.53) 


The combinatoric factor arises as follows: a factor 3! for two connecting 
lines at each vertex; a factor 2 for the connection of the remaining two 
lines at each vertex to the adjacent vertices; a factor (N — 1)!/2 giving 
the number of ways to order the vertices in a circle; and a factor 1/N! 
coming from S /N!. We see that the divergence becomes more and more 
severe at each successive order. Because of the similarity in structure, it 
is possible to sum this infinite series of diagrams. Summing from N = 2 
to co we get 


3 (oe) 
VTI | Gaye D y Om P Polon PII" 


N=2 


= -vr Y | FE matm) -mD (354) 


This set of diagrams is sometimes called the set of ring, correlation, or 
plasmon diagrams in the literature (Gell-Mann and Brueckner) [1]. A 
more complete summation of the sub-dominant infrared divergent dia- 
grams actually yields the full self-energy in (3.54) instead of the self-energy 
calculated to first order. 

In obtaining (3.54) we summed only the diagrams from (3.53). In addi- 
tion, there will be diagrams like (3.53) except that any number of the 
exterior loops are replaced by crosses corresponding to the mass counter- 
term 6m?. Including those as well (this is left as an exercise), the factor 
Hı in (3.54) is replaced by IE = AT?: 


dp AT? AT? BV 
_13vT f =; |in (1 = 3/274 4, 
ee 2, (27)? aye w2 + p? w2 + p? [on i 


(3.55) 


The A°/? term arises solely from the n = 0 mode, which yields the domi- 
nant infrared divergence. The n # 0 modes produce higher-order correc- 
tions in A. The origin of this nonanalyticity in A is the fact that the boson 
acquires a mass proportional to A!/?T. The weak coupling expansion for 
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15 /A\ I5 (A aA . 
8 \ xr? 2 \ r2 
A nonanalyticity in the couplings of this type is also found in QED and 
QCD. It is good to see how this happens in a simpler theory such as A¢4 
first. 

The same nonanalyticity should also be expected in II because of the 


close relationship between II and Zy, as expressed in (3.35). The dominant 
infrared contribution at order \ comes from the diagram 


—(2x ay” Lb (N — 1 loops) 


3 
-ATE fF thn PNPM Wop) G57) 


the pressure is thus 


p- Čr 
90 


(3.56) 


Summing (3.57) from N = 1 to oo, we obtain 


IH = 12AT 
e 3 w2 + p? Ee 


= —12 O) (3.58) 


which has the nice interpretation that the free propagator is replaced by 
the first-order-corrected propagator Dı in the one-loop self-energy dia- 
grams. Actually, we are suppressing all other similar diagrams involving 
the replacement of II; by 6m?, just as in (3.54). Taking into account 
the mass counterterms simply replaces II; by IT, + 6m? = IE& in (3.58). 


Recalling (3.41) leads to 
1/2 
1-3 (>) +... 
T 


Thus there is a term in the self-energy of order A°/?, just as in ln Zy. 


A= AT (3.59) 


3.6 Yukawa theory 


The simplest theory involving interacting fermions is one in which 
fermions are coupled to a neutral field by the Yukawa interaction 


Li = gpho (3.60) 
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The perturbation expansion in this case proceeds as in the previous sec- 
tions with only a few changes. Since 


S= [ dr | de(s?) (3.61) 


is linear in ¢, it follows that (S$!) = 0 if l is odd. Here the expansion of 
In Z is formally an expansion in g?. The lowest-order correction to ln Zo 
is 


In Z2 = (Sjo = 39° f drıdr / aim > OY LG 


Ni, Na la,la P1,---,P4 G1,42 
x exp[i(qi + p3 — p1) : xı] expli(q2 + p4 — p2) - x2] 


x exp[i(w, + Wns — Wn, )T1] exp[7(«1, + Wn. — Wna )T2] D 


B 
(3.62) 
where 
A= JI JI f aban) diame) déu(a) 
a,n,l Pq 
x e” Pomi (pı )P ons (p3))-y:no (P2) yna (pan (qi) #1, (q2) 
and 
B = JJ J f dban(p)tban(e)ad(ae® 
a,n,l Pq 
Furthermore, 


So = p 5 ‘> baml P) (wn, P)aptpn(P) 
n p 
= > WP on(p)Dg (wn, P)d—n(—P) (3.63) 
n p 


The free-particle fermion propagator Go is defined, in analogy to the free- 
particle boson propagator, as 


Go (wn, p) =Ø- M (3.64) 


Here po = iwn + u, M is the fermion mass, and m is the boson mass (see 
(2.91)). We have changed our variable of integration from iyt to Y, which 
is conventional. 

The integration over the spatial and temporal coordinates in (3.62) can 
be done immediately. It leads to an overall factor of 6?V? and to the 
constraints 


Pi=Pst+q P2=p4+q2 m=ngth n2=n4+l2 (3.65) 
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The integration over the scalar field leads to the constraints 
q2 =-q1 l2=-h (3.66) 


The integration over the spinor field leads to either of the following 
constraints: 


Pı = P3 P2 =pP4 N1 SN3 N2 =N4 
or 


Pı = P4 P2 =P3 MN N2 = N3 (3.67) 


These two possibilities lead to two topologically distinct diagrams: 


In Zz = 4 © cs @_ a, (3.68) 


The first of these represents 


3 2 
EJ eT i) (3.69) 


and the second represents 


3 3 
-16Vg ar Sf ee 


nine 


x Tr[Go(Wn,, P1)Po(Wns — Yn, P2 — P1)Go(Wn2, P2)] (3.70) 


The solid lines represent fermions and the broken lines represent bosons. 
The arrows on the fermion lines indicate the flow of fermion number 
and follow from the fact that in (3.62) a y must always be matched to 
a w to get a nonzero contribution. The trace operation in (3.69) and 
(3.70) is over the Dirac indices. The minus sign in (3.70) comes from 
anticommuting the fermion fields (which are Grassmann variables) to put 
them into the canonical ordering of (2.80) and (2.81). The boson line in 
the first diagram carries zero frequency and momentum and gives rise to 
the factor Do(0, 0) = m~?. The reader is encouraged to verify that indeed 
(3.68)—(3.70) follow directly from the functional integral of (3.62). 

The “finite-temperature Feynman rules” are similar to those listed in 
Section 3.2. The new aspects are: 


1 There is a factor T >>, [ [d?p/(27)?]Go(wn, p) for each fermion line. 

2 There is a factor g at each vertex. 

3 There is a trace over Dirac indices for each closed fermion loop as well 
as a minus sign coming from the Grassmann nature of the fermion field. 

4 All connected diagrams are constructed from the following elementary 
vertex: 
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It turns out that the one-particle reducible diagrams (one of which 
is seen in (3.68)) arise from the fact that the scalar field ¢ develops a 
nonzero thermal average. It is in some sense analogous to a Bose-Einstein 
condensate. This condensate is however driven by the interaction with the 
fermions. All such diagrams can be summed by the use of the mean field 
expansion. This will be illustrated in later chapters. 

The frequency sum for fermions can be converted to contour integrals 
in a manner closely paralleling the procedure for bosons. The fermion 
propagator depends on the combination po = iw, + u with wn = (2n + 
1)nT. A straightforward analysis yields 


1 too+p+e 1 
> f (po Wn + u) Dri EENT Po f(po) ebo) +1 
1 too+u—e 1 


The contour C is as shown in the following figure: 


E 


100 ~ 


C 


-i00 = 


The first two terms in (3.71) correspond to particle and antiparticle con- 
tributions and vanish at T= 0. The third term is T-independent and gives 
the T= 0 finite-density contribution. The last term is the vacuum contri- 
bution. 
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The boson self-energy II is still defined by (3.25) and still satisfies (3.35). 
From (3.68) the lowest-order diagram is 


iMan O- (3.72) 


The fermion self-energy X is defined by the equation 
g! =Q +E =ø — M + X(wn,p) (3.73) 
In position space, the full fermion propagator is defined by 


G(X1 — X2,71 — T2) = (T; [Y(x1, 71) (xa, 72)] ) (3.74) 


where the angle brackets denote the exact ensemble average. It can be 
shown that the analog of (3.35) is 


6ln Zi 
y= 3:10 
6Go ( ) 


From (3.68) the lowest-order diagrams are 


Ọ 


OENE ie ee (3.76) 


De(wn, p) = 


Explicit evaluations of loop diagrams involving fermions will be taken 
up in the later chapters on theories that represent nature. 


3.7 Remarks on real time perturbation theory 


The perturbative treatment discussed up to now has been in the so-called 
imaginary time formalism. The functional integral representation of the 
partition function involves an integration over “imaginary time” from 0 
to 8. A Fourier decomposition of the fields leads to a discrete frequency 
sum; for bosons wn = 2mnT and for fermions w, = (2n + 1)rT. 

The one-loop expression in (3.41) can be written alternatively as 


I} = 12A =. | 2 ( : +—< óp m?)) 


-œ (2T)? Jog 20 (p-m? +ie efleol—1 
(3.77) 


This has the interpretation that the propagator consists of the sum of 
a vacuum part and a finite-temperature part. Instead of a summation 
over discrete frequencies there is an integration over a real, continuous, 
energy po. Because of the presence of the Dirac delta function, the finite- 
temperature contribution is trivial to obtain. 
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The above suggests the possibility of a “real time” perturbation theory. 
The rules of Section 3.2 could perhaps be modified according to 


© dpo 

ryo fa 
1 i Qn 

— + 6(p? 

we +w? ” pe — m2 + ie eflpol — 1 


Bôwinwou T 2rô(ph = Pout) 


The advantage would be that no frequency sums need to be done. The 
finite-temperature contributions are naturally separated. In addition, the 
Green’s functions so obtained are functions of real Minkowski momenta 
p”, which facilitates certain applications such as linear response analyses, 
discussed in Chapter 6. 

Unfortunately, there are cases where the simple substitution (3.78) does 
not work [2]. As an example, consider a massive boson field with a cubic 
self-interaction. The one-loop self-energy diagram is 


II(k) = <} (3.79) 


The (unrenormalized) self-energy evaluated at zero four-momentum 
(k = 0) is 


d? 1 
rE | GTA oe 


This expression is logarithmically divergent in the ultraviolet regime 
(|p| — co), but this divergence is regulated by the usual T = 0 countert- 
erm; no new T > 0 divergences appear. If we perform the substitution 
(3.78) we obtain 


~dpo f dp i on >»? 
1 
J 27 J (27)? \ p? — m? + te i eßlpol — jo m“) (3.81) 


There is now a severe mathematical singularity owing to the square of the 
delta function. The expression (3.81) is ill-defined. 

It is possible to formulate a real time perturbation theory reminiscent of 
(3.78) [3, 4]. Essentially, the number of independent fields doubles. Instead 
of a single scalar field ¢, we encounter two scalar fields, ¢; and ¢9, called 
type-1 and type-2 fields. The propagator becomes a 2 x 2 matrix even 
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though the bosons are neutral and have no spin. The propagator is 
S, S 0 
_ [cosh sinh p? — m? + ie cosh@ sinhð 
~ \sinh@ coshé 0 —i sinh cosh 8 
p? — m? — ie 
i 
p? — m? + iec 
0 


—i 


p? — m? — ie 


27 2 2 1 —eßlpo]/2 
+ aeg e (_ ss 1 (3.82) 


There are two types of vertex. A type-1 vertex has only type-1 fields 
emerging from it and has its usual value, while a type-2 vertex has only 
type-2 fields emerging from it and has a value opposite in sign to its type-1 
counterpart. For example, for a cubic coupling, 


1 2 
"pe 
1 2 


The ultimate reason for this field doubling is to avoid singularities of the 
type that arise in (3.81). Explicit calculations show the cancellation aris- 
ing from the two components. In this regard, the delta function appearing 
in (3.82) is represented as 


3 2 : € 
— 2j 
ô(p m ) PET m (p? _ m?)2 + e2 


(3.83) 


Similar field doublings appear for spin-1/2 fermions and for spin-1 vector 
bosons. 

It is interesting that perturbation theory at finite temperature can be 
formulated directly in real time as well as in imaginary time. Our prefer- 
ence is for the imaginary time formalism and this is the one adopted in 
this book. 


3.8 Exercises 


3.1 Derive the diagrammatic rules for the neutral scalar field with a 
cubic self-interaction g? in 5+1 dimensions. Derive the lowest- 
order diagrams for In Z and II. 

3.2 Derive (3.35) to all orders. 
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3.3 Show that 58 coth (5Gpo) has simple poles at po = 2mnTi with 
residue 1 and is elsewhere analytic and bounded. 

3.4 Show that Hı is replaced by IN = Mi + 6m? in (3.54) when the 
corresponding diagrams with counterterms are included. 

3.5 Show that (3.59) follows from (3.41) when à < 1. 

3.6 Prove (3.71). 

3.7 Prove (3.75). 
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A 


Renormalization 


Relativistic quantum field theories generally display infinities at suffi- 
ciently high order in a loop expansion. These infinities must first be 
regulated, meaning that cutoffs are applied to yield finite results that 
can be manipulated with some mathematical rigor. The results are then 
renormalized, so that the parameters of the Lagrangian and the cutoffs 
are eliminated in favor of physical observables such as electric charge 
and mass. If there are only a finite number of cutoffs as the number of 
loops increases, the theory is said to be renormalizable and the cutoffs 
can always be eliminated in favor of a finite number of observables. If 
the number of required cutoffs increases without bound as the number 
of loops increases then the theory is said to be nonrenormalizable and 
one must specify an infinite number of observables to define the theory. 
The general opinion is that a fundamental theory of nature should be 
renormalizable. This is based on the belief that there are only a finite 
number of independent parameters in our universe. An effective theory 
only needs to describe nature over a finite range of distances or momenta, 
and such a theory need not be renormalizable. In this chapter we consider 
the basic aspects of a renormalizable theory and its implications for finite 
temperatures. For definiteness we study a scalar field theory; the same 
principles apply to more complicated theories, such as the gauge theories 
to be studied in later chapters. 


4.1 Renormalizing \¢* theory 


Recall that the interaction contribution to the partition function is given 
by 


_, (Slagle? 
In Z = ln Gaon (4.1) 
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For the \¢4 theory the Lagrangian is 
L= 50n6 Ob — 4m? ¢? — Agt (4.2) 


We found in Chapter 3 that we needed to add a counterterm —56m7¢?, 
which is equivalent to saying that m? = me + 6m?, where mp is the renor- 
malized mass. The cutoff dependence of the self-energy at lowest order 
could be canceled by a suitable choice of 6m?. 

Now we investigate what happens when we scale the field and the 
coupling constant. Write 


b= ZP br (4.3) 


Notice that we can integrate with [dør] since Z3 cancels between the 
numerator and denominator in (4.1). We also write 


À = 21237 rR (4.4) 


The scaling factors Z and Z3 are known as the coupling constant and 
the wavefunction renormalization, respectively. Usually in the literature 
the symbol Z instead of Z is used for these, but here we do not want to 
confuse them with the partition function. 
The Lagrangian becomes 
L = $ [3 pr dR — (m2, + ôm?) 62] Z3 — ARGRZ1 
= Lp + §[O,dRO" oR — MOR] (Zs — 1) 
— 5236m7¢2 — AR dh (Zi — 1) (4.5) 


where 


LR = 50, ORO" OR — FMROR — AROR (4.6) 


The Lagrangian is thus expressed as a function of the renormalized field 
and of the renormalized mass and coupling constant. The latter two 
have numerical values that must be determined by experiment. All cut- 
off dependence resides in the unobservable quantities Z1, Z3, and 6m?. 
In a perturbative renormalization scheme they should have power series 
expansions 


oo 
Z,=1+ > An AR 
n=1 


Z3 =1+%_ bnàk (4.7) 


n=l 


OO 
2 
m’ = `> CnÀR 
n=l 
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The coefficients an, bn, Cn will depend in general upon the ultraviolet 
cutoff Ac. 

All renormalizable field theories can be dealt with in the manner 
sketched above. The reader is referred to the excellent texts on relativistic 
quantum field theory listed in the bibliography at the end of the chapter 
for a full discussion of the renormalization program. 

We remark again that whatever regularization and renormalization is 
necessary and sufficient at zero temperature and chemical potential is 
also necessary and sufficient at finite temperature and chemical potential. 
(Recall the discussion in Section 3.4.) 


4.2 Renormalization group 


For the moment consider the A¢* theory at T = 0 and with mp = 0. Gen- 
eralization to mp > 0 and other theories is straightforward. The finite- 
temperature effects are studied in Section 4.4. 

Let T) be a 1PI Green’s function of n powers of the field ¢. The 
statement that the theory is renormalizable means that 


ge Q. ts) T™ (p, A, Ac) = TE? (p, Ar, M) (4.8) 
The unrenormalized Green’s function depends on the unrenormalized cou- 
pling and on the cutoff Ae. The symbol p can represent one momentum 
or a set of momenta (pj, p2, ...). Since Z3 is dimensionless it can only 
depend on A and on A,/M. What is M? Green’s functions are typically 
infinite, so we must specify their value at some particular point, for exam- 
ple, p? = M?, using one or other of the following diagrams: 


0 0 
NS P 
— — or 
Z N 
P p p P 


We could require T %4 ) to have its free-field value at p? = M?, that is, 
TẸ (P? = M?, Ar, M) = TẸ? (p? = M?,0, M) (4.9) 


as is frequently done, but the choice is arbitrary. Physical results should 
be independent of the renormalization scheme, in particular, independent 
of the choice of M. 

The requirement of renormalizability has consequences. To see them, 
take the total derivative of the left- and right-hand sides of (4.8) with 
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respect to M, keeping \ and A, fixed: 


df pnlrpin)\ — ay ( 825 5 
Ma (ZTO) =M [Se 7 


ytic 


(n) (n) 
dei ep Ole arg OAR 
Mam ® -n (FE Van) aM) nn. 


Now for sake of convenience of notation define 


(4.10) 


= ny1) (4.11) 


OAR OAR 
Ba =M (Se) =h. (58) (4.12) 
OM A Ae OMe \,M 


in the conventional notation. The quantity G, must not be confused 
with the inverse temperature. Putting these all together, we arrive at 
the renormalization-group equation 


o ð (n) _ 


and 


All the re ) must satisfy this equation on account of renormalizability. It 
expresses the invariance of physical observables under changes in M, the 
renormalization scale. 

The renormalized 1PI Green’s function has the general functional form 


re r= (Fp) 


where D is the dimension of I) and z is a dimensionless function of the 
two displayed dimensionless variables. After substitution into (4.13), fac- 
toring out p?, and then defining z = M/p, y = Ar, we obtain the linear, 
homogeneous, first-order partial differential equation 


(eÈ + AW + iww) e= (4.14) 
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This equation can be solved by the method of characteristics. The solution 
is 
xo i dx’ 
= flule f ale) (4.15) 
T 
Here xo is a reference point, f is an arbitrary function, and u(x, y) =c 


represents the relationship between x and y when they satisfy the differ- 
ential equation 


x- = paly) (4.16) 


The solution to this equation involves one constant of integration, cor- 
responding to c. What is meant by Yn) (£) is Yn)(y(x)) where y(x) is 
determined from u(x, y) = c. Translating this back into the original nota- 
tion we have the solution to (4.13) as 


(n) _ > a f” dx 
T} =6G|p,à (4 exp Vin) (2) — 4.17 
=a (va(F fw) an 


The function G is arbitrary and undetermined by the renormalization- 
group equation. The renormalization-group running coupling À satisfies 
the differential equation 
dX 2 
— = À 4.18 
X Tx By(A) (4.18) 


where x = M’/M, subject to the condition 


A(x = 1) = AR (4.19) 
The exponential in (4.17) is referred to as the anomalous dimension of 
re, 
To the lowest nontrivial order, 3) is computed to be (Exercise 4.1) 
9 52 


By(A) = 5a (4.20) 


The differential equation to be solved is 
ary. O82, 
a 4.21 
The solution satisfying (4.19) is 
AR 


ae 1 — (9/47?) AR In x? Gey) 
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The denominator may be expanded in a power series in AR: 
Co nm 
= 9AR M”? 


This expansion may be arrived at in a completely independent manner, 
as follows. At each order in perturbation theory compute the logarith- 
mic contribution of the highest power. This is known as the leading-log 
approximation. One obtains the same result as a consequence of the renor- 
malization group. 

The renormalization-group running coupling À does not depend on M 
and AR separately but only on a particular combination of them. In (4.22) 
define 


9 9 
zinis AR + 5,3 nM (4.24) 


Furthermore, let us choose M’? = p°, the only natural scale in the prob- 
lem. Then 
Ar? 


= Jin (A2/p2) (4.25) 


The effective coupling \ no longer depends on the coupling AR originally 
appearing in the Lagrangian! This is often referred to as dimensional 
transmutation. There is no longer an intrinsic coupling constant, but in 
its place there is an intrinsic energy scale A (not to be confused with 
the cutoff Ae). The effective coupling À depends on the momentum p. 
As p/A +0, we have \ — 0, which is infrared freedom. The coupling 
effectively goes to zero at large distance so that weak coupling expansions 
should be quite accurate there. Since to lowest order the beta function 
By is positive, it follows that à must be larger at short distances. In fact, 
from (4.25), A — oo as p/A — 1. This is certainly an artifact of the lowest- 
order perturbation expansion of 3), but nevertheless it indicates that the 
coupling grows as the distance decreases. 


4.3 Regularization schemes 


We have regulated the divergences in the scalar field theory by placing an 
upper limit on the integration over four-momentum in Euclidean space. 
There are alternative regularization procedures, dimensional regulariza- 
tion being the most commonly used by far. Dimensional regularization is 
almost indispensable in gauge theories. The idea is to work in n = 4 — e 
dimensions where integrals converge and then analytically continue to 
e— 0. 
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Consider the self-energy in scalar field theory. The one-loop expression 
in Minkowski space is 


Ty = —12AK° f A i 
== jj (27)” P — m? + te 


12AK§ T”PT(1 — n/2) 
= 4.2 
(27)” m2-n ( 6) 


This scheme requires the introduction of a mass scale x to compensate 
for the deviation from four dimensions and so ensuring that A remains 
dimensionless. The T function has poles at the negative integers. Using 


—1)" /1 
I(-n+ 6) = ( = G +y(n+1)+ o9) : (4.27) 
with 
1 1 

Ont l=lt ote +7 — (4.28) 

where yg is Euler’s constant, we find that 

vac _ adm? [2 k? 

i = I É + (2) + In (5) +ln4r + olo] (4.29) 


This may be compared with the momentum cutoff scheme 


vac 3A A2 m4 


In the “minimal subtraction” scheme (MS) none of the constant terms 
are absorbed into the mass, only the divergent 1/e term. In the “modified 
minimal subtraction” scheme (MS) the finite constant terms are absorbed 
too. A similar absorption is made for the renormalized coupling. 

The arbitrariness in choosing the counterterms is a reflection of the 
whole regularization and renormalization program in quantum field the- 
ory. After expressing physical observables in terms of them, there should 
be no difference. However, the intrinsic scale A does depend on the scheme; 
for example, there are Amom, Ams, Aygg; and so on. Their numerical values 
will in general be different. This is nowhere more apparent than in QCD. 


4.4 Application to the partition function 


Now we investigate the implications of the renormalization group for the 
partition function. Let T replace p. As given in (4.1), In Z is comparable 
with a Green’s function that is zeroth order in the field. It has dimension 
exactly four and no anomalous dimension. Thus, (4.17) instructs us to 
replace AR with À. If we had an exact expression for In Z then the choice of 
renormalization scale M would indeed be arbitrary. Since we only compute 
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a finite number of terms in a weak-coupling expansion, we should choose 
M in an optimal way so as to minimize the contribution of higher-order 
terms. For the massless self-interacting scalar field we take M = bT, where 
b is a number of order unity, since this is the only energy scale in the 
problem. We then have 


~ Qn 

A= mAT) es) 
As T/A — 0 the thermodynamics is well approximated by a gas of non- 
interacting massless bosons. As T/A — 1 the system becomes strongly 
coupled and the weak coupling expansion is no longer a reasonable approx- 
imation. What really happens at very high temperatures is unknown. 

In Chapter 3 the pressure was calculated up to order \3/2. It has been 

calculated up to order \? by Frenkel, Saa, and Taylor [1], and to order 
d°/2 by Parwani and Singh [2]. Using the minimal subtraction scheme, 


2 3/2 
is 5 /9\R 5 (Ode 
ram fı (or) +a T? 
5 /9AR\ T3, (aT 
e e a 
5 /9R\ 9AR\ 3, (2nT 


is obtained. Here the prime has been dropped from the M in accordance 
with the notation in Section 4.2. The constants are given by 


a Peta) Clay. oP 

a= gla (4m) + aa — Bay e ap © 70-0088 
1), a 5 

e= ara eaa (4.33) 


If the scale M is held fixed then the perturbative expansion is not reliable 
at high temperatures on account of the logarithmic terms ln(27T/M). 
The renormalization group tells us that we should not choose M constant 
but proportional to the temperature. If we choose M = bT then the large 
temperature-dependent logarithms are of order unity. Indeed, if we choose 
the coefficient b just right then there is no contribution of order A2 at all! 
It is compensated by corresponding contributions at higher orders in Ap. 
Equivalently, we can eliminate the logarithmic terms In(27T'/M) by re- 
expressing the pressure in terms of the renormalization-group running 
coupling from (4.23), 


— Dr, (oT : 


The result, of course, is the same. 
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4.5 Exercises 


4.1 Derive (4.20) from the definition (4.12). Hint: The renormalized cou- 
pling Àr can be determined from the expression —(1/3!)(6? In Z1/ 
ôD2)ıpı. Use (3.11) and (3.15) to obtain a diagrammatic expansion 
for AR. You will find that the order-\? correction is given by a single 
one-loop diagram. Note that you only need the cutoff (Ac) depen- 
dence to determine ð). 

4.2 Verify the claim surrounding (4.34). 

4.3 Make a plot illustrating the convergence of the expansion of the 
pressure in (4.32) using M = T. Repeat the exercise with M = rT, 
QnT, and 2nTe*™/3. 

4.4 Derive a renormalization-group equation for T "i ) at finite tempera- 
ture as well as finite momentum, and then find the solution. Discuss 
how you might want to choose the optimal value of M when there 
are two variables, p and T. 
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Quantum electrodynamics 


The single most important field theory is electromagnetism. It is respon- 
sible for atomic structure and for the great diversity of materials around 
us: solids, liquids, and gases. The development of nonrelativistic many- 
body theory was stimulated primarily by solid state and condensed matter 
physics, where the potentials used all derive from electromagnetism. This 
compels us to study quantum electrodynamics at high temperatures and 
densities where the motion of the electrons becomes relativistic. In met- 
als, the density of plasma electrons rarely exceeds a few electrons per 
cubic angstrom. This means that the Fermi momentum, kp = (3r?ne)!/3, 
is of order 10 keV at most. Unfortunately, it is difficult to test relativistic 
many-body theory in the basement of the physics building in table-top 
experiments! Our attention must then be directed toward astrophysical 
and cosmological applications. Dense astrophysical objects, such as white 
dwarf stars, will be considered in Chapter 16. 

There is another reason for developing the theory of QED at high tem- 
perature and density, and that is the extension to a nonabelian gauge the- 
ory, quantum chromodynamics (QCD). We may be able to study QCD at 
high energy density in terrestrial experiments by colliding energetic heavy 
nuclei (see Chapter 14). 


5.1 Quantizing the electromagnetic field 


First, let us consider the electromagnetic field in the absence of charged 
particles. From classical physics we can write down a field strength tensor 
as 


Fy = 0,Ay — Ay (5.1) 
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where A,, is the vector potential. The electric and magnetic fields are 
E; = — Foi = Fi 


i (5.2) 
Bi = 3€ijkFjk or B=VxA 


The Lagrangian density is 
L= 4f F” (5.3) 


Notice that Fj, is invariant under the local (or z-dependent) transforma- 
tion 


A, (x,t) > A(X, t) — ða (x, t) (5.4) 


where a(x, t) is some smooth function of x,,. Since the field strength tensor 
is invariant under this transformation, so are the electric and magnetic 
fields, and so is the Lagrangian. This is called a U(1) gauge symmetry. 

To quantize the theory and to compute a partition function, we need a 
Hamiltonian formulation. In order to do this, we must agree on a gauge 
to work in. A convenient gauge for this purpose is the axial gauge 


Aa(x, t) =0 (5.5) 


Actually (5.5) does not entirely fix the gauge, as any gauge function 
a(x, y,t) that is independent of z leaves (5.5) unchanged. We shall fix 
this residual gauge freedom later. 
The conjugate momenta are defined by 
OL 

H O( Oo An) H ( ) 
(This should not viewed be as a tensor equation but as true component by 
component.) Since Fuy is antisymmetric in its Lorentz indices, it follows 
that 7 = 0. Thus Apo is not a dynamical field, it is a dependent field. The 
independent fields are A; and Ag with conjugate momenta 


Tı = Fo, = —E, = oA — 1 Ao 
T2 Foz — E» Op Ag = 2 Áo (5-1) 


These two independent fields actually correspond to the two polarization 
degrees of freedom of free radiation. 
The z component of the electric field is 


E3 = F39 = 03 Ao (5.8) 


Since A3 = 0 there is no momentum conjugate to A3; hence E3, like Apo, 
must be a dependent field. We can determine E3 by an application of 


66 Quantum electrodynamics 


Gauss’s law, which, in the absence of charged particles, is 
V-E=0 (5.9) 
Thus, 


FE3(z,y, z,t) — f dz'[ðim (z, y, 2’, t) + ðzTə(£, y, 2’, t)] F P(x,y,t) 


Zo 


(5.10) 


and 


z 
Mlz zt) = f d Baley z +R (610 
Zo 

Here, P and Q are smooth functions of x, y, and t. The gauge is not 
completely fixed until these two functions are specified. They may be 
determined by specifying the values of Ag and £3 at z = zo for all z, y, 
and t. 

The Hamiltonian may now be found from the Lagrangian in the canoni- 
cal way (see (2.23)). Dropping surface terms we find the well-known result 


H = $E? + $B? = inf + ing + 4E3(T1, 72) + 4B° (5.12) 


The partition function is 


Z = f [dr] [dz] f ae (dA, ][d Ao] 


f ðA ðA 
3 : 1 ; 2 _ 
x exp | ar fa a (im + im x) | (5.13) 


Since we have a free-field theory, we should be able to calculate Z exactly. 
However, in the present form this is not easy since it is a rather compli- 
cated function of mı and mə. 

To put (5.12) and (5.13) in a more manageable form we insert the 
identity 


l= [larslons + E3(11, T2)) (5.14) 


and replace E3 with —73 in the integrand. Note that, despite the sugges- 
tive notation, 73 is not the conjugate momentum of any field; (5.14) is 
simply the condition on E3 that ensures Gauss’s law. Now 


ase) 


an (5.15) 


6(13 + E3(m1, 72)) = 6(V - m) det ( 


Furthermore, 


det (AS) = det(d3) (5.16) 
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Thus far we have 


Z= / clic | ___, [@AillaAs]O(T - m) det (2) 


B ðA ðA 
3 . 1 P 2 12 tad 
x exp f ar fa x (im + ite Fr 57 5B )| (5:17) 


The constraint of Gauss’s law can be implemented alternatively by 
using the integral representation of the delta function. In vacuum field 
theory we would write 


6(V-m)= fins exp (i [ ae Aov-m) (5.18) 


where Ag is some auxiliary field, or a Lagrange multiplier field. At finite 
temperature we make the replacement t + —ir and now also Ag — 7Ag. 


Thus 
tea fias a (i [ar [dz sov-n) (5.19) 


Using this representation to implement Gauss’s law, we may integrate 
over 7 directly: 


Ja f didaa f [dAo]|dA1][dA2] det(dg) 


xeo f dr fave (m in yA LVA: n- in ?— 4B?) | 


= f [dAo][dA1][d Ag] det (ds) 
(5.20) 


2 
sæl f dr f da E (iF - in) — 4B? 


where A = (Aj, A2,0) and we have ignored an irrelevant overall normal- 
ization constant. Notice that the argument of the exponential is 


IE? — 3B? =L (5.21) 


Making this identification and inserting the factor 


7 / [dAs]6(As) (5.22) 


we arrive at 


Z= / ___ [dA |8( Aa) det( a) exp ( i "ir I deL) (5.23) 
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The axial gauge is not necessarily a convenient gauge to use for practical 
computations. Furthermore, it is not immediately apparent that (5.23) is 
a gauge-invariant expression for Z. Take an arbitrary gauge specified by 
F = 0, where F is some function of A” and its derivatives. For the axial 
gauge above, F = As. For this gauge, (5.23) becomes 


Z= J a AI) det (5) exp ( / ° dr f Bex £) (5.24) 


Equation (5.24) is manifestly gauge invariant: £ is invariant, the gauge- 
fixing factor times the Jacobian of the transformation (F) det(OF/0q) 
is invariant, and the integration is over all four components of the vector 
potential. Equation (5.24) reduces to (5.23) in the case of the axial gauge 
As = 0. We know this is correct since it was derived from first principles 
in the Hamiltonian formulation of the gauge theory, Z = Tr e 94 


5.2 Blackbody radiation 


It is important to verify that (5.24) describes blackbody radiation with 
two polarization degrees of freedom. We shall do this in two different 
gauges, the axial gauge A3 = 0 and the covariant Feynman gauge. 

In the axial gauge, we rewrite (5.20) as 


Z= / [dAg] [a Aq] [a A2] det (a5) © (5.25) 


where 


So = 3 f ar f Pa (Ao, Ar, Ad) 


v? —010, —020, Ag 
x | —0,0, 03 + 3 + 0? —01 05 Ay 
—00, —0105 o? + OF + a? Ao 


We may express the determinant of 03 as a functional integral over a 
complex ghost field C, which is a Grassmann field with spin 0: 


dctiay = f [dC][dC] exp ( | "h / Be Cosc) (5.26) 


(This is (2.82) generalized to an infinite number of degrees of freedom.) 
These ghost fields C and C are not physical fields since they do not 
appear in the Hamiltonian. Furthermore, since they are anticommuting 
scalar fields they violate the spin-statistics theorem. They are simply a 
convenient functional integral representation of the determinant of an 


5.2 Blackbody radiation 69 


operator. The great usefulness of these fictitious ghost fields will be in 
nonabelian gauge theories. 
In frequency-momentum space the partition function is expressed as 


In Z = Indet(@p3) — 4 In det D (5.27) 
where 
p’ —wnpı —wnp2 
D=8 | -wnpi w2 ++p —pip2 
—Wn p2 —pıp2 we + p? = p3 


Carrying out the determinantal operation, 


In Z = }Tr n(8°p3) — 3 Tr in| 9°p3 (w2 + p?)”| 
=In fun [Po re 
n p 


-a f oI 1 Buy — In(1 ee] (5.28) 


Here, w = |p|. Comparison with (2.40) shows that (5.28) describes mass- 
less bosons with two spin degrees of freedom in thermal equilibrium; in 
other words, blackbody radiation. 

A family of covariant gauges is given by the condition 


F = 0” A, — f(x, T) = 0 (5.29) 
where f is an arbitrary function. Under a gauge transformation, 
F = (A, —O,a) — f = Ap — f - 8a (5.30) 
and ðF/ða = —0”. Inserting into (5.24) yields 


Z= f dA ] det(—€2) 6(6"A,, — f) exp ( I "dr f deL) (5.31) 


The physics contained in Z is unchanged if we first multiply by 


exp (-5, far foe P) 


and then do a functional integration over f, 


Z= 7 (dA, ] det(—82) exp ( f de f dz Lea) (5.32) 
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where 


1 
= — — H 2 
Læ =L a Apn) 


is the effective Lagrangian, including the gauge-fixing term, and p is any 
real number. The Feynman gauge corresponds to the choice p = 1 and 
the Landau gauge to p = 0. 

The partition function should be independent of œ and should be the 
same as in the axial gauge. For simplicity, we examine Z in the Feynman 
gauge. Then, 


fo fas Leg = b far f Paa +V*)A, (5.33) 


where the summation over p is Euclidean because in (5.19) we let Ag —> 
i Ao. We again employ a ghost field to write 


det(-8?) = f [dC][dC] exp ( f de i Be (0"C\(2,C)) (5.34) 
Combining (5.32) with (5.34), we get 
In Z = 2(5) TrIn[@? (we + p”)| + 4(—3) Trin [6? (w3 +p”)] (5.35) 


The four degrees of freedom of the A,, field combine with the two degrees 
of freedom of the C (ghost) field, which contribute with the opposite 
sign, to produce just the correct number of physical degrees of freedom. 
The complex ghost field cancels the unphysical degrees of freedom of the 
longitudinal and timelike photons. Equation (5.35) is the same as (5.28). 


5.3 Diagrammatic expansion 


Photons interact with fermions (to be specific, we shall consider electrons) 
with the interaction Lagrangian 


Ly = —eb pr) (5.36) 


where e is the electronic charge. By far the most frequently used gauges 
are the covariant gauges. The partition function is 


gė / [dC [dC] [a A,,] [deb] [ad] exp ( f a 1 Be c) (5.37) 
ahas 


L = Lo + Li 
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and 
Lo = vip =m+ uy yp T IF Fy 
1 _ 

= 5 (An) + (3 C) (3 C) 
p 

The ghost field does not interact with any other field but serves only to 
cancel two of the four gauge-field degrees of freedom in the ideal gas term. 
The partition function and other physical quantities of interest may be 
formally expanded in a power series in £y or e. The diagrammatic rules 


closely parallel those discussed in Chapter 3. The bare propagators and 
vertex are: 


fermion G= oyo 
p-m p 
po = 2n + 1)nrTi+ u (5.38) 
1 
hoton WwW pw Aa [eV fp 2) 
= Dy = gle — (1 — appt ip] = 5 7 


vertex 
=e" = = 


As an example, the lowest-order correction to the ideal gas of photons, 
electrons, and positrons is 


nZ = —3 © (5.39) 


The photon self-energy at one loop is 
Hw = D — Don = ~( (5.40) 


5.4 Photon self-energy 


The photon self-energy is related to the inverse of the full and bare prop- 
agators by 


w = Diy — Dope (5.41) 


The inverse propagator is related to the propagator by 
Drap! = gt, (5.42) 


The propagator and the self-energy satisfy certain fundamental con- 
straints. To discover them, it is convenient to work with kg = 2nrTi ana- 
lytically continued to arbitrary complex values. (Recall our analysis of 
Section 3.4. This continuation will be taken up again in Chapter 6.) Let 
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k” be the four-momentum of the photon. Current conservation requires 
that Iy be transverse, 


Agee = 0 (5.43) 
and gauge invariance requires that 
iD ig =p (5.44) 


in a covariant gauge specified by p. Both these constraints hold at T > 
0, 4 #0, as well as in the vacuum. The interested reader is referred to 
Fradkin [1] for a proof of (5.43). The proof of (5.44) will now be outlined. 
Consider making the gauge transformation A, —> A, — Ona, Y —> ey 
in the partition function as expressed in (5.37). All terms are manifestly 
independent of a apart from the gauge-fixing term, which becomes 


1 
“0 T fy 


where 
f=a 


By construction, the partition function is gauge invariant. Therefore, if 
we functionally differentiate In Z with respect to f any number of times, 
we must get zero. In particular, 


nZ — (OMAy(x,7)) F&T) 


f(x, T) p "a 
ln Z _ (OM A (x, T)” AL(x’,7')) — (O# Au (x, 7)) f(x’, 7’) 
x, T)Ef x, T 7 2 
b f(x, T)d F(R, 7’) p p (5.48) 
6(7 — 7')6(x — x’) = 
p 


Evaluating (5.45) at f = 0 and taking the Fourier transform, we obtain 
(5.44). A constraint on the thermal average of a product of N vector 
potentials is likewise obtained by differentiating N times In Z with respect 
to f, and then setting f = 0. 

The propagator, its inverse, and the self-energy, are all symmetric 
second-rank tensors. Assuming rotational invariance (which would not 
be correct for a solid) the most general tensor of this type is a linear 
combination of guv, kukv, Upuv, and kyu, + kyu,. Here up = (1, 0, 0, 0) 
specifies the rest frame of the many-body system. Taking into account 
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(5.41) to (5.44) we obtain the general forms 
Ti” = GPeY + RPE 
E p ktk” 
H M 
ktk” 


(DH = (G — k’) PHY + (F — k’) PHY + 


The quantities F and G are scalar functions of k° and |k|. The two pro- 
jection operators are four-dimensionally transverse, but one is also three- 
dimensionally transverse (Pr) while the other is three-dimensionally lon- 
gitudinal (P): 


PY = PY = PP =0 
PË = 64 — kk /k? (5.47) 
HY KRY JK? — gi” — PH 
These have the properties 


PH? Pov = — PË, 
Pr’ Prov = —Pry 
ku PRY = ky, Pt” =0 (5.48) 
PH? Proy =0 
PH = -1 
Ph =-2 


In the vacuum there is no preferred rest frame, so the vector u, cannot 
play any role (it is not defined). Also, in the vacuum II” must be propor- 
tional to gt” — ktk” /k?; hence F = G. Furthermore, G can only depend 
on k?. At finite temperature and density, however, F and G can depend 
on k? =u-k and |k| = y(u- k)? — k? separately, owing to the lack of 
Lorentz invariance. 

Let us evaluate the photon self-energy at the one-loop level. From 


(5.40), 
y dp (+ 1 1 ) 
PaT pee u 
II er io y Ta E = (5.49) 


Here p? = (2 +1)rTi+ p and k? = 2nrTi. We can always write IH” = 
Hike + I... where 


mat? 


= iim, pe~ (5.50) 


vac 


0 
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is the vacuum self-energy and IT”, is the remainder due to the presence of 
matter. The vacuum part is discussed in many textbooks on field theory, 
such as Peskin and Schroeder [2]. The matter part is readily evaluated: 


© dpp? AF, k® — 4E2 — k? R 

mon 7 | Ne e po? in{ 2 
(5.51) 
e? pp? 2m? + k? Ry 
I ., = —-2— BR N 1 
iiae g O i a a) 
Here 
w=|k]) R=k-w  Ep=VpP+m 
1 1 
Np(p) = 


BE 41) TES 


R+ = k? — 2ko Ep + 2pw 


Also, the reader should note that here we define the action of the operator 
Re as follows: Re f(k°) = 3[f(k°) + f(—k?)]. 

Various limits of (5.51) are of physical interest. They correspond to the 
screening of electric and magnetic fields and plasma oscillations. These 
topics are discussed in Chapter 6 in particular, in the context of linear 
response theory. 


5.5 Loop corrections to In Z 
5.5.1 Two loops 


The lowest-order correction to In Z due to interactions is the two-loop 
diagram seen in (5.39). There are two methods of doing explicit calcula- 
tions with such diagrams. In the traditional method the frequency sums 
are performed directly. Another method uses analytic continuation and 
contour integrals, as discussed in Chapter 3. Both methods must of course 
give the same answer, but usually the contour integral method is much 
easier. 

From (5.39), we have in the Feynman gauge the exchange contribution 


nZex 1 dp dq dk 


av ~~ 2° J ns Gn ene PAR 


Tri” (p +m + 
ae i > Bn, ng tnx aa Sane 


Np Nq Nk 


(5.52) 
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The trace is readily carried out. Apart from integration over three- 
momenta this becomes 


2m? —p-q 
~~ li Np Nng +n : 
8 g 2 Bônpnatns k2(p2 — m?) (q2 — m?) (5.53) 
The Kronecker delta may be written as 
B 
Bnpnyeme = | d expl? — g — +) 
0 
o kO] 4 
_ exp [6(p° — 9° — k°)] (5.54) 


po — qo — ko 


where p? = (2np + 1)nTi + u, q? = (2ng + 1)nTi + u, and k? = 2npnTi. 
Since q? and k? enter the argument of the exponential with minus signs 
we multiply by — exp[3(k° + q? — y)], which is unity when evaluated on 
the integers. This procedure ensures that the integrands of the contour 
integrals fall off exponentially before the 0 integration is performed, so 
that one never need worry about contributions from contours distorted 
out to infinity. This procedure also guarantees that the normal vacuum 
is recovered in the limit of zero temperature and chemical potential (see 
the discussion in the papers of Norton and Cornwall [3] and Kapusta [4]). 
With this analytic continuation of the Kronecker delta, (5.53) becomes 


: 1 1 0 -0 7.0 
=ar pl a mal La ll 1g yk) (5.55) 
Nk Np 


Nq 


where 


2 — i 
F(p? 9? K) = PE fexp[ (a? + a? = 1] = explo? = n) 


Notice that J has no singularities. Hence, each of the sums may be 
converted to a contour integral via (3.40) and (3.71), and these contour 
integrations may be performed simultaneously and independently. For 
example, 


Np p 
r (p) Ng (p)-1 
= (Ep0, k) Sa + ICE, k) 
p 
l i (5.56) 
T a OAN 
Npg(k Np(k) +1 
= —I(p,q°,w) Bl ) — I(p?, ql, —w) n) 
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where the fermion and boson occupation numbers are 


oe 1 
Np (p) = exp[6(Ep + w)| +1 
E 1 (5.57) 
A= exp(bw) — 1 


and w = |k|, Ep = Vp? + m?. 

As is evident, the contour integration method has two obvious advan- 
tages over the direct summation method. First, the contour integrals may 
be evaluated independently of each other whereas the direct summations 
must be done in consecutive order. This is a great algebraic simplifica- 
tion, which becomes more pronounced as the complexity of the diagram 
increases. Second, the contour integration puts each particle on its mass 
shell automatically. 

When (5.56) is used to evaluate (5.55), one finds terms that are 
quadratic in the occupation numbers, terms that are linear, and terms 
that are independent of the occupation numbers. Those that are indepen- 
dent represent the energy shift of the vacuum and are not of interest to 
us. Those that are linear are canceled by the fermion and photon vacuum 
self-energy renormalizations. These are represented as 


NIK 


the angled parentheses indicating that the T = u = 0 limit of the sub- 
graph is to be taken (cf. (3.49)). Putting all the above together we find 
the two-loop result: 


In Zex 3 3 3 
n =- jer | oe ee 5 | os dq 1 


BV 27)3 Ep 2 27)? (27)? EE 
m2 

{h EP “paar 5) [NE ONE (a) + NENE O) 
ae 

a E, + E,)?—(p—a)? 5) Ne ONE O + NEON (ah 


(5.58) 


where Np = NÈ + Np. This is referred to as the exchange term because 
in the T = 0 limit it arises from the exchange of the three-momenta of 
a pair of fermions in the Fermi sea. Various limits of the exchange term 
are of interest, and so are listed below; note that the Fermi momentum is 
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pr = yu? — m? when |p| >m: 


In Zex e? 3 +p á 
aV any 13 hve m? In (: Es 3] - pp? (T=0) (5.59) 
In Z e? 18 9 
X = (5744+ ST? + Sy" =0 . 
BV 288 ( eae ae, m ey) 
In Zex 2 
T = T ee (T<m-pw<m) (5.61) 


Equation (5.59) will be useful in our discussion of white dwarf stars. 
Equation (5.60) will reappear in QCD plasma. Equation (5.61) modifies 
the classical ideal gas equation of state to P = nT — e?n?/8mT. 


5.5.2 Ring diagrams 


The next order to contribute is not ef as naively expected but e? when 
T > 0 and e4 Ine? when T = 0 but u Æ 0. These arise from the set of ring 
diagrams shown in (3.54), where the photon self-energy is given to lowest 
order by (5.40), 


In Zring 
BV 


i dk 
= -rY [Sato [L + Do(k)II(k)] — Do(k)II(k)} (5.62) 


Making use of the explicit forms of Do and II as given by (5.46), we may 
carry out the trace operation to obtain 


mi |e) 8 
+In (1 a) + ae} (5.63) 


Note that F and G are functions of n (since kg = 27nT7) and w = |k|. The 
terms involving G have a coefficient of 2 relative to the terms involving F. 
The reason is that there are two transverse degrees of freedom but only 
one longitudinal degree of freedom (Pry, = —2, PË = —1). Note that the 
expressions (5.62) and (5.63) are manifestly gauge invariant since the p- 
dependent part of Do vanishes, as a consequence of current conservation, 
when it multiplies IT. 

Since —k? = w? + 4n?T?n?, the logarithms may be expanded to second 
order in F and G to give an ef contribution, as long as n Æ 0. If either 
F(n = 0, w — 0) or G(n = 0, w — 0) does not vanish then expan- 
sions of the logarithms do not converge. To isolate this potential infrared 
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divergence, we write 
dk G(0,0) 2G(0, 0) F(0,0) F(0,0 
_il , , l 1 ’ $ 
sr f TE 2 In (: + J ) 2 +ln {1+ = 7 
(5.64) 


The remaining terms, which are explicitly of order e+ and which have no 
infrared divergence, are 


FE Eby] ee) 

(S39) + (FBP) e 
Upon examination of (5.46) and (5.51) we find that G(n =0,w — 0) =0 
ut 


e? f° dp 2 2 
F(n=0,w 30) =% f (p? + E?) Ne(p) (5.66) 
T 0 Ep 
After integrating over k in (5.64), we find the order-e® contribution, 
In Zring T 3 
= —_F#/2(0,0 5.67 
Fe = P7040) (5.67) 


This result, nonanalytic in a = e?/4r, is precisely analogous to our result 
in Chapter 3 for the massless \¢* theory. The nonanalyticity here arises 
because interactions at finite temperature and density generate a static 
electric screening mass for the photon. 

There are several interesting limits of F(n = 0,w — 0). In the ultrarel- 
ativistic limit (m = 0), 


T2 u? 
F T eea 5.68 
0, =2 (+4) (5.68) 
In the nonrelativistic limit and with classical statistics, 
2e? (mT 3/2 
F =^ | (u=m)/T 5.69 
0o (2) e (5.69) 


which, when inserted in (5.67), is the well-known Debye-Hückel formula. 
At zero temperature, the discrete frequency of the photon becomes 
continuous and the n = 0 mode cannot be isolated. From (3.40), 


1 100 1 love) 
lim TS =— ko = — k ; 
TO 2 zJ æ FR ei) 
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At T = 0 it is convenient to work in Euclidean space with k4 = —ikp and 


with k? = ki +k? = —k* > 0. Both F and G are functions of |k| and ¢, 
where tan @ = |k|/k4. Then (5.63) becomes 


In Zring 1 a 7.2 7.2 “M + 2 
= : dk* k do sin* @ 
pV (27)? Jo 0 


+n(1+2E:9) FED) Gry 


_ The potential infrared divergence in (5.71) may be isolated by setting 
k = 0 whenever possible in the integrand: 


oo a /2 
~op | aii? f dósin? o {2m (1+ or) +1n (+282) 
0 0 


2G(0,¢)+F0,4), 1 1 
p2 2k? k2 + p? 


[F° (0, ¢) + 2G7(0, oil} (5.72) 


Notice the term 1/(k? + u?). The choice of u? is arbitrary; any choice 
independent of e? will give the same coefficient of e4 ln e?. After integrating 
over k?, (5.72) becomes 


ats r E [roo [m ES - J 


+ 2G?(0, ¢) [m (%2) = J } (5.73) 


The explicit forms of F'(0,¢) and G(0,¢) may be substituted in (5.73) 
and the integration performed. A lengthy analysis yields 


In Zing _ ef Ine? 


+ 
je 41n 2) upp — 5u?pp + 4° pe In (+=) 


BV 1287 
2 H+PF\ 97, 2,9), 2/H+PF 
+ 6um pein( EP) m'(4u + m*) In (4% ) 
I 
+ m?u(4p? + m0] (5.74) 
PF 


where 
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The ultrarelativistic limit is 


In Zring etln e? 4 
— 5.75 
BV 12876 ” sa) 
and the nonrelativistic limit is 
In Zring e* Ine? 3 
= 1—In2 5.76 
BV 73,0 T n2)upe (5.76) 


5.5.3 Three loops at finite density 


The three-loop diagrams not included in the ring sum are 


ƏS- er 


The evaluation of these diagrams is technically quite involved because of 
overlapping ultraviolet divergences. For further discussion, see Freedman 
and McLerran [5] and Baluni [6]. 

The result of evaluating (5.77) together with the order-e* contribution 
from the sum of ring diagrams is 


ee: i 3 a(M) oaa 


2. g 2 T T 


— ; ear (45) + (2.11819) (2) (5.78) 


Certain integrals had to be done numerically in producing this result, 
giving the number in the coefficient of a?. The photon wavefunction 
renormalization constant Z3 was defined at a Euclidean subtraction point 
k? = M?. Equivalently, the photon self-energy was renormalized in such 
a way that F(k? = M?, u= 0) = G(k? = M?, »=0)=0. 

The choice of subtraction energy M is completely arbitrary. In (5.78) 
notice that a logarithm of u/M appears. At higher orders of a, higher 
powers of the logarithm will appear. Therefore, to reduce the importance 
of higher-order terms at high density we are free to choose M = pu. (The 
optimum choice of the constant of proportionality between M and p is 
not known.) Then (5.78) becomes 


re i $2023 (20) (ee 


+ (2.11819) (ey (5.79) 
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The next question is: What is a(u)? From our knowledge of the renor- 
malization group we know that a(u) must satisfy a renormalization-group 
equation. To lowest order, 


da 
M— = a? 5.80 
dM SF om 


In massless QED the constant co is computed to be 27/3. Realizing that 
we have chosen M = p to suppress large logarithms at high density, we 
find that the renormalization-group running coupling is 


H a(1) 
a = 5.81 
CESI OA n 
Here puo is some reference scale and a(1) is the value of the coupling at 


that scale. Just as in (4.24), (4.25) for the massless \¢* theory, we can 
combine a(1) and jg into one constant A. Then 


H oT 
a(5)= Taa (P82) 
Here A is the intrinsic energy scale of massless QED. This theory is not 
asymptotically free. Therefore, when u < A the coupling a(u/A) is very 
small. The perturbative expansion of the partition function for a cold 
high-density electron gas converges rapidly until u ~ A is reached. This 
limitation is not of practical significance because the intrinsic energy scale 
A ~ meet’? is astronomically large (me = 0.511 MeV). 

It is apparent that the perturbation series for P in (5.79) is rapidly con- 
vergent at non-astronomically-large densities because a/r œ 2.3 x 107%. 


5.5.4 Three loops at finite temperature 


The pressure for finite temperature QED has been calculated for = 0 
up to order e. We first show results up to et. See Coriand and Parwani 
[7] for the details (especially on the delicate handling of the singular- 
ities). The usual zero-temperature ultraviolet singularities are regular- 
ized through dimensional regularization, ensuring that the physical result 
is gauge invariant. Evaluating the diagrams (5.77) at finite temperature 
for Np electron flavors (physical QED corresponds to N¢ = 1), with the 
appropriate counterterms, yields 


P = ( ‘a ) 5e? Nt 


= 1+4N 
m a a 288 


12r \ 3 Tê 


0.4667 + 0.0020 5 T 
Anr2 
- éN, 1 
Pi | Tô + 170872" (37) | (aia 


3 N, 3/2 AN; 
PE (5) + 1 (0.4056 + 0.0030) 
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The above also includes the ef contribution for the set of ring diagrams 
discussed earlier. As before the uncertainties in the quantities are due to 
the numerical evaluation of some integrals. Note that the coupling in the 
expression for the pressure is to be evaluated at some renormalization 
scale M. This scale M may be chosen on physical grounds: for example, 
setting M = T will eliminate the logarithm at this and higher orders. 
An alternative procedure is to use renormalization-group arguments to 
relate the coupling e at some scale M to that at another scale set by the 
temperature. Doing this, one may write 


e(T) = e h 5, (37) | + O(e°) (5.84) 


6r? M 
where e is the coupling in (5.83). Defining a(T) = e?(T)/4r, (5.83) can 


be written as 
P = ( 7 ) 572 a(T)Ne p Qn? (amy 


= 14N 
Ta eta) RA r 9/3\ 7 


0 2, 
+ c= ee ore 0.004) (25) +0 (a(T)°/?) 
Ng T 


(5.85) 


The logarithm in (5.83) has disappeared and has been absorbed into the 
renormalization-group redefinition of the coupling constant. 

The order-eë contribution is then obtained by resumming the boson 
propagators in (5.77) through a ring insertion, as discussed previously. 
The details appear in Parwani and Coriano [8]; the result is 


Ps au € [1 — ye — In(4/7)] T? 
T 9v3 2N V3 


> ) (5.86) 


where yg is Euler’s constant. 


5.6 Exercises 


5.1 Prove (5.12). 

5.2 Derive the blackbody radiation formula from (5.32) for arbitrary p. 

5.3 Discuss what happens when the nonlinear gauge F = A“ A,, — 
f(x, T) = 0 is chosen. 

5.4 Derive the free-photon propagator given by (5.38). 

5.5 Obtain the general forms given in (5.46) for the in-medium photon 
propagator and its inverse. 

5.6 Repeat the calculation in the text for In Zex but with an arbitrary 
covariant gauge parameter p. Is the result independent of p? 
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5.7 Using (5.51) and (5.46), find the limits of F and G when k? = kê — 
k? = 0. 

5.8 Determine the combinatoric factors for the two diagrams of (5.77). 

5.9 Derive (5.63) from (5.62). 

5.10 Calculate the relative contributions to the pressure in QED at finite 
temperature and zero electron mass from orders 0, 2, 3, 4 and 5 in e 
for arbitrary Nf. 
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6 


Linear response theory 


Suppose that a solid is hit with a hammer. Sound waves will propa- 
gate outwards from the point of contact. How is the frequency of the 
sound wave related to its wave number? How does a light wave propa- 
gate through plasma? What happens when a charge impurity is embedded 
in an electrically neutral medium? Is it screened, and if so how is that 
screening described quantitatively? If a medium is disturbed by a small 
amount one might expect its response also to be small. The quantitative 
formalism for dealing with small disturbances is called linear response 
theory. The beauty of the theory is that the response of the system can 
be expressed as a folding of the external source causing the disturbance 
with a response function that is computed using equilibrium correlation 
functions not dependent on the strength of the external source. There- 
fore, details of the internal dynamics of the thermodynamic system can 
be studied using weak external probes. Other areas of science where lin- 
ear response theory has proven to be extremely useful are quite extensive, 
and include x-ray scattering from crystals and molecules, electron scatter- 
ing from protons and nuclei, and sound waves generated by earthquakes 
propagating through the earth’s interior. 


6.1 Linear response to an external field 


Suppose we apply some external field to our system, which is initially in 
equilibrium. The goal of linear response theory is to calculate the change in 
the ensemble average value of any operator Y (x,t) caused by the external 
field, to first order in that external field. 

Let 


H'(t) = H + Hex) (6.1) 
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where H is the unperturbed Hamiltonian (but which still contains inter- 
actions) and Hext(t) is the perturbation that couples the external field to 
the system. We will imagine that Hext(t) vanishes when t < to, so that 
the system has had plenty of time to achieve equilibrium in the past. The 
exact equation of motion for Y is 

OY (x,t)... 

= = i | H(t), Y (x,t)] (6.2) 
Let |j) be an eigenstate of H (in the Heisenberg picture). Then it follows 
that the time rate of change of the expectation value of Y in the state |j) 
is 


aua = i(j|[H’(t), Y (dl) (6.3) 
= i(j| [Hext(t), Y (x, t)] IJ) 


Equation (6.3) is exact, but it is generally impossible to solve it in closed 
form. At this point we assume that Hext causes only a small change in 
the expectation value of Y. Then to first order in Hex we can integrate 
(6.3) as 


GLY (x, t)i) = GY (x, tI) — GIY (x, to) 9) 


oY er re , (6.4) 
=i | O) [Healt Y Œt) bi) 
to 
Now take the (grand canonical) ensemble average, 
„e PR Slil Y (x, t)| 7 
5(V (x,t) = 2 (AY (x, t1) (6.5) 


ae e BK; 


Here K = H — p;N;, where allowance is made for an arbitrary number of 
conserved charges. Using (1.1) and (6.4) in (6.5), we obtain 


t 
aves f dt! Tr {p [Has lt), Y (x, t)]} (6.6) 
to 

This expresses the change in the ensemble-average value of Y in terms of 

the commutator of Hext and Y evaluated in the unperturbed ensemble, 

represented by J. We reiterate that (6.6) is correct to first order in Hext- 
As an example, consider a real scalar field ¢ that is coupled to an 

external source J(x,t) via 


Hext(t) = f dgr I(x, t)(x, t) (6.7) 


We are interested in the change in the ensemble-average value of ¢ when 
the external source is turned on. Putting (6.7) into (6.6) with Y = ọ 
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gives 


5(b(x, t)) ani fiat feere) Tr {a [etb] (6.8) 


At this point it is useful to introduce the following quantities: 
the time-ordered propagator, 


iD(x, tix’, t) = Tr {AT (A(x, e) } (6.9) 

the retarded Green’s function, 
iD® (x, tix, t) = Tr SA [d(x, t), d(x’, ¢)] oe- t) (6.10) 

the advanced Green’s function, 
iD (x, tix, t) = —Tr {3 [ó t), x, #)] poe — 8) (6.11) 


In (6.9), T; is the time-ordering operator. Then (6.8) becomes 
6(0(x, t)) =. at! f a! Hx) Dx, 152" (6.12) 


Here we have let tọ —> —oo and have set the upper limit of integration 
over t’ to co on account of (6.10). 

Since the unperturbed system is in thermal equilibrium, DÈ must 
depend only on x—x’ and t— t (the former would not be true for a 
solid or crystal, of course). We insert the Fourier transforms 


BPkdw ; , i 
Riga aae i[k-(x—x’)—w(t-t’)] HR 
D*(x —x', t—t') f Or)? e D™(w,k) (6.13) 


d’p da i(p-x’—at’) F 
ect | =| (ny ellP *) T(a,p) (6.14) 


into (6.12) to obtain 


A 3 WW ¢ ~ 
5(o(x,t)) = f a= eixo) Fw, k)D?(w,k) (6.15) 
6(¢(w,k)) = Jw, k) DP (w, k) (6.16) 


which is a very aesthetic form. The change in the ensemble average of the 
field, in frequency-momentum space, is equal to the external source times 
the retarded Green’s function. 
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6.2 Lehmann representation 


The question arises how the real time Green’s functions required in 
the linear response approach to dynamical perturbations are obtained. 
Are they related to the imaginary time propagators studied in previous 
chapters? In fact they should be, since all dynamical information in a 
quantum theory is contained in the matrix elements of operators. If both 
the real time and imaginary time correlation functions can be expressed in 
terms of matrix elements then a connection can be made. These expres- 
sions are referred to as Lehmann representations. We shall work them 
out for a real scalar field. It is straightforward to do the same for com- 
plex scalar fields and for fields with spin, the main complication being the 
tensorial structures. 

Consider the fully interacting ensemble average of a product of scalar 
field operators. Suppose that the states |n) form a complete set of eigen- 
states of the Hamiltonian and of the momentum operator. Starting with 


. TEE 1 = m7 V4 
iD*(2,y) = (o(@)9)) = J doe P¥"(n\d(x)d(y)|n) (6.17) 
we insert a complete set of states between the field operators: 


(d(x) 0(y) ze 9% (n|6(x)|m) (m|d(y)|n) (6.18) 


Under the assumption that the system is translation invariant in both time 
and space, the matrix elements at x are related to the matrix elements at 
x = 0 as follows: 


(n]b(a) |r) = P2)? (n] $(0)|m) (6.19) 


Thus the explicit se of the average of the product of fields is 
iD*(-y zene ipn =Pm): E9) (1 5(0)|m)(m|G(0)|n) (6.20) 


The Fourier transform (we use the same symbol D in coordinate space 
and momentum space for ease of notation) 


D? (k) = fez errr gy) (6.21) 
can be expressed in terms of the spectral density 
1 B n 
posz S57 P Ps (21)"8(k — pm + pn)| linll) m)]? (6.22) 


iD (k) = 2rp* (k) (6.23) 
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This spectral density is positive definite. The Dirac delta functions do not 
affect this, since one can always work in a large but finite box for which 
the energy and momentum modes are discrete, replacing the Dirac delta 
functions by Kronecker delta functions. 

In a similar way we define 


iD (x,y) = —(9(y)d(a)) (6.24) 
whose Fourier transform is also expressed in terms of a spectral density: 
iD (k) = 2p (k) (6.25) 

where 
p7 (k) = ~eto p+ (k) (6.26) 


The minus sign comes from the definition and the Boltzmann factor comes 

from interchanging the labels m and n in the sum over states and using 

energy conservation. Obviously this spectral density is negative definite. 
The ensemble average of the commutator is 


D*(« — y) = —i([$(z), (y)]) = DH (x - y) + D(z- y) (6.27) 


where the superscript “n” denotes the “normal” commutator-defined 
Green’s function. Its spectral density is 


p"(k) = p+ (k) + p~ (k) = (1 — e") pt(k) = — (e% — 1) p~ (k) 


1 


= ZY (oP — eB) (2m)5(k — pm + Pn) Knl6(0)|m)|? 7) 


OZ 
For linear response theory the most relevant correlation function is the 
retarded propagator 
D®(z) = 0(z0) D? (z) (6.29) 
Associated with it is the advanced propagator 
DA(z) = —0(—z0) D” (2) (6.30) 


Straightforward manipulations show that these can be expressed as inte- 
grals over the spectral density p”: 


DÈ (k) = a TE + z Pwk) (6.31) 


i dw 
D^ (k) = P(w, k .32 
w=- irr ok (6.32) 


The imaginary parts of these functions are proportional to the spectral 
density, 


Im D®(k) = —Im Dê (k) = =r p” (k) (6.33) 


6.2 Lehmann representation 89 


and their real parts are equal, 
Re D®(k) = Re Dê (k) (6.34) 
under the assumption that k is real. 
Now we come to the connection with the imaginary time propagator, 


for which the finite-temperature perturbation theory was developed. From 
(3.21) we know that 


D(x, T) = (¢(x,7)9(0)) 
1 L n A A 
= Z 24° PEr (ni d(x, 7)6(0)|n) 


= 3 S e (nf d(x, 7)|m) (m|d(0)|n) (6.35) 


Just as in (2.86), the field evolves in imaginary time according to 
(x, T) =e! d(x, 0)e 47 (6.36) 
which leads to 
1 ; 5 x 
Dx, T) => ie) (m|9(0)|n) 


(6.37) 
Following the conventions of Chapter 3, the Fourier transform is 


D(wn,k) = I i / Bag Merton D(x, 7) 
= 5 > (277)76(k — Pm + Pr) (2|G(0)|m) (m|6(0)|n) 


myn 


e-BEm — @-BEn 


x B-E -io (6.38) 
which can be written in terms of the spectral density as 
D(wn,k) = J T eh (6.39) 
-oo W F Wn 


Thus the advanced and retarded propagators can be obtained from the 
finite-temperature propagator by analytic continuation as follows: 
DÈ (k) = —-D(wp —> iko — €) (6.40) 
D^ (k) = —D(wn — iko + £) (6.41) 


The spectral density p” determines both the real time and imaginary time 
propagators and is therefore a very important function. 

A concrete example of these relations is provided by a free field. 
The imaginary time propagator is D = 1/(w2 +k? + m7). From this 
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one immediately obtains p” = sign(ko) 6(k@ — k? — m2). This shows quite 
directly that all the weight is concentrated on the mass shell of the par- 
ticle. Generally, for interacting particles in a medium, this weight gets 
spread out over a finite range of energies. The free-particle spectral den- 
sity has two obvious properties that generalize to interacting systems. 
One is the symmetry in the sign of the energy and the other is an integral 
over the energy. 
The spectral density p" given in (6.28) has the symmetry 


p'(—w, =k) = —p"(w,k) (6.42) 


Here ko = w. In a rotationally invariant system, for every state with energy 
Ep and momentum pn there is a state with the same energy and the 
opposite momentum. Therefore 


p(w, —k) = p"(w,k) (6.43) 


Combining the above symmetries we conclude that p” is an odd function 
of the energy: 


p"(—w, k) = —p"(w,k) (6.44) 
The canonical commutation relation can be usefully employed to derive 
a sum rule on the spectral density. Take the spatial Fourier transform of 
o x 
lim ~2 D(x) = i0, =e (645) 
zo—>0 Oxo 


and use the Lehmann representation for D". One concludes that 
(oe) 
f dw wp"(w,k) = 1 (6.46) 
— 00 


This sum rule is naturally obeyed by the free-particle spectral density. It 
also implies that interactions might modify the shape of the function p” 
but that the total integrated weight is constant. 


6.3 Screening of static electric fields 


Let us apply an external static electric field Eq, as might be generated 
by an imposed charge distribution, to a QED plasma and observe the 
response. The Hamiltonian density for this interaction is 


Hext =E. Ea (6.47) 


The external field Eq is a classical field, not a quantum operator like E 
and B. It depends on position but not on time. 
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The change in the electric field caused by the introduction of the exter- 
nal field into the plasma can be computed using (6.6): 


5(E; =-if af dx ‘ES (x') Tr{p [Ei(x, t), Ej, t] y a(t — t’) 

(6.48) 
Thus we need to know the commutator of two electric field operators. 
Using the expression for the electric field in terms of the vector potential 
and the canonical commutation relations, one readily finds that 


([Ei(x, t), Ej (x’, t’)]) a(t — t) = 0,05 {([Ao(x, t), Ao(x’, t)]) a(t — t’)} 


— 0,06 {([Ao(x, t), Aj (x, tOO — t) } 
— oð; { ([Ai(x, t), Ao(x’, tot- t) } 
+ 800 { ([Ai(x, t), Ay(x’, H)]) a(t — t') } 
— 16;;6(x — x Nét —t’) 


(6.49) 
The real time photon propagator is 
Dii(x—x’,t—t) =iTr{p[A,(x, t), A(x’, t)] }O(E-t') (6.50) 


where the sign is chosen to be compatible with the definition of the imag- 
inary time propagator in Section 5.3. It depends only on the differences 
x — x’ and t—?, owing to translation invariance in a plasma and to the 
assumption of thermal equilibrium. Combining (6.48) to (6.50) we obtain 
the net electric field in the medium, 


ER (x,t) = EF (x) + 6(Ei(x, t)) 


0O 
= f dt! / d’x' ES (x') 
—oo 
x (—0;0;, Do} + 0:0 D + 308; Di; — 300 DR) (6.51) 
where the arguments of Dy , are x — x’ and t — t’ as in (6.50). The Fourier 


transforms are 


Pk dw ; 1 . , 
R 1 ik- (x—x’) —iw(t-t R 
Die x’, t—t ) = f (2 4 e ( Je ( DÈ (w,k) (6.52) 


and 


Bt ea 
Ea(x’) = i a e'P*' By (p) (6.53) 
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Substitution in (6.51) gives 


ne dk ik:x pcl R 7 
Bex) = -j (ony oe, (k)|kik; Di (w, k) + wh; Do; (w, k) (6.54) 


+ wh Dow k) +w? Dil] 


Note that the w = 0 limit is a consequence of the static nature of the 
applied field. 

In covariant gauges the propagator is given in (5.46). In such gauges the 
last three terms in (6.51) vanish. Hence the net electric field in momentum 
space is 

ua kik; ES (k) 
Pm U= + F(w =0, k) PoR 
For a plasma, the net electric field must point in the same direction as 
the applied external field owing to rotational invariance. The magnitudes 
can be related by multiplying both sides of the above equation by k; and 
summing over i. Thus 


Ea(k) 
Enet(k) = 6.56 
where e(k) is the static dielectric constant and is given by 
F(0,k) 
e(k)=1+ 2 (6.57) 


This result may be obtained in other gauges as well. In the temporal 

axial gauge, Ao(x, t) = 0, the propagator is given by 

Do =0 Doi = Doi = 0 

1 kik 1 k? kk; (6.58) 
i= Gop Oi 12 Fk kk 
Insertion of (6.58) into (6.54) again yields (6.55), although it is interest- 
ing that in this gauge the contributing term is [u DE (w,k)]u=0- In the 
Coulomb gauge, V - A(x,t) = 0, the propagator is given by 

1 1 k? 

= pv 
Tgp T tP EE" 


where u” = (1,0,0,0) defines the rest frame of the medium. The self- 
energy II” is related to F and G just as in (5.46). This may be verified 
by returning to the definition of the self-energy in terms of the full and 
bare propagators, which may be written as 


DY = DIY — DET g D” (6.60) 
Substitution of (6.59) into (6.54) again yields (6.55). 


D 


Diy Hayy (6.59) 
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It must be emphasized that (6.55) is an exact result, to be used with 
the exact expression for F'(0,k) or with the best available approximation 
to it. The only assumption is that the applied field E, is weak enough to 
justify the linearity approximation. 

The dielectric function is the screening factor. In the limit of no inter- 
actions, where e — 0 and F — 0, the net electric field equals the applied 
field. In the absence of matter T = 0 and w= 0, but with interactions 
turned on, e Æ 0, there is still a modification of the applied electric field 
known as vacuum polarization. When |k| < me, one finds that 


a |k|? 
Fyac(0,k) ~ ——— —> 61 
oO) 15r m2 (6.61) 
When |k| > me, 
Q k? 
Fvac(0, k) & —— i To . 
(0,k) ~ -Z k? In (i=) (6.62) 


where M is the renormalization energy scale. One may think of virtual 
electron—positron pairs continually popping out of and back into the vac- 
uum to produce this modification of the applied field. Since e(|k| > 0) £ 1, 
one may in this sense think of the vacuum as a medium. Furthermore 
we may think of the dielectric constant as the ratio of the squared net 
observed charge at momentum transfer k to the squared ordinary electric 
charge at zero momentum transfer, 


Qnet (k) a 1 
a 1+Fya(0,k)/k? 


(6.63) 


Substitution of (6.62) into (6.63) gives exactly the lowest-order 
renormalization-group result, (5.82) with u — |k| >> me, which is no coin- 
cidence. 

The one-loop finite-temperature and finite-density contribution to F is 
in general a complicated function of k. It is given in (5.51) since F'(0,k) = 
—T1°°(0,k). At very short distances, |k| > T and u, the vacuum contribu- 
tion dominates, Fyac > Finat- At very long distances, |k| < T and p, the 
matter contribution dominates, Fyac K Fmat. At distances much less than 
the average interparticle spacing, many-body effects cannot be important 
and one recovers the vacuum. At distances much greater than the aver- 
age interparticle spacing, many-body effects are most important. In fact 
Fyac/Fmat x k? as k — 0, modulo logarithms. Recalling (5.66), (5.68), 
and (5.69), we define the QED electric mass ma by m2, = F(0, k > 0). 
Then, approximately, 


Fyac(0,k) mê 


el 
ae ae (6.64) 


e(k) = 1+ 
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Linear response theory gives both vacuum polarization and plasma 
screening. 


6.4 Screening of a point charge 


As a concrete demonstration of a situation commonly encountered, place 
a static charge Q; at xı and another static charge Q2 at x2. What is the 
change in free energy of the QED plasma as a function of separation? 
Analogous problems arise in condensed matter physics when treating an 
impurity or defect. 

From Gauss’s law, 


V- EŞ! = Qı 6(x — x1) (6.65) 
we obtain 
Bi) = | E EI 
where 
E? = aoga Qı (6.66) 
k2 


Similar equations are obtained for charge 2. The change in free energy is 
1 
Vex) = 5 | de [EFC (B200) + BF) - (B60) 
where 
(E1(x)) = E1” (x) (Eo(x)) = E3” (x) (6.67) 
After some manipulation, this takes the form 
d8 k kr 
(27)3 k? + F(0,k) 


When r is very large, the dominant contribution to the integral comes 
from k ~ 0. For this case, we replace F(0,k) by its infrared limit må. 
Then we get 


(6.68) 


V(r =x- x2) = QQ | 


— QIQ ema" 


AT r 


V(r) (6.69) 


which is a screened Coulomb potential with inverse screening length mg. 

At T = u = 0 one may compute the change in the form of Coulomb’s 
law due to vacuum polarization by expanding (6.68) to first order in F 
and substituting in (6.61). The result is 


AVo = = @Q1Q26(r) (6.70) 


15am? 
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This result was first obtained by Uehling [1] and by Serber [2]. See also 
Bjorken and Drell [3]. Its effect has been measured in the Lamb shift in 
atomic hydrogen. 

At low temperatures, T < |u|, the functional form of (6.69) is not cor- 
rect even at long distances; it turns out that it is not a good approxi- 
mation to replace F(0,k) by its infrared limit m2, because of the sharp 
Fermi surface. 

The formula (5.51) gives the matter part of F at one-loop order for 
arbitrary values of external energy, momentum, temperature, and chem- 
ical potential. Evaluating it at zero energy (which is the same as at zero 
Matsubara frequency) and T = 0 gives 


Fiat (0, k) 
i k 4u? — 3k?) (k—2kp\? 
= pin ce (t z) R ‘in ( z) 
m 


247 k k + 2kp 
(om? — k2) REE ae? 
k 


oe (ee + 2m?) — 2ukkp v k2 + 4m2 — m?(k? + =) 


+ 


2u? (k? + 2m?) + QukkpVk? + 4m? — m?(k? + 4m?) 
(6.71) 
Here kp = y/u? — m? is the Fermi momentum and k = |k|. The vacuum 


part is derived in many books on QED, such as Berestetskii, Lifshitz, and 
Pitaevskii [4] and Quigg [5]. It is 


Fyac(0, k) 
_ e? k2 4m? M? — k? 
An? a: Me 


1 2m? V M2 + 4m? — M 
a-e) V M? + 4m? In eu 
M V M2 + 4m2 + M 


2 /k2 + 4m2 —k 
: (1 zl ) VEF tin iia mel 
k Vk2 +4m2 +k 


(6.72) 


where M is an arbitrary subtraction point such that Fvac(0, M) = 0. 
The integrand in (6.68) has poles at k = ima ~ ti\/F(0, k — 0). 
The contribution from these poles gives a Debye screening function of the 
form (6.69). The integrand also has a pair of branch points at k = 2kp + ie 
and a mirror pair at k = —2kp + ie. The branch cuts can be taken to 
be vertical lines going up from the points k = +2kp + ie and vertical 
lines going down from the points k = +2kp — ie. The contribution to the 
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potential between point charges from these branch cuts is tedious but 
straightforward to evaluate. The result for asymptotically large r is 


y= QQ? m m? cos 2kpr sin 2kpr 
4r? (4+)? (a (kpr) (kpr)* 
e mt 1 3 16 m? m! k 
< —— — | ln(4k E 
e (Ml at >) T+aje 2p ral 
(6.73) 


where a = F'(0,2kp)/k%. The terms neglected in this expression are one 
order higher either in 1/r or in e?. The contribution from the branch 
cuts dominates the Debye contribution at large r because the latter falls 
exponentially in r whereas the former falls as a power. 

There are two especially interesting limits of this potential. Let us write 
Qi = Zie. The nonrelativistic limit, kp < m, is 


_ ZıZ2@£kp cos(2kpr) 


V(r) = amd 2 (ker) (6.74) 
with 
e? m 
E= Oa? kr 


This form of screening is usually referred to as Friedel oscillation in low- 
temperature physics (Fetter and Walecka [6]) and can be observed in the 
nuclear magnetic resonance lines in dilute alloys [7]. 

The relativistic limit, kp > m, is 


=2 . 
a’ sin 2kpr 
V(r) = 4 2Z2— —— 6.75 
(r) 122 Tr ker ( ) 
This involves the renormalization-group running coupling 
3 
a= = . (6.76) 


1 — (2a/3m) In(4p/eM) 21n (eAmom/4u) 


where Amom is the QED scale parameter. This is familiar from (5.80)— 
(5.82). The relativistic results were obtained by Sivak [8] and by Kapusta 
and Toimela [9]. There may be applications to the dense matter present 
in white dwarf and neutron stars. 

Finally, consider what happens at small but nonzero temperature, 
T < |u|. The sharp Fermi surface is smeared over a thickness T in the 
energy. Consequently, the branch cuts do not extend to the real axis, 
and the branch points are shifted by an amount 27yTi/kp. Then the 
asymptotic formula for the potential must be multiplied by the factor 
exp(—27yTr/kp). When T? > e7k3/474y the contribution from the pole, 
k ~ ime, begins to dominate the oscillating terms coming from the branch 
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cuts. For a white dwarf star with kp = 4m, the crossover would be at 
3 x 108 K or 30 keV. 


6.5 Exact formula for screening length in QED 


It is possible to derive an exact formula for the screening length of static 
electric fields in QED. This formula connects the screening length to the 
thermodynamic equation of state and so is a very interesting relation 
indeed. 

An exact expression for the photon self-energy, known as the 
Schwinger—Dyson equation [10, 11], is 


3 
wa) = ET YY fA, Th gooo- HG — E) 


= (6.77) 


Here the blobs on the fermion lines represent the exact fermion propa- 
gator G, and the blob at the vertex represents the exact photon—fermion 
vertex function I”. The latter depends in general on the incoming fermion 
momentum p and the outgoing fermion momentum p — k. To lowest order, 
the photon—-fermion vertex function is the point (or contact) coupling 
appearing in the Lagrangian, 


Th = 4 (6.78) 


Corrections due to interactions may be found order by order, by applying 
the formula 


—eľ = (ln Z/6V0)1P1 (6.79) 


which may be derived in a way analogous to (3.35). For example, from 
(5.39), (5.62), and (5.77) we obtain 


—eI" (p,p — k) = (6.80) 


It should be clear intuitively that a relation exists between the fermion 
propagator and the photon-fermion vertex, since the latter represents the 
propagation of a fermion while emitting a photon of momentum k. To see 
what this relation might be, consider the free-fermion inverse propagator 


Go (p) =ø- m (6.81) 


98 Linear response theory 


We notice that 


OG a 
= = TH 6.82 
It turns out that the exact result is 
ag! 
—— = lim I’ —6 6.83 
a A (p,p — 6) (6.83) 


where only the p-component of the four-vector 6, is nonzero. Equation 
(6.83) is known as the differential form of Ward’s identity. It relates the 
momentum derivative of the exact inverse fermion propagator to the exact 
photon-fermion vertex in the limit k — 0. 

The only change in the derivations of the Schwinger—Dyson equations 
and the Ward identity at T > 0 and u £0 is the substitution of the fre- 
quency sums for energy integrals (the interested reader should consult 
Bjorken and Drell [3]; see also Fradkin [12], whose arguments we are fol- 
lowing here). 

At finite temperature and density, in the imaginary time formalism 
p? = (2np + 1)rTi + u. Thus from (6.83) 


ae =o») (6.84) 


The screening length follows from II®® in the static infrared limit. 
Combining (6.77) and (6.84) yields 


me, = —ID(ko = 0, k > 0) 
3 —1 
=-e7D | Et (86S won) 
a d? 
È Cay Tr[7"G(P)] 


2 
La (2) . AAL (6.85) 
T Ou 


The electric screening length is directly related to the equation of state. 
To see how remarkable (6.85) is, notice that the static infrared limit of 
the photon propagator at one-loop order is determined by the pressure of 
a noninteracting fermion gas. To show the power of (6.85) we recall the 
formula for P(u, T) for a massless electron—positron plasma from Exercise 
2.7 and from (5.60), (5.67), and (5.68). Since the pressure is known to 
order e? when both T and pz are nonzero, the inverse screening length is 
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known to order ež. For u = 0, 


ee pT (6.86) 
el —_ 3 8r2 4/373 j 
This expression is phrased in terms of a fixed coupling constant e evalu- 


ated at a fixed scale. Let us denote that scale by Mo. At some other scale 
M the coupling constant changes to 


e? (M) = e? (Mo) h + if ( + )] (6.87) 


according to the renormalization group. Then 
e?(M 4(M M 9 5(M 
2, [200 _ LAN fa (MY 97 , SAD 
3 187 Mo) 4| 47373 
The issue is how best to choose M and Mọ to minimize higher-order 
contributions. This may be resolved as follows. 

Return to (6.68) and expand F'(0,k) in powers of |k|, keeping terms up 
to and including k?. Including both the vacuum and finite-temperature 
parts, and using the above expression for m2,(e), the integrand of (6.68) 
becomes 


+- Jr (6.88) 


e2 


mZ (e) + {1 — (2 /6n2) [n T/M) + 4/3 — yel}? 


If we use the electric screening mass to one-loop order only, this becomes 


z2 


mê (E) +k? 


e? 6r? 
pe (e?/67) [In(aT/M) + 4/3 — yg] ~ In (er —-4/3A /nT) 
(6.89) 


The fixed coupling constant has been replaced by the renormalization- 
group running coupling with the absolute scale determined naturally. If 
we use the electric screening mass to order eð we get 


2 4 5 
2 e e nT 11 € 2 
= l za T 
Mel { 3 T 1872 [m ( 7) TE e on 
Expressing e in terms of é gives exactly the formula (6.85) with the fixed 


coupling replaced by the running coupling: 


52 zt z5 


2 e 2 
re € Bn? 4/303 * ) (5.91 
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This has been verified in an explicit diagrammatic analysis by Blaizot, 
Iancu, and Parwani [13] (the constant following the logarithm in this 
work is different, on account of the different renormalization schemes). 

The relation (6.85) can be understood very simply. Insert a charge Q 
at location x in an electron—positron plasma. If the plasma has a charge 
density —en then there must be a net background charge density to ensure 
charge neutrality. Denote this background charge density by eng, so that 
in equilibrium n = no. Owing to the insertion of the charge Q there will be 
a rearrangement of electrons and positrons in the plasma. The condition 
of local hydrostatic equilibrium requires a balance of forces: 


—V P = enEnect (6.92) 
Poisson’s equation is 
V > Enet = [(Q6(x) 7 e(n a no)] (6.93) 


where Enct is the net electric field due to the external charge Q and 
the consequent rearrangement of the charged particles in the plasma. 
In equilibrium, T must be uniform but the charge chemical potential u 
may depend on position. Thus we write P = P(yu,T), T = constant, pp = 
u(x), and seek to determine u(x). Let po denote the chemical potential 
in the absence of the charge, and let u(x) denote the difference after 
the introduction of the charge. Then VP = (OP/Ow)V6p, and n — no = 
(On/Op)6p. Taking the divergence of Enet in (6.92), identifying it with 
(6.93), and using the above information we arrive at the expressions 


(V? — må) ôu = —eQ6(x) 


oP (6.94) 
2 _ 2 
Mel H Ə 2 
u 
which have the solution 
eQ 
= — g Mar 6.95 
du(r) = ze (6.95) 


This is the Thomas-Fermi approximation. Clearly (6.95) is only valid for 
large r, since the derivation assumes that |6u/| < 1. At short distances, 
the momentum dependence of F'(0,k) in (6.68) cannot be neglected and 
the Thomas—Fermi result is modified. This result is also incorrect for a 
cold Fermi gas, as already detailed in Section 6.4. 


6.6 Collective excitations 


Instead of applying a static external field, let us hit the system with an 
impulsive perturbation. Without loss of generality, we may focus on a sin- 
gle Fourier component. Thus, for the scalar field discussed in Section 6.1, 
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we take 
J (x,t) = Jo(k) e**6(t 
ot) = Jie eH on 
J(w,q) = (27)°Jo(k)6(q — k) 
This leads to the field response 
T ik-x © dw —iwt pR 
Bót) = ol e f Ee Duk) (697) 
ga 2t 


The retarded Green function is analytic in the upper half-plane. Suppose 
that it has a simple pole located at w = w(k) — iy(k) with y(k) > 0. Then 


R(k) 


D?(w,k) = 
ay w — w(k) + iy(k) Pa 
where R(k) is the residue. Evaluation of (6.97) leads to 
6(h(x, t)) = —iJoa(k) R(k) ée) e77(k)t (6.99) 


The field response is a traveling wave with dispersion relation w(k) and 
damping constant 7(k). 

For a free field with mass m, w(k) = Vk? + m?, 7(k) = 0, and R(k) = 
3w(k). The amplitude of the wave is proportional to the residue and to 
the Fourier amplitude of the impulse. 


6.7 Photon dispersion relation 


Let us consider a QED plasma at such high temperature or density that 
the electron mass may be neglected. Based on the previous discussion, 
we would expect that the poles of the photon propagator would give the 
dispersion relations for traveling electromagnetic waves in the plasma. 
However, this requires careful consideration owing to the fact that the 
photon propagator is gauge dependent. 

Transverse oscillations have a dispersion relation determined by 


ke = k? + G(ko,k) (6.100) 


in the temporal axial gauge (6.58), in the Coulomb gauge (6.59), and in the 
covariant gauges (5.46). We write kg = w — iy and assume weak damping, 
otherwise the oscillations would not propagate. The above equation can 
be decomposed into real and imaginary parts: 


w? = k? + ReG(w,k) 
_ImG(w,k) 


=e 6.101 
y o ( ) 
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Even at one-loop order, G(ko,k) is a complicated function. In general, 
the solutions can only be found numerically. In the limit of short or long 
wavelengths, however, analytical results may be found. 

For short wavelengths we expect that the modification of the free- 
photon dispersion relation w = |k| by medium effects will be small. The 
reason is that if we probe the system at distances considerably less than 
the average interparticle spacing then medium effects should tend to zero. 
Thus we look for a solution when w = |k| > T, |u|. From Exercise 5.7 we 
know that 


Gt = kl) = te? (1724) = me (6.102) 
w = = 9° 3 te 2) Mp . 
which is precisely mà = iF (ko = 0, k => 0) to order e?. The short- 
wavelength dispersion relation is then 


w =k? +m t+ (6.103) 


Clearly this is a gauge invariant result. One may think of the high- 
momentum photons as having acquired a mass mp due to plasma inter- 
actions. 

For the long-wavelength transverse oscillations, we expect a substantial 
modification of the free-photon dispersion relation owing to many-body 
effects. The oscillatory electric and magnetic fields will cause any nearby 
electrons and positrons to be accelerated, giving the oscillation inertia. 
In fact, one might expect that it would take a finite amount of energy 
to excite an oscillation with vanishing momentum. To look for a solution 
to (6.100) and (6.101) we calculate G in the limit |k?| = |k — k?| < T°. 
The functions F and G may be obtained from a combination of (5.46), 
(5.48), and (5.51). This is a straightforward calculation leading to [14] 


1 
G(ko,k) = mÈ — zE (ko k) (6.104) 
and 
F(ko, k) = —2m? ae (pak (6.105) 
; = m n » 
i PK? | ikl ko = Ikl 


It must be emphasized that these expressions are valid not just for the 
case where |ko| and |k| are small compared with T but also near the light 
cone. In fact, note that G(k? = 0) = m3, the same as the limit obtained 
from the exact one-loop expression for G. 

For small momenta we find that 


k2 
G(|k| < w <T, lul) = w2 (+t) (6.106) 
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The plasma frequency wp is related to the electric mass and the photon 
mass via wĝ = sme = mp at order e? when the electron mass is set to 


zero. The long-wavelength dispersion relation for transverse excitations is 
w? = wp + Êk? +- (6.107) 


Indeed, it does take a finite energy to excite one of these modes even at 
zero momentum. 

Next we turn to longitudinal oscillations, or compressional charge- 
density waves. Without doing the full linear response analysis in each 
gauge, we would expect that the dispersion relation is determined by the 
poles of the following functions in the specified gauge: 


temporal axial 


1 k 
k2 — F k 
Coulomb 
1 k 
k2 — F k2 
covariant 
1 


Some of the subtleties involved in gauge invariance now arise. 

Consider the limit of no interactions. Then F = 0, and the covariant 
gauges produce the spectrum w = |k|, whereas in the temporal axial and 
Coulomb gauges there is no wave propagation. This could have been antic- 
ipated. Free electromagnetic radiation is transversely polarized. The tem- 
poral axial and Coulomb gauges are physical gauges in the sense that they 
have the correct number of polarization degrees of freedom, namely, two. 
The covariant gauges are unphysical in the same sense since they have 
four degrees of freedom. The extra two degrees of freedom are canceled 
by the ghosts in the partition function. There is nothing wrong in all this, 
but one must be careful to ask only physical questions of the theory. The 
situation is not altered when interactions are turned on at T = u = 0. 
Recall that F = (k?/k?)IIo9. It turns out that Hoo is not singular enough 
at k? = 0 to cancel the factor of k?. For example, to order e?, 


_p2 
Pac = 5k In (Gz) (6.109) 


The covariant gauges still have a singularity at k? = 0, a branch point due 
to pair production, while the other two gauges do not. The conclusion is 
that short-wavelength longitudinal excitations do not propagate. 
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The spectrum of long-wavelength longitudinal excitations in the plasma 
is manifestly gauge invariant and is determined by 


ke = k? + F(ko,k) (6.110) 
or equivalently 
k? = Ioo(ko, k) (6.111) 
Decomposing into real and imaginary parts gives 


k? = Re Tloo(w, k) 
— ImIoo(w, k) (6.112) 
ma O Re Ioo(w, k)/Ow 


Expanding Hoo in powers of k?/k? leads to 


3k? k? 
a8 
TIo9(w, k) = Wp (1 F Bg aan ) T (6.113) 
and finally to the dispersion relation 
w? = wp + 3k? +- (6.114) 


The energy at zero momentum for longitudinal and transverse excitations 
is the same, which is no surprise since at zero momentum there is no 
distinction between longitudinal and transverse modes. 

At arbitrary momentum, the dispersion relation cannot be obtained 
by analytic means for either mode. They must be found by numerical 
methods. 

It is interesting that the damping constants as determined by the 
approximate expressions (6.104) and (6.105) are zero. However, if one 
returns to the exact one-loop expressions for F and G it turns out that 


= —_wp (6.115) 


at zero momentum. The origins of the various factors in this result are 
not difficult to find. The factor e? comes from the square of the photon— 
electron or photon—positron vertex and the factor wp comes from phase 
space. 

Lastly, notice that the propagator in the covariant gauges has a term 
pktk’/k?. Clearly, no physical significance should be attached to this 
pole since the residue is proportional to the gauge parameter and in fact 
vanishes in the Landau gauge p = 0. 
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6.8 Electron dispersion relation 
The electron propagator is 


1 


glp) = p— Me + X(p) 


(6.116) 


In the Feynman gauge the one-loop expression for the self-energy is 


bas - dq 1, 1 N, 
)=e T 22, (27) 3 Re’ d—- m, THF Onpsne-tng (2m) 6(p — =) 


Nk Ng 


(6.117) 


At very high temperature the electron mass may be neglected. The evalu- 
ation of this self-energy is rather tedious but straightforward. The vacuum 
contribution may be found in numerous textbooks. Here we shall focus 
on the matter contribution. 

The leading contribution at order T? and p? is [15] 


m? po + |p| : 
Do = F in ( ) 


Slp]  \ po- |P| 

_ Mp Po po + |p| ) . 
Meat = Sipe” i ‘ipl (z = Ip | 
where m3 = $(m3 + łeT?) = te(T? + u? /n?). Equations (6.118) may 
be compared with the corresponding expressions for F and G for the 
photon self-energy. Although the electron self-energy is in general gauge 
dependent, the leading contributions (6.118) can be shown to be indepen- 
dent of the gauge. As with the photon self-energy, it must be emphasized 
that these expressions are valid not only for small electron energy and 

momentum but also near the light cone at any momentum. 

The poles of the propagator are determined by 


(6.118) 


[po + Efhat (Po; P)]? = [P + Emat(Po, P)]? (6.119) 


There are two undamped solutions to this equation, referred to as w,(p) 
and w_(p). They can be expressed in parametric form as 


wi (p) = 2"pi(z) 


+1 1 z+1 (6.120) 
2 ne 
Beep E Po 5) 
1 


with w2 = m2 and z > 1. The two solutions are shown in Figure 6.1. 
F QR 
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w/w 


0 re ! f f 
(0) 1 2 3 4 


P/o, 


Fig. 6.1. The two branches (w+) of the electron dispersion relation are shown. 
For comparison, the dispersion relation of a massless particle is also plotted 
(broken line). 


At momenta that are high in comparison with T and pu, the solutions 
become 


4p? 6.121 
vt = pt tdptexp (SB -1) +. Pu 
Mp 


whereas at low momentum the solutions become 


2 
w = wp +-|p|+=—-+--:-: (6.122) 
F 


The low-momentum spectra have an optical character. The high- 
momentum spectrum for w+, solution may be used to define a finite- 
temperature and finite-density fermion mass, just as the photon mass 
was defined at high momentum. 

It is interesting to examine the behavior of the propagator in the vicinity 
of the poles. In the high-momentum limit, 


1f- p. 
Glu >w p> mp) v= ee 
2 w-—wy4+ 
r j i (6.123) 
2 4 +Ê: 
Oto 9 E 1) BEB 
Mp Mp w — w- 


6.9 Kubo formulae for viscosities and conductivities 107 


and in the low-momentum limit 


4 —p- 
3 W— Wy 
i (6.124) 
44+ p- 
G(w =w, pK mp) T pey 
3 WW 


These display a number of features. The w+ solution has the same relation 
between chirality and helicity as free electrons whereas the w— solution 
has the opposite relation between chirality and helicity. This is true for all 
momenta, not just in the limits. It suggests that the w+ branch represents 
the modification of the dispersion relation of a real electron in the plasma, 
whereas the w— branch is a true collective excitation. Indeed, the residue 
of that branch vanishes as the momentum becomes large, which is the 
vacuum limit. The residue of the w, branch in the high-momentum limit 
is the same as for free electrons. Finally, notice that the residues are the 
same as the momentum tends to zero since there is no distinction between 
different polarizations when the particle is at rest. 


6.9 Kubo formulae for viscosities and conductivities 


Many physical systems can be described using fluid dynamics. In the 
context of this book, examples of such systems are stars, the early universe 
and, to some extent, high-energy nuclear collisions. The state of the fluid 
can be described in terms of its temperature and chemical potentials, 
specified as functions of space and time, together with an equation of state. 
The dynamics of the fluid is described by equations of motion based on 
the energy-momentum tensor T#” (x). Here x = (t,x). The local energy 
density is T°°, the local momentum density is T’°, and the flux of these 
quantities in the direction j is T”. Local conservation of energy and 
momentum is expressed as 


ôT” =0 (6.125) 


This conservation law is general and makes no assumption about local 
equilibrium or the types of interactions. Without loss of generality the 
energy-momentum tensor can always to taken to be symmetric. As a 
concrete example, the energy-momentum tensor for a set of N noninter- 
acting particles labeled by index n is 


phy 
Toya z 6(x — X(t) (6.126) 


n=1 


where x,,(t) is the trajectory of the nth particle. 
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In a field theory with independent fields labeled ¢, and Lagrangian £ 
the energy-momentum tensor is found in the usual way to be 


= 2 in n — GL (6.127) 
Specific examples include a self-interacting scalar field 
TH” = OF dO" od — gL (6.128) 
and the electromagnetic field 
TH” = FEF” + tg” For Fag (6.129) 


To evaluate these in a classical field theory, the solutions to the field 
equations are inserted into these expressions. In a quantum theory the 
fields are operators and the expressions are therefore also operators. In a 
fluid, the expressions may be averaged over spacetime volumes that are 
large compared with typical thermal wavelengths and correlation lengths 
but small compared with distances and times over which local energy and 
momentum densities vary appreciably; this averaging process is referred 
to as coarse-graining. 

Coarse-graining is easy to describe but usually difficult to implement. 
It can be done in numerical simulations, of course. In a hydrodynamic or 
perfect-fluid description, the assumption of local thermal equilibrium is 
made. Then the energy-momentum tensor is 


TY = —Pg + wuu” (6.130) 


where P is the local pressure, w = e + P is the local enthalpy density, 
and u” = (y, yv) is the local flow velocity relative to some fixed reference 
frame. In a frame in which the fluid is locally at rest, u” = (1,0,0,0), 
Te =e TU = P6;;, and T? = 0. In general the trace of the energy- 
momentum tensor is T“, = € — 3P. For a noninteracting gas of massless 
particles, Ze = P and the trace vanishes. If there are conserved charges, 
such as baryon number or electric charge, there is an additional conserva- 
tion law or equation of motion for each. For example, the baryon current 
is 

Je = npu" (6.131) 
where ng = J}, is the local baryon density. The conservation law is 

ô, J% =0 (6.132) 


Note that the baryon number flows with the same four-velocity as 
appeared in the energy-momentum tensor. The local pressure, energy, 
and baryon densities are related through the equation of state. Equiva- 
lently they can all be expressed in terms of T and pp. 
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When variations in temperature and chemical potential become appre- 
ciable over length scales that are not large compared with thermal wave- 
lengths or correlation lengths then gradients in the thermodynamic vari- 
ables must be taken into account. In a typical nonrelativistic fluid the 
massive particles carry the energy and momentum so that energy, momen- 
tum, and baryon number all flow together with only very minor departures 
associated with thermal conductivity. In a relativistic fluid, meaning one 
in which P is not much less than e€, or equivalently in which the tem- 
perature and chemical potential are not much less than the mass of the 
particles, the situation is more complicated. The energy and momentum 
may flow with a velocity different from that of the baryons if the sys- 
tem has gradients that are not negligibly small. The situation is then 
described in terms of (first-order) relativistic viscous-fluid dynamics. Dis- 
sipative contributions are added to the energy-momentum tensor: 


TH = — Pg” + wuu” + ATHY 


6.133 
JE = npu” + AJB ( ) 


The dissipative terms are proportional to first-order derivatives of the 
flow velocity, temperature, and chemical potential. There are two common 
definitions of the flow velocity in relativistic dissipative fluid dynamics. 

In the Eckart approach u” is the velocity of baryon number flow 
[16]. The dissipative terms must satisfy the conditions AJ = 0 and 
Upu AT” = 0, the latter following from the requirement that T°? be 
the energy density in the local (baryon) rest frame. The most general 
form of AT#” is given by 


ATHY = (Atul + Au) + (2n — C) H apu” 


— x(H”"“u” + H”“u”) Qa (6.134) 
Here 
HY = ufu” — gh” (6.135) 
is a projection tensor normal to u”, 
Ay = Oy — upu Og (6.136) 
is a derivative normal to u”, and 
Qa = aT — Tuf pua (6.137) 
is the heat flow vector, whose nonrelativistic limit is Q = — VT. Further- 


more, ņ is the shear viscosity, Ç is the bulk viscosity, and y is the thermal 
conductivity. The entropy current is 


1 
sh = su” + pwAr™ (6.138) 
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and is defined is such a way that u,,s = s, the local entropy density. Its 
divergence is 
ð sť = ul Ou) + ut — 2647. j? 
uS = 5p (Oiw’ + Aju" — 5 u 
¢ D4 oX ~\2 

—(V- < (VT +Tù 6.139 
+È (Vu +A (VT+ Th) (6.139) 
All three dissipation coefficients must be non-negative to ensure that 
entropy can never decrease. 

In the Landau-Lifshitz approach, u” is the velocity of energy transport. 
The dissipative part of the energy-momentum tensor satisfies u, AT” = 
0, and AJ‘, is not constrained to be zero. In this case the most general 
form of the energy-momentum tensor is 


ATH = (Atu + Au”) + (3 — C) HM Opu? eae) 


The baryon current is modified to 
npT \* HB 
Ay = — ] A” (=) 6.141 
g=) an ( (6.141) 


The three coefficients 7, Ç, and x are the same as in the Eckart approach. 
This can be proven in a variety of ways. For example, even though the 
entropy current in this approach is different, being 


s” = su” — Ass (6.142) 


its divergence is the same. Physical, observable, results cannot depend on 
how one defines the frame of reference. 

In the above approaches the dissipative coefficients are taken to be phe- 
nomenological constants or, rather, functions of temperature and chemical 
potential. However, it ought to be possible to derive them from the micro- 
scopic theory. In particular, it ought to be possible to derive them using 
linear response theory since departures from local thermal equilibrium 
are assumed to be small. Indeed this is so, and the resulting formulae are 
named after Kubo [17]. 

Consider the problem of pure baryon number diffusion in the absence 
of energy flow. The most direct approach to use in this case is that of Lan- 
dau and Lifshitz: the vanishing of the energy flux implies that the flow 
velocity is zero. The equation of continuity for the baryon current, includ- 
ing dissipation, reduces to a diffusion equation for the baryon chemical 
potential: 


dup /Ot = DV? uB (6.143) 
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Here 


D= XE (= ) i 
dng/dug \ w 
is the diffusion constant. A single Fourier mode expļi(k -x — wt)] will 
relax towards equilibrium as exp(—Dk°t). 

A nonuniform baryon distribution can be achieved by the imposition 
of an external force that is turned on and off, allowing the system to 
relax back towards equilibrium. It does not matter how this is done. For 
example, we could take the coupling Hamiltonian to be 


(6.144) 


gags f da I(x, t) I(x, t) (6.145) 


where Jor is an external perturbing current. The response of the baryon 
current is given in the usual way by 


6(J%(w,k)) = Jo*(w, k) BR” (w, k) (6.146) 


where BR’ (w, k) is the Fourier transform of the retarded current—current 
correlation or response function: 


IBM (x,t; x,t") = (Piesi, Jol, t’) ) o(t—t') (6.147) 


Since baryon number is conserved the most general form of the response 
function is 


BË = By PH” + Bp PHY (6.148) 


where By and Br are longitudinal and transverse response functions. 
Without loss of generality it is convenient to parametrize the longitudinal 
response function, or equivalently the time-time component, as 


ik? D(w,k) 00 
w+ ik?D(w,k) È 


Here D(w,k) is an unknown function. It is expected to be a smooth 
function of w and k, whereas the response function itself is expected to 
have singularities, usually poles. If we define D = D(w — 0, k —> 0), and if 
there is a slow perturbing variation in the baryon density, then the density 
will relax back towards equilibrium with a dispersion relation determined 
by the pole of the response function, namely, w = —iDk?. Therefore we 
may identify this D with the diffusion constant in the dissipative fluid 
dynamics calculation. 

The diffusion constant can be extracted directly from the response func- 
tion. First, 


k2 
BĘ (w, k) = z Biw,k) = (w=0,k) (6.149) 


D = lim lim 7 aR 


= 6.150 
w>0 k>0 w BL(0, k) ( ) 
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Now B(w =0,k > 0) = —BR(w =0,k > 0) = 0? P/dpu?, = Ong/Oup. 
(The reasoning is the same as for the electric screening mass.) Further- 
more, 


By(w, |k| > 0) = kk? BR (w, |k| — 0) (6.151) 


where Åf = k’/|k| is a unit vector in the direction of k. Putting all this 
together and using the rotational symmetry yields a linear response for- 
mula for the thermal conductivity: 


, (2) lim = tre ([Fig(t,x), Fg(0,0)]) (4) (6.152) 


The factor (w/ng)? arises in the conversion of baryon current to enthalpy 
current. Alternatively, (6.152) could be written in terms of the spectral 
densities for the longitudinal part of the baryon response function as 


P= 5 (=) lim ~pP.(w, [kl = 0) 
3 (nB w—>0 w Dara 
= 1 w r F k| = 
= 37 (=) ran (w, |k| = 0) (6.153) 


The latter equality follows from the relation p® = (1 — e~%”) pt, as dis- 
cussed in Section 6.2. 

There are Kubo-type linear-response expressions for the viscosities too. 
These may be derived in a way analogous to that for the thermal con- 
ductivity since T#” may be viewed as representing a set of four conserved 
currents. One obtains 


1 1 ; s “3 
n= — lim = fate ([S“ (t,x), S“(0,0)]) A(t) (6.154) 
20 w—0 w 
1 1 ; 
(= ii dixe t ([P(t, x), P(0, 0)])A(t) (6.155) 
w—0 w 
where P = —$T", represents the trace of the momentum tensor (the pres- 


sure in equilibrium) and S“ = T" — 6P represents the traceless part. 
These follow from the dispersion relation for the transverse part of the 
momentum density, 

w = —iDsk? (6.156) 


where Ds = 7/w, and from the dispersion relation for pressure waves, 


w* — vhk? + iDpwk? = 0 (6.157) 
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where Dp = ($n + ¢)/w (when the thermal conductivity is neglected). In 
terms of the spectral densities we have 


a ee 7 oe ee E 
n= 5p dim, [ess Ikl = 0) = zgr lim pss(w, Ik| = 0) (6.158) 


1 1 

C= 5 lim —pip(w, [k| = 0) = 55 lim php(w, [kl =0) (6.159) 
It is worth noting that in all these formulae the relevant transport coeffi- 
cient is proportional to a diffusion constant with dimensions of length. In 
a multicomponent fluid those particles or fields with the longest diffusion 
length tend to dominate the transport coefficient. 

In a similar manner one may derive an expression for the electrical 
conductivity, which is the coefficient in Ohm’s law JEM = Ca E: 


1 1 z = 
oa = = lim — | dtre (| i (t,x), Jim (0,0)| ) O(t) (6.160) 
This may also be expressed in terms of the corresponding spectral density. 

The viscosities in \¢* theory have been calculated by Jeon [18] and 
Jeon and Yaffe [19]. In the limit of weak coupling and high temperature, 
the shear viscosity is 


n = 5.28T3/A? (6.161) 


The parametric dependence of 7 on T and å is straightforward. Recall that 
n = wDs. A diffusion constant may be estimated as n(ov), where n is an 
average density, o is a cross section, and v is the speed of the particles. 
For massless, or nearly massless, particles, v ~ 1, n x T’, and w x T*. 
The thermally averaged elastic cross section in A¢* theory is propor- 
tional to \?/T?. Putting this all together yields the estimate n « T3/A?, 
in agreement with the result quoted above. However, to calculate the over- 
all coefficient is not easy. This may be seen immediately by the inverse 
dependence of 7 on à. An infinite set of ladder diagrams corresponding 
to elastic scattering must be summed along with finite-temperature self- 
energy insertions. The calculation is ultimately reduced to a single integral 
equation that is solved numerically. The bulk viscosity for point particles 
with no internal degrees of freedom undergoing local interactions is gen- 
erally much smaller than the shear viscosity. For the \¢* theory the bulk 
viscosity is nonzero at high temperature because of inelastic scatterings. 
When these are taken into account it is found that 


¢ = 0.002142 In?(1.55\) T’ (6.162) 


The ratio of the two viscosities ¢/n = à? In?(1.55A)/2470. For \ = 1/10 
the ratio is 1.4 x 10~® and for \ =1 it is 7.8 x 107°. The thermal and 
electrical conductivities have no meaning in this theory since there is no 
conserved charge. 
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The shear viscosity, diffusion constant, and electrical conductivity have 
been evaluated at high temperature in gauge theories, to lowest order in 
the gauge coupling but to all orders in the logarithm of the coupling, by 
Arnold, Moore, and Yaffe [20]. Rather than applying the Kubo formulae 
directly they found it more expedient to do a numerical calculation based 
on the Boltzmann transport equation. For one flavor of lepton (electrons) 
the results are 


0.596 1 
= 6.163 
a? In(1.46/a) T ( ) 
2.39 
= —————— T’ 6.164 
my ln(5.99/a) ( ) 
2.50 
= — > 6.165 
ma aln(1.46/a) ( ) 
and for two flavors (electrons and muons) they are 
0.392 1 
= 6.166 
a? ln(1.08/a) T ( ) 
1.53 
TT 6.167 
= Oe In(2.33/a) ( ) 
3.29 
Oa = —— Se (6.168) 


aln(1.08/a) 


Here D refers to (conserved) lepton number diffusion. These QED expres- 
sions have an extra logarithmic factor arising from the screening of the 
long-range Coulomb force. The corresponding results for QCD will be 
discussed in later chapters. 


6.10 Exercises 


6.1 Find the linear response of the fermion number density to an applied 
neutral scalar field ¢ext(x,t) for a Yukawa theory with interaction 
Li = gyo. 

6.2 Repeat the analysis of Section 6.2 for a charged scalar field with a 
chemical potential. 

6.3 Derive (6.47) for the interaction Lagrangian (5.36). You may choose 
whichever gauge you prefer. 

6.4 Repeat the analysis leading to (6.70) but in the opposite limit, that 
of vanishing electron mass. 

6.5 Derive the low-momentum expansion for F(0,k) at finite tempera- 
ture and chemical potential. 

6.6 Derive the limiting form, (6.104) and (6.105), of the photon self- 
energy. 


6.7 


6.8 


6.9 
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Is there an expression analogous to (6.120) for the photon dispersion 
relations? 

Find the relationship between the flow velocities in the Eckart and 
the Landau-—Lifshitz approaches. 

Transport coefficients may be expressed in terms of differing corre- 
lation functions. As an example of this, express the thermal conduc- 
tivity in terms of the density—density correlation function instead of 
the current—current one. 


6.10 Derive the Kubo formula for the electrical conductivity. 


N 
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Spontaneous symmetry breaking and 
restoration 


In the standard model of particle physics, which has been thoroughly 
tested to energies above 100 GeV, a central role is played by scalar fields 
introduced in the Lagrangian with a negative mass-squared. These fields 
are introduced to spontaneously break a gauge symmetry and so yield 
the massive vector mesons W and Z, as observed in nature, in the frame- 
work of a renormalizable field theory. This is the Higgs mechanism, to be 
discussed in Section 7.4, and more specifically in the Glashow—Weinberg— 
Salam model of electroweak interactions in Chapter 15. Spontaneous sym- 
metry breaking is more general, and arises in the strong interactions too 
as is elucidated in later chapters. We now turn our attention to a simple 
model to illustrate the phenomenon. This will be followed by a general 
statement of Goldstone’s theorem, and a consideration of loop corrections 
and of the Higgs model. 


7.1 Charged scalar field with negative mass-squared 
Consider a complex scalar field ® with Lagrangian 
L = ð, 0HO — m?O*d — A(T“)? (7.1) 
This Lagrangian has a global U(1) symmetry ® — &e~**, as discussed in 


Section 2.4. What happens if m? = —c? < 0? First suppose that À = 0. 
Then in frequency-momentum space the action is 


So = -3PX 3 (w2 + p? — e?) 
x [P1n(P)O1;-n(—P) + $2;n(P)G2;-n(—p)] (7.2) 


where ® = ġı +7¢2 in the usual notation. This action is not negative 
definite and therefore the functional integral is not convergent. Another 
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|é|=constant 


Fig. 7.1. 


way to see this is to recall the expression for the partition function, (2.40), 
and simply replace m? with —c?: 


mz=2v f SF 5 Bw m(1 e=) 
PEN oe 


The dispersion relation indicates an instability when |p| < c. 

The basic problem is that the potential is unbounded from below when 
A = 0. To stabilize the system we require A > 0, which means a repulsive 
interaction between the particles. The aforementioned instability occurs 
at small momenta. This suggests that the bosons condense, or accumulate, 
in the zero-momentum mode. Therefore, following the discussion of Bose— 
Einstein condensation, we separate out explicitly the static infrared part 
of the field as 


(7.3) 


@=f£+y 
Here € is a constant and y,=9(p = 0) = 0; that is, the thermal average 
(®) = €. Owing to the global U(1) symmetry, £ depends only on the 
magnitude of € and not on its phase, as illustrated in Figure 7.1. For 


convenience we shall choose € real. 
In terms of the shifted field, the Lagrangian is given by 


£=-U(é)+£04+ Li (7.5) 


(7.4) 


where 
U(E) = =P + Ae! 
Lo = 408p X10" X1 — 4 (6AE? — c?) x7 
+ 50x20" X2 — 5 (2AE? — c”) x3 
= —V2E (x7 +. x8) x1 — LA? +. x3)" 
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In addition, £ contains terms linear in yı and %2, but these contribute 
nothing and may be dropped. (Using the Fourier expansion (2.30), we 
see that these terms contribute to the action an amount proportional to 
i dr f x x(x,T) x Xn=0(p = 0).) The procedure of shifting the field in 
this way and regarding x; and x2 as the elementary excitations instead 
of ġı and ¢2 is called the mean field expansion. The mean field potential 
energy density is U(€), as we show below. The mean field masses can be 
read off from Lo as 


7.6 
m2 = 2AE? — e? ee) 


Finally, notice that a cubic interaction is induced if € Æ 0. 

The mean field approximation is obtained by calculating In Z with the 
neglect of Lr. One might expect this to be a good approximation if both 
A and A€ are small. At this point, it is convenient to introduce the ther- 
modynamic potential density Q. For a uniform infinite volume system we 
have the relationship 


OT, £) = —P(T,£) = r. InZ (7.7) 


We know from thermodynamical considerations (Landau and Lifshitz [1]; 
Reif [2]) that in thermal equilibrium Q is a minimum with respect to 
variations in €, when € is treated as a variational parameter. Intuitively, 
this can be recognized by remembering that in equilibrium the pressure is 
spatially uniform and that a local fluctuation to a state of lower pressure 
is obviously unstable. In the mean field approximation, 


3 
UTO = UC) + f As [Hor + don 


+ Tin(1 = gs) +TIn (1 £ gre] (7.8) 


wi = 4/p? + m? 


The vacuum energy density is Q(T = 0,6). 
The classical energy density, obtained by neglecting the zero-point 
energy in the fields, is 


QalT =0, £) = U(E) = -PE + A! (7.9) 


This potential has a minimum at €? = £? (T = 0) = @/2A, as shown in 
Figure 7.2. The potential energy density has a local maximum at € = 0. 
This explains the instability encountered earlier. Instead of expanding 
about this local maximum, we should expand about the global minimum 
at £o. The mean field masses, that is, the masses of small excitations about 
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U(é) 


Fig. 7.2 
the equilibrium field configuration, are 
(7.10) 


These results are rather transparent. If we allow for complex values of 
€ then the potential would still have the shape illustrated if we rotated 
the curve about the vertical axis. So we plot U along the z-axis and take 
the complex € plane to define the zx- and y- axes. Since U depends only 
on |€|, we obtain the famous “bottom of the wine bottle” shape. Radial 
excitations of the field have a mass 2c, while rotational excitations have 
zero mass. Since the Lagrangian written in terms of ® and ®* has a 
global U(1) symmetry, it is clear that if we change the phase of the field 
everywhere in space at the same time there will be no change in the energy 
of the system. This static, infinite-wavelength, zero-momentum excitation 
circles around the bottom of the potential in the complex € plane. This 
excitation is called a Goldstone boson. The U(1) symmetry apparent in 
(7.1) is not so obvious in (7.5). It is said to be spontaneously broken, since 
the vacuum exhibits a lesser symmetry than the Lagrangian. The real and 
imaginary components of the field exhibit different masses. The existence 
of a Goldstone boson in such a case is guaranteed by Goldstone’s theorem, 
which is discussed in more detail in the next section. 

There are a number of analogies with more common systems. In a 
ferromagnetic metal all the spins line up at T = 0. Since there is no pre- 
ferred direction in which they should point, rotational symmetry is spon- 
taneously broken. Spin waves with vanishing momentum carry no energy; 
their dispersion relation is w = csk. When the ends of a rod are subjected 
to sufficient force, the lowest-energy state is achieved when the rod is 
bowed. Since there is no preferred direction in which the rod should bow, 
rotational symmetry is spontaneously broken. The energy of a rotating 
bent rod, w = 17/27, vanishes as the angular momentum | goes to zero. 

Now we raise the temperature of the system to T > 0. When T? < E = 
c? /2X, not much of interest happens. There is an ideal gas of quasiparticles 
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T>T, T, T<T,T=0 


a(é,T) — Q(0,T) 


Fig. 7.3 


with masses mı = /2c and mə = 0. The thermal pressure is 
Prhermal = P(T, mi) F P(T, ma) (7.11) 


where 


P(T, m?) = J. a in(1 ee) 
dp p? 1 
~ / (277) 3w efv — 1 
w = yp? + m? (7.12) 
When T is not small we must allow for the possibility that thermal 
fluctuations may change the equilibrium value of the condensate field €. 


If the interesting physics occurs when T? œ c?/\ > c’, then we make a 
high-temperature expansion of P(T, m?) as (see appendix Section A1.3) 


P(T, m?) = gt E T L ap 
fae 90 24 127 
m4 m? 3 
l Tie |+- (713 
+ ban? lm (senza) oe J ü (e 
Then, with P = —Q, 

AET) =A 4+ (dar? 2) 2- Ta lr? (7.14) 

í 3 45 12 l 


Keeping only the first two terms in (7.13) yields (7.14). This is actually a 
very clever termination of the series, often used in the literature, since (i) 
it is correct when T = 0, (ii) it is a good approximation when T > c, and 
(iii) it is a remarkably transparent function of € and T. The isotherms 
of the thermodynamic potential are shown in Figure 7.3. The minimum 
shifts to smaller values of € and becomes less deep, as T increases. At 
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T2 = 3¢?/A, the coefficient of €? changes sign and the potential has a 
minimum at € = 0. The location of the minimum is 


2 2 
, earns T<T, 


This is shown in Figure 7.4. It can be seen that there is a phase transition 
at Te. The spontaneously broken U(1) symmetry is restored! 

Using (7.15) in (7.14), the pressures in the low- and high-temperature 
phases are, after normalizing the vacuum pressure and energy density to 
Zero, 


1 
P-(T) = G + S eT? 


45 36 12 
7.16 
i T) 7 mt 1 22 ct ( ) 

mee 12 4 
The pressure and entropy are continuous at Te, 
P.<(Te) = Ps (Te) 
dP<(Tc) _ dP>(T;) on 
dT dT 
but the heat capacity is discontinuous, 
2 2 

d P<(Te) d Ps (Te) = a (7.18) 


dT? dT? 3 
Hence this is a second-order phase transition. The physical origin of this 
symmetry-restoring phase transition is that the ordering inherent in the 
vacuum, and represented by the accumulation of an infinite number of 
particles into the zero-momentum state or condensate field €, is destroyed 
by thermal fluctuations at high temperatures. The second-order nature of 
the phase transition is expected from the general Landau theory of phase 
transitions (Landau and Lifshitz [1]). A first-order transition would arise 
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if a term cubic in € were present in Q, but this is not allowed by the U(1) 
symmetry. 

There are potential flaws in the beautiful scenario just painted. First, 
the masses in the mean field approximation are 


E 2e LA TT 
mi = 6AéhimlT) -= { _ (2 T> T. 
—_ 7 (7.19) 
AAT” P< 7 
i = 202,,(T) e= ate TER 


-2 T> 


We are burdened again by a negative mass-squared at T > 0. Also, where 
is the Goldstone boson when 0 < T < T}? Finally, what about the change 
in the zero-point energy in (7.8) as € varies with T? We shall return to 
these questions after a more general discussion of Goldstone’s theorem. 


7.2 Goldstone’s theorem 
Goldstone’s theorem may be stated as follows: 


If a continuous symmetry of the Lagrangian is spontaneously broken, and 
if there are no long-range forces, then there exists a zero-frequency exci- 
tation at zero momentum. 


Here are some examples from nonrelativistic many-body systems [3]. 


e Ferromagnets. The absence of long-range forces, which may tend to 
couple spins at large distances, is necessary for the existence of a mode 
with w —> 0 as k —> 0. 

Superconductors. In the Bardeen—Cooper-Schrieffer (BCS) theory there 
is a spontaneous breaking of phase invariance associated with the con- 
servation of electron number. However, there is an energy gap (equal 
to the mass of the Cooper pairs), so there is no Goldstone boson. The 
reason is that there are long-range electromagnetic forces. 

Superfluids. A low-temperature Bose system is a superfluid. The conden- 
sate field, at T = 0, is (®) = £, which is related to the particle number 
density by n = |€|?. The phonon spectrum is 


5 k2 k2 
w = m (= + anv) 
where V(k) is the Fourier transform of the two-body potential. By def- 
inition, a short-range potential has the property that V(k = 0) is finite 
and positive. In that case, w > ,/nV(k = 0)/mk as k > 0. This is not 
so for a long-range potential. For the Coulomb force, V (k) = e?/k? and, 
as k > 0, w > e,/n/m = wp, the plasma frequency. 
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We would like a nonperturbative proof of Goldstone’s theorem. How- 
ever, to be concrete, we will construct such a proof in the context of the 
U(1) scalar field theory discussed in the previous section. 

The U(1) symmetry is ® > e~'*, or 6P = —ia® if |a| < 1. The con- 
served current density may be recalled from (2.47). In terms of the shifted 
field, it is 


ju = X20ux1 — X1OwxX2 — V2EOux2 (7.20) 


The total charge, Q = f dx jo(x), is conserved; Q = 0. The change in ® 
due to an infinitesimal change in phase can also be expressed in operator 
form as 


6 = ia[Q, 8] (7.21) 


That is, the total charge is the generator of the phase transformation. 
Taking the thermal, or ensemble, average of 6®, we find (68) = —ia(®) = 
—ia€é. Taking the thermal average of (7.21), we find an expression for the 
condensate field, 


e=- | Èe (lioft), 8(0,0)) (7.22) 
Now we define the function 
F” (ko, k) = [tector [j"(x), ®(0)]) (7.23) 


Since „j“ = 0 and 


it follows that 


k,FY = —1 | tna, (F[j"(2), (0)])} - 


+i I Ba e™™*{] jo(x), #(0)]) 


If the surface term in (7.25) vanishes then comparison with (7.22) shows 
that 
lim ky, F” = —i 2 
TE i£ (7.26) 
If € #0, which means that the U(1) symmetry is spontaneously broken, 


then F has a pole at k = 0. This pole corresponds to a zero-frequency 
excitation at zero momentum. 
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It is not difficult to determine F”. Substituting (7.20) into (7.23) leads 
to 


FH(k) = —€k! I dare (T [x2(2)x2(0)]) 
= ~i€k" Do(k) (7.27) 


where Dp is the real time Green’s function. Combining (7.26) and (7.27) 
tells us that the imaginary part of the shifted field has a dispersion relation 
with the property that w(k = 0) = 0. This is the Goldstone boson. 

If the surface term in (7.25) is not zero then no conclusion may be 
drawn. This is often the case when there are massless spin-1 bosons in 
the theory. This is a gauge theory. We will discuss what happens in this 
case later on, focusing especially on the Higgs model and the Glashow- 
Weinberg—Salam model of the electroweak interaction. 


7.3 Loop corrections 


Now let us turn our attention to 2 and also to the self-energies of the 
fields. 

In Section 7.1 we neglected the shift in the zero-point energy of the 
vacuum. Up to an (infinite) additive constant we can write 


3 4 


where p = (p, p4) is a Euclidean four-vector. Our regularization procedure 
is simply to place an upper cutoff, A., on the integration over |p|. This is 
what we did in Section 3.4 (see also Chapter 4). Then 


d 1 A2 
J oi w= os jmn —2mźf ln (+5) _ mi! + constant (7.29) 


plus terms that vanish as A, —> oo. We may add to the Lagrangian the 
counterterms 


Eep — 6\(6*6)? 


In general, 6c? and 6A will depend on the other constants in the 
Lagrangian, and on c? and À as well as Ac. The vacuum energy density is 


Q(T = 0,€) = —(c? + be7)€? + (A + bA)Et 


A2 
2o + 72)A2 — min (5) 
1 


= 6472 
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There is some freedom in choosing 6c? and 6\. However, we should insist 
that Q(T = 0, £) be finite (independent of Ac) and that Goldstone’s the- 
orem be satisfied (Mə = 0). The latter will occur only if Q(T = 0, £) has 
its minimum at €? = c?/2.. A straightforward calculation yields 


ôe = Ane + ne In (5) e 


4r? 4r? 22 À 
a (7.31) 
anes ac 6! 

a 812 (35) aN 


Here 6’\ = constant x à? is not determined by the above conditions. The 
renormalized vacuum energy density is 


À 8A 5A 6'X 
— — 2 2 = 4 
Q(T =0,£) = —c (1 pat =e safı t) 


z4 =o z4 = 
i ($3) +2 In ($3) (7.32) 


2c? 6472 


There are several noteworthy points concerning (7.32). By construction 
it has its minimum at the same location as the classical energy density. 
Thus, in the true vacuum M? = 2c? and m3 = 0, the same as in the classi- 
cal approximation. Goldstone’s theorem is obeyed. To (7.32) we may add 
any constant. Thus, not only the location of the minimum but also its 
depth can be made the same as in the classical approximation. Notice, 
however, that when ¿° < c?/2\ then m3 < 0 and Q has an imaginary part. 
This is not unreasonable since in that region the system is unstable. 

In the high-temperature expansion (7.13) there is also a term of order 
m*\lnm?, with a coefficient of equal magnitude but opposite sign. Thus 
the order-m4 lnm? terms in the vacuum and high-temperature contribu- 
tions cancel. Adding together (7.13) and (7.32) gives an improved high- 
temperature expression for the thermodynamic potential (for now we will 
neglect the term —(m3 + m3)T/12): 


2 272 4 272 
O72) =—LTt— 4. sain (= oe 


45 12 327 Ce 
A À 8r°T? AT? 
2¢2 —2yp+1 
— 1 l Ye -55 
os | = À tie” ( 2 À ) ae | 
4 Or 5A 8r? T? yp +1 
+ rE" |1 + X + a2 In ae (7.33) 


The appearance of the logarithms is all that really distinguishes this 
improved potential from its predecessor. (The 6’A/\ terms can be 
absorbed into the arguments of the logarithms if desired.) Now In(T'/c) 
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is a slowly varying function compared with T? or T4. So the shape of 
the potential is hardly affected. The critical temperature is determined as 
usual by the vanishing of the coefficient of €?. To lowest order, T2 = 3c?/, 
as before. An improved formula is obtained by substituting the lowest- 
order result in the logarithm: 


3c? 6X À 247? 
2 — -27r +1 
T X 1+ X a in( x ° )] (7.34) 


The correction is of relative order Aln À. For instance, if we take 6’A = 0 
and A = 0.1 then the correction is only about 2%. It may seem as if the 
critical temperature depends on the rather arbitrary value of 6’ but this 
is not so; the numerical values of c and A depend on the renormalization 
prescription used to define them, which involves 6’ through (7.31). In 
the end, T, must be independent of the renormalization prescription. 
The next problem we face in the mean field approximation is that m3 < 
0 for T > 0 and m? < 0 for T > 2T?/3. Note that the finite-temperature 
corrections (7.19) to these masses are negative and proportional to \T? 
in the high-temperature limit (T > c). The one-loop contributions to the 
self-energies are of the same order. Therefore, they must be computed. 
From the Lagrangian (7.5) we find the two-loop contributions to In Z 


to be 
002000 
43 H E (7.35) 


A solid line represents the xı propagator d: a broken line represents the 
X2 propagator. There is a factor —A/4 at each four-point vertex and a 
factor —v2A¢ at each three-point vertex. (Note that the 1PR diagrams 
do not appear on account of the stipulation that yo(0) = 0. This can be 
shown by returning to the diagrammatic rules following from the func- 
tional integral in Section 3.2.) The self-energies are 


m=-12 () -4 T B h e 


Ip=-12 { } d ` ee ee CO (7.36) 


The diagrams involving a three-point vertex, the so-called exchange dia- 
grams, are momentum and frequency dependent. To renormalize, we 
must add the counterterms —6c? + 6€76\ and —6c? + 2€76 to Iı and 
to IH», respectively. In the high-temperature approximation, and at low 
frequency and momentum, the exchange diagrams may be neglected. This 
follows simply from power counting. Both types of diagram involve one 
integration over the loop momentum, but the exchange diagrams involve 
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Fig. 7.5 


two propagators instead of one. Then 
1 
=o = gor (7.37) 


Adding these to (7.19), we obtain the masses 


m? = mi + Pe = 


3 c 
(7.38) 
2 2 t 0 TSA 
Ma ms + Ils aa - T?) T > T. 


The behaviour of the masses as a function of temperature is shown in 
Figure 7.5. Thus the pathological behavior of the boson propagators has 
been cured. The vanishing of the masses at the critical point is charac- 
teristic of a second-order phase transition. Typically, one finds that the 
correlation lengths diverge at T}. (The last diagram for IT; in (7.36) actu- 
ally diverges if we let the external frequency and momentum go to zero 
and if T < Tẹ, because mz = 0. That is, the zero-mode contribution is pro- 
portional to A?€?T J dp/ p?. This is of no physical importance since the 
mass is defined to be the location of the pole of the real time propagator 
at zero momentum. The relevant limit in (7.36) is I (w = mı, k = 0).) 

The lesson learned is that the mean field approximation is not reli- 
able in all respects. It turns out that it correctly predicts a second-order 
symmetry-restoring phase transition at T = 32 /X. However, it is incor- 
rect in the finer details, such as the finite-temperature behavior of the 
correlation lengths (boson masses). This is a serious matter, since Gold- 
stone’s theorem is violated. At the very least, one should include all loop 
corrections to the same order in the coupling constants as is retained 
in the mean field approximation. The reason is that a loop expansion is 
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essentially an expansion in powers of the Lagrangian. In order to respect 
the symmetries of the Lagrangian, one must retain all diagrams through 
a fixed number of loops. 

A better approximation scheme would be to consider the thermody- 
namic potential Q as function of the mean field (®) = € and as a functional 
of the boson propagators Dı and D2. The mean field would be determined 
by the minimization condition 0Q/0€ = 0, and the propagators would be 
determined by the Schwinger—Dyson equations. To implement this idea, 
we would add to the on part of the action So the term 


“36 Dl X1;-n(—P) Ti (wn, P)X1;n(P) + X2;-n(—p)I2(wn, P)x2:n(P)] 


(7.39) 


and subtract the same quantity from Sy. In the Sp case, (7.39) is to be 
treated as a counter-term. Recalling (2.36) and the steps leading up to it, 
we can write the thermodynamic potential as [4] 


Q(T, €,D1, D2) 
= U(¿) — TE | on 2 2 In(T?D,) + In(T?D,) — 5 = B +2 
+ 5S Q (E, D1, D2) + subtractions (7.40) 
1=2 
Here 
D} = (w3 +p? + mi) (71) 


= _9)\-1 
D3 = (wn + p° +773) 
These are the mean field propagators, and Q; is the sum of all l-loop 
diagrams; in these loop diagrams, the bare propagators are to be replaced 
with the full propagators. Here, the potential Q is an extremum with 
respect to independent functional variations of Dı and D2, on account of 
the Schwinger—Dyson equations 
= 6Qy 
Dr! _ po-l — 
1 1 o- 6D 
(7.42) 


= 60) 
Dy =D tEh 
z 2 6D» 


These equations determine IT, and Ia Pee just as € is deter- 
mined self-consistently from 00/0 = 0. 


As a practical matter, the loop sum must be terminated at a finite 
order. Then the momentum- and frequency-dependent self-energies must 
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be determined self-consistently and substituted into (7.40) to compute Q. 
The mean field is then determined by minimizing 2. If only the two-loop 
diagrams (7.35) are retained and the high-temperature approximation is 
made, (7.37) and (7.38) follow. Then Q may be computed from (7.40) 
straightforwardly since the propagators are both non-negative for all fre- 
quency and momentum. Minimization with respect to € will yield € as 
a function of T. One finds again that at T2 = 3c?/ there is a second- 
order symmetry-restoring phase transition, as predicted by the mean field 
approximation. This is left as an exercise. 


7.4 Higgs model 


The model discussed so far can be made more interesting by coupling the 
charged scalar field to the electromagnetic field. The Lagrangian density 
is 


L = (" — icA")O* (ðu + ieA,)® + CHS — (6*0)? — 1 FHF, (7.43) 


Anticipating the spontaneous breaking of the U(1) symmetry, which is 
now a local symmetry, we shift the field by setting 


®=£4+x (7.44) 
and stipulate that (x) = 0. Apart from terms linear in x, we obtain 
L = —U(£) + Lo + Li (7.45) 
where 


Lo = $(Oux) (2x1) — imb + Op) (0x) — ma 
— 4 FY Fy + eE A" Ap — V2€Ex20,,A" 


Ly = —V20E (x3 + x3) x1 — EA? +33)? 
+ eA"(x10.x%2 — x20,x1) 
+ eA" A, (V2 + (x9 +23) | 


Here m?, m3, and U(E) are as defined in Section 7.1. It would appear from 
Lo that the electromagnetic field has developed a mass /2eé. However, 


this must be carefully considered because of the mixing between y2 and 
A 
jie 
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To find the spectrum of excitations at T = 0 it is useful to make the 
change of variables 


= (€ +2724) exp (Th 
Poa Oun 
An Aut Teg 


where ¢ and ņ are two independent real fields. Substitution into (7.43) 
yields 


v2 ) (7.46) 


L=-U(é)+ Lo +L (7.47) 
where 


Lo = 48, Q ONG — imi PPR +PEP AMA 
-VIAE — Erg + e? (V2E + 40) A'A, 


Notice that all reference to the field 7 has gone! Minimizing the classical 
energy density U(€) gives an equilibrium condensate £? = c?/2X, the same 
as before. Thus, at T = 0, we have a real scalar field with mass 2c and a 
vector field with mass ec/ VX. Counting the number of degrees of freedom, 
we have one for the former and three for the latter. This is the same as 
without spontaneous symmetry breaking, namely two for the ® field and 
two for the massless A,, field. There is no Goldstone boson; the Goldstone 
theorem does not apply, because A,, is a vector field. The generation of 
mass for the vector field via spontaneous symmetry breaking is known as 
the Higgs mechanism. It is a central concept in modern gauge theories. 

The choice of variables in (7.46) is not very appropriate for a mean 
field approximation at high temperature, because we expect £ to decrease 
with increasing T and eventually to vanish above a critical temperature. 
Therefore we return to (7.45) to study the thermodynamics. 

At T = 0 it can be shown that the x2 field in (7.45) does not represent 
an observable particle in scattering experiments [5]. In more picturesque 
language, it is said that the vector field increases its number of polariza- 
tion degrees of freedom from two to three and becomes massive by eating 
the would-be Goldstone boson. 

The partition function is 


2 f [dA,,] [d®] [d®*] 6(F) det (5) ap ( / ai / deL) (7.48) 


One convenient choice of gauge is the so-called Rp-gauge, 


= 0° A, = V2eb px2 — f(x,T) (7.49) 
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in the limit p — 0. Under an infinitesimal gauge transformation 


P — Ge x (< + we) (1 + tea) 


V2 (7.50) 
A! — AF — ða 
we have 
OF _ 2 2 2 
a —O0* — e*€ (2 + v2x1) pd (7.51) 


Furthermore, multiplying the right-hand side of (7.48) by 


exp (5f aftar) 


and functionally integrating over f gives a -independent correction. 
Hence 


Z = lim det(—2) f (4A, ] [d8] [d®*] exp ( / p” f Ba Len) 
(7.52) 


where 
1 2 
Lon = UE) + Lo + Li = z ("Ay — V2eEpx2) 


Close scrutiny of (7.52) brings out the following points. The factor 
det (0?) cancels two specious degrees of freedom. The gauge-fixing term 
has a part that is independent of p and that, in fact, cancels the mixing 
term between y2 and A, in (7.45). The limit p — 0 ensures that only 
those gauge-field configurations with 6” A,, = 0 contribute to the partition 
function. 

A high-temperature mean field approximation similar to (7.13) and 
(7.14) can be carried out, with the result 


4 A @ 2 2) e2 2m? 4 1 ane 

QE, T) = AE +|(3+ a a i p (7.53) 
This predicts a second-order symmetry-restoring phase transition at T2 = 
12c?/(4 + 3e?). Of course, the particle masses exhibit the pathological 
behavior typical of the mean field approximation and it is necessary to 
calculate the one-loop self-energies to obtain a more respectable behavior. 
Since the Higgs model contains two independent dimensionless cou- 
pling constants, new phenomena may occur. If \ > ef then the qualitative 
behavior of the phase transition sketched above is not altered by higher- 
order loop corrections. If A < ef then the mass of the vector meson is 
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comparable with or greater than Te, and the second-order phase transition 
may even become a first-order one. In fact, when \ > 3e*/3277, quantum 
corrections cause T, to decrease to zero, and for \ < 3e4/327? there is no 
spontaneous symmetry breaking even at T = 0. The interested reader is 
referred to the review of Lindé [6]. 

If c= 0 then we are dealing with massless scalar electrodynamics, not 
the Higgs model. Surprisingly, spontaneous symmetry breaking occurs 
here also. It is driven by the one-loop quantum correction to the vacuum 
energy density, the shift in the zero-point energy of the vacuum. This 
phenomenon was discovered by Coleman and Weinberg [7]. The finite- 
temperature behavior of the Coleman—Weinberg model is left as an exer- 
cise. 


7.5 Exercises 


7.1 Choose 6’, in (7.32) so that the depth of the minimum is the same as 
in the classical theory. Then plot the classical and one-loop quantum 
vacuum energy densities versus € for A = 0.1,0.01, 0.001. 

7.2 Retaining the two-loop diagrams (7.35) and using the high- 
temperature approximation, as discussed at the end of Section 7.3, 
calculate To. 

7.3 An alternative to the mean field expansion is an ordinary perturba- 
tive expansion based on the T = 0 value of the condensate field £o. 
This scheme has the disadvantage that it is not self-consistent, but 
the advantage that one need not do an expansion in terms of full 
propagators since no tachyons appear in the perturbative expansion. 
In this case (x) will not vanish at T > 0. Using only the one-loop 
diagrams, show that (®) = ĉo + (x) vanishes at T2 = 3c?/X. 

7.4 Read the paper Coleman and Weinberg [7]. Verify their result that 
there is spontaneous symmetry breaking at T = 0 in massless scalar 
electrodynamics. Show that the symmetry is restored at high tem- 
perature, and calculate Te. 
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Quantum chromodynamics 


The quark model of hadrons, developed by Gell-Mann and Zweig, began 
to be taken seriously in the mid to late 1960s. The discovery of scaling 
in deep inelastic electron—nucleon reactions in the late 1960s seemed to 
imply that at very short distances, or very high momentum transfers, 
the nucleon constituents (valence quarks) behaved like weakly interact- 
ing point particles. However, the interactions between quarks had to be 
very strong at long distances, or small momentum transfers, to confine 
them in hadrons and thus explain the non-observation of isolated quarks. 
Politzer [1] and Gross and Wilczek [2], who received the Nobel prize in 
2004, showed that the only renormalizable field theory of quarks that 
had the property of an increasing force at long distance and a decreas- 
ing force at short distance was of the type discovered by Yang and Mills 
[3]. Quarks must be spin-1/2 fermions, with fractional electric charge, 
and must come in three colors (a new quantum charge akin to electric 
charge) in order to explain the systematics of hadron spectroscopy. Inter- 
actions between quarks are mediated by gluons (the glue which holds them 
together). Gluons are massless spin-1 bosons, as are photons, but unlike 
photons they interact among themselves directly (via point interactions) 
because they also carry a color charge. Such theories are called nonabelian 
gauge theories. This theory of quarks and gluons, quantum chromody- 
namics (QCD), is the accepted theory of the strong interactions. Unfor- 
tunately, it has been very difficult to make quantitative predictions with 
QCD, owing to its complexity and peculiar properties. For a more thor- 
ough discussion of the history of QCD and its experimental support see 
Close [4]. 

During the mid to late 1970s it was realized that there should be a 
qualitative change in the properties of hadronic matter as the temperature 
or density is increased. A dilute system could be described in terms of 
pions, nucleons, and other hadrons. In a very dense system such extended 
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composite particles would overlap, and quarks and gluons would be free 
to roam. There might even be a color-deconfinement phase transition at 
a temperature of several hundred MeV or a baryon density of around ten 
times the normal nuclear density. A phase transition from hadron gas to 
quark—gluon plasma requires a very large energy density. Such a transition 
could have occurred in the very early universe during the first microsecond 
of the big bang, or it could occur in the interior of a neutron star or during 
the collisions of large nuclei at very high energy in terrestrial accelerators. 

The outline of this chapter is as follows. In Section 8.1 the Lagrangian 
of QCD is discussed as well as the functional integral representation of 
the partition function, including ghosts. Section 8.2 contains a brief dis- 
cussion of asymptotic freedom, whereby the effective coupling decreases 
to zero logarithmically at short distance. In Sections 8.3 and 8.4 the per- 
turbative evaluation of the thermodynamic potential at high temperature 
and density is surveyed and all known results are summarized. Section 8.5 
discusses various limits of the gluon propagator, in various gauges that 
are useful in linear response analyses. Instantons are nonperturbative, 
topological, excitations which contribute to the thermodynamic poten- 
tial, and a short introduction to them is given in Section 8.6. Unresolved 
infrared problems which appear at high order in perturbation theory are 
discussed in Section 8.7. Strange cold quark matter is analyzed in Sec- 
tion 8.8. Finally, the very interesting problem of color superconductivity 
is studied in Section 8.9. Applications of QCD to neutron stars, the big 
bang, and high-energy heavy ion collisions will be made in later chapters. 


8.1 Quarks and gluons 


Quarks must come in three colors (color being a new, strong-interaction, 
quantum number) in order that we may construct the observed hadrons 
without violating the Pauli exclusion principle. The color gauge group 
of QCD is SU(3). However, we may base our analysis more generally on 
the group SU(N), N = 2,3,.... The generators of the group are written 
as G®, where the index a runs in integral steps from 1 to N? — 1. The 
generators satisfy the commutation relations 


(GO GC" =afe" ee (8.1) 


where the f% are the group structure constants. For example, for SU(2) 
the group generators may be represented by the 2 x 2 Pauli matrices and 
for SU(3) by the 3 x 3 Gell-Mann matrices. 

The gauge field A% carries color with a color index a = 1, ..., N? — 1. 
The field strength is 


FE” = OF AG — OV AG — gfare Ay Ac (8.2) 
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Here, the dimensionless coupling g enters. Under an infinitesimal gauge 
transformation a,_(x,t), the gluon field transforms as 


At =} At + g fabe Ab Qc — P” aa (8.3) 
The field strength is not invariant, unlike in QED, since 
FEY —> FY + g fabe Fg Oe (8.4) 


However, its square is invariant since F$” Fe, — FX” Fe. 

The quarks come in N different colors, so the quark field w has a color 
index i which runs from 1 to N (where N = 3 for SU(3)). The QCD 
Lagrangian is 


£= Bi — M — g AG) — LFE Fs, (8.5) 


The first term is the kinetic energy of the quarks. The second term is the 
quark mass matrix, which is diagonal in flavor space (that is, referring to 
the u, d, s, c, ... quarks). The third term is the minimal coupling of the 
quarks to the gluons. (Notice the suppression of the quark color indices in 
(8.5). If G° is represented by an N x N matrix then w is represented by 
an N-dimensional column vector in color space.) In order for this coupling 
to be gauge invariant the quark field must transform as 


Y — exp(igG*aa)y (8.6) 


The last term in (8.5) is gauge invariant by the construction of F”. When 
g = 0, (8.5) describes massive noninteracting quarks and N? — 1 massless 
noninteracting “photons”. 

The strong interactions conserve baryon number and electric charge. 
They also conserve quark flavor (such as strangeness), but the weak inter- 
actions allow for flavor change. Color charge is conserved by all known 
interactions. The color current density is 


ity, =9 (Piua + PTRA) = 0 F$, (8.7) 


The second equality follows from the Lagrange equations of motion for 
Af. The conservation law 0” Ie) i 0 follows from the antisymmetry of 
the field strength in its two Lorentz indices. The color charge generators 
are 


On f d'eio (8.8) 


The non-observation of isolated quarks or gluons leads us to postulate 
that only aggregates of quarks and gluons with zero net color charge, or 
color singlets, have finite energy. Aggregates with net color should have 
infinite energy. This would explain their absence. This color confinement 


138 Quantum chromodynamics 


is a generally accepted consequence of QCD but apparently has never 
been rigorously established. 

Quantization proceeds in a way parallel to that of QED, discussed in 
Section 5.1. Equation (5.24) corresponds to the QCD formula 


z= [raaradsaviece) act (2) exp (far f aac + bun) 
(8.9) 


The number of polarization degrees of freedom of the gluons is 2N, = 
2(N? — 1) and F® is the gauge fixing function; there is one for each b = 


1,..., N? — 1. Summation over quark color and flavor indices is implied. 
One set of gauges that is often used is the set of covariant gauges 

F° = OWA — f°(x,T) =0 (8.10) 

Under the infinitesimal gauge transformation (8.3), 
F° — o" (AS + gf% Aba" — dpa") — f° (8.11) 

Then the argument of the determinant is 

oF" 

Aad = — 0°54 + g fOtH A? (8.12) 


As usual, we multiply Z by 
exp (-s [a feer) 
2p 
and integrate over f“ to obtain 
g= f [dt [a d[ae] det (06% + gf% Ab) 
x exp / ar f da (£ + ppp — = (o"as)?)| (8.13) 


As in (5.26) and (5.34), we introduce ghost fields C, and C, to represent 
the determinant in functional integral form: 


Z= f [A At] [de] [dh] [dC ][dC,] exp ( f de f Bs Len) (8.14) 
where 
Log =L = 5 (OAL)? + of CaO, AR Ce + PUP + Op0a Ca 


In the covariant gauges the ghost field does not decouple from the gluon 
field. The ghost field integration cannot be factored out. 
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In Table 8.1 the diagrammatic rules for QCD in the covariant gauges 
are listed. Table 8.2 contains a listing of the properties of the six quarks. 
The numerical values of the quark masses depend on the precise way in 
which they are defined, since freely propagating quarks do not exist. The 
three light quark masses are evaluated at an MS scale of 2 GeV, while the 
three heavy quark masses are evaluated at their own mass. 


8.2 Asymptotic freedom 


The renormalization-group running coupling for massless \¢* theory, Ar, 
was discussed in Section 4.2. From (4.25) we saw that the effective cou- 
pling grows at high energy, or equivalently at short distance. The phys- 
ical interpretation is that a point charge is shielded, or screened, by 
virtual pair production in the vacuum. As we approach the source of 
the charge, we penetrate the screening cloud surrounding it. The effec- 
tive charge we see becomes larger due to the loss of screening. In a 
sense this is like penetrating the electron cloud surrounding an atomic 
nucleus. The difference is that the atomic electrons are real particles 
nearly on their mass shell. Electronic screening is essentially a classi- 
cal effect. The increase in the renormalization-group charge is effected in 
the lowest approximation by virtual particles and so is a purely quantum 
effect. 

To lowest order in the coupling constant, a -function is either positive 
(the charge grows at short distance) or negative (the charge decreases 
at short distance). Until 1973, examples of only the former were known. 
The discovery that only nonabelian gauge theories allow for a negative 
@-function is credited to Politzer [1] and to Gross and Wilczek [2]. They 
showed that QCD yields a charge that decreases at short distance, an 
effect called asymptotic freedom that is required by experiment. This 
discovery was not anticipated by any simple intuitive reasoning. Let us 
examine the renormalization-group as it applies to QCD with massless 
quarks and in the set of covariant gauges. 

The renormalization-group equation for the irreducible vertex function 
for n gluon and n’ massless quark fields is (see the discussion leading to 
(4.13)) 


O ð o ! 
Ce + (g, P) aq + 6(9, Plg + nya(g,p) +n wg, P) ) 


u E E =0 (8.15) 


Here 6 is the “G-function” corresponding to the gauge parameter p. 
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Table 8.1. Bare propagators and vertices in QCD in covariant gauges 


bij 


Quark a — Giz = E Po = iwn + H 
A QAAN b v ab ae § VEO 
Gluon k p= 12 G L2 
bab 
(Pst E, EE _ la 
Ghost 7 b Wap = T2 
ma 
ro = gy"G$; 
i J 
lua 
: k Te = —ig fabcKu 
wo à 
bo SEG 
kla, a) 
T TY) = ig fabe [gay(r = da 
D + gap(k — 7) 
r(@, b) j Gye) “al Geld = k)a] 


Tha) = 9 [fade fede (Jaggsy — Ja956) 
ae fave fede (Gas 9B-y = Jay95B) 
F face fedb (9a59 8+ ~~ Ja3.95-)] 


a(b, b) rq) 
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Table 8.2. Quark properties 


Flavor Electric charge Baryon number Mass 
u (up) 2/3 1/3 3 MeV 
d (down) —1/3 1/3 7 MeV 
s (strange) —1/3 1/3 120 MeV 
c (charm) 2/3 1/3 1.2 GeV 
b (bottom) —1/3 1/3 4.25 GeV 
t (top) 2/3 1/3 175 GeV 


There is a Ward identity for QCD which states that the longitudinal 
part of the inverse gluon propagator is not altered by interactions. That 
is, 


Ly 
p20_PP (8.16) 
p 


This is the same as in QED (see (5.46)). Application of (8.15) to (8.16) 
then yields the relation 


6(9,p) = 2pya(9, P) (8.17) 


This points to the advantage of the Landau gauge p = 0; in this gauge 
6(g,0) = 0. Hence, starting with p = 0 we are guaranteed that after renor- 
malization p = 0 will remain true, on account of the renormalization group 
equation 


2P _ 59,1) (8.18) 


Otherwise, we must keep p arbitrary in our equations. For example, p = 1 
will not remain as such under application of the renormalization group. 

The y’s may be obtained most directly from ie and T®?. To lowest 
order in g we must evaluate the following diagrams: 


TOZ sans), jaw "o2 


FR 
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If these are normalized to have their free-field values at p? = —M? (accord- 
ing to Euclidean momentum subtraction) then 


13 1 4 g? p 
T = (p2gt” — pp’) fı + ( 6 5?) Cl sea i672 In ( E 


(8.19) 
0,2 g p? 
T® -phi paian ( Z) (8.20) 
The c’s are given by 
faca focd = C1ôab = NO 
(8.21) 


1 
Nt Tr GaGo = C2 bab = zM bab 


and Nt is the number of quark flavors. If we apply (8.15) to (8.19) and 


(8.20), and after differentiation set p? = —M?, we can solve for the 7’s: 
_g [f13 1 4 (8.22) 
Eee 2p a 
g? 
= —-—— 8.23 


It is not possible to determine the 8-function in these covariant gauges 
with knowledge of the two-point functions (propagators) alone. 

Knowledge of a three-point function would suffice to determine 8. From 
the following diagrams, 


A + A + A -— > 
s9995 090, 


we compute 


p= —ig fabel JByPa + JapPy — 29yaPp) 


17 3 4 g p 
x fı + [E =p) C1 a r ln ( IE (8.24) 


A 


and from 
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we compute 


3 5 gr p 
Tl? = gy Ga h G + 7 GET m ( E (8.25) 


These are computed with external momenta (p1, p2, p3) = (0, —p, p) and 
normalized at p? = —M?. Application of (8.15) to either (8.24) or (8.25) 
yields the lowest-order renormalization-group (-function, 


2 
B= 2 (11N — 2N;) (8.26) 


This will be negative, and the running coupling g will decrease with 
increasing energy, as long as Nẹ <5.5N. This condition is fulfilled for 
SU(3), with six quark flavors. 

It is worthwhile remarking that knowledge of the gluon two-point func- 
tion in the Coulomb gauge (V - A, = 0) and the axial gauge (n- A= 0, 
where n is a fixed four-vector) is sufficient to determine 8. The reason 
is that the noncovariance of these gauges provides a tensorial structure 
for the gluon propagator and self-energy that requires two independent 
scalar functions, even in the vacuum (see Sections 5.4 and 6.3). These two 
independent scalar functions then allow the determination of both y4 and 
B. The result is identical to (8.26). 

The renormalization-group running coupling is determined by (see 
Section 4.2) 


ML = gg) (8.27) 


with solution 


20° 127 (8.28) 
= n (LIN — 2N;) In(M2/K2) 


This explicitly displays asymptotic freedom: @ — 0 as M — co. Notice 
the absence of any intrinsic coupling “constant” on the right-hand side 
of (8.28). In its place as the free parameter of the theory is the QCD 
energy scale A. The numerical value of A is, however, dependent on 
the gauge and on the renormalization scheme chosen (for example, this 
might be the choice used in (8.24) and (8.25)). This is seen in higher 
order. 

Finite quark masses can be incorporated into the renormalization-group 
analysis by adding to the differential operator in (8.15) a term 


(0.0. Tr) an 
Ym |9; P, M fams 
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for each quark flavor f. That is, my/M is treated as a dimensionless cou- 
pling constant. The quark mass may be defined by 

Go" | p= Me =p — m (8.29) 


This is one possible renormalization prescription, but there exist others. 
A direct computation of 3 and Ym in the Landau gauge yields [5] 


Og g? 2 m? 
Ma ma 8 2 °\ M (8:30) 
where 
: 1 
Bo(z) = 1— 6x +12 (=) In (445) 
y y—l 
y= V1 +440 (8.31) 
and 
M ðm g? m? 
wr ORE aa A E ed 
Co(z) = 1 — zIn(1 + 274) (8.33) 
Good approximations for Bo and Co are 
Bo(x) ~ (1 + 52)! 
Co(x) ~ (14+ 22)71 (8.34) 


(We have now removed the overbar from g and m and will denote the 
running coupling and mass by g and m for notational simplicity. ) 

In general, (8.30) and (8.32) form a set of N¢ +1 coupled first-order 
nonlinear differential equations that must be solved numerically. The basic 
features of these equations are readily understood in the following way. 
The running coupling can be written as 

g? 127 


dn [LIN — 2N¢@*(M)] In(2/A2) (8.35) 


where 
7 1 3 M? +m(M) 
In(M?/A?2) ; A2 + me(M) 


nef (M) (8.36) 


is the effective number of quark flavors at the energy scale M. Equations 
(8.35) and (8.36) form a solution to (8.30) valid to the lowest order in 
g. If m¢(M) is small then it contributes to 8, but if it is large then it 
decouples. That is, if the quark mass is large compared with the energy 
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scale of interest then there is insufficient energy for pair production, so 
that flavor does not add to the charge screening. 

As an example, consider the first three quark flavors with m, = mq = 
0 but ms 40. We look at high energy where M >> ms. Then g?/47 ~ 
27 /[9 In(M/A)] can be inserted into (8.32): 


dms 4 Ms 


dM‘ 9In(M/A) M een 
This has the solution 
` 4/9 
ms(M) = mso | (8.38) 


where mso is the mass at the scale Mo. The monotonic decrease in quark 
mass with increasing energy is in fact a general feature of (8.32), since 
Ym < 0. 

The -function has been computed to two loops, that is, to order g5 
(the reader is referred to [6] for a more detailed discussion of massive 
quarks). For massless quarks [7], 


3 5 
g 2 Nt g 
34N* — 13N N; + 3— 
48T? ( mE x) 76874 
== pug" = Big" (8.39) 
which is still gauge and prescription independent. An approximate solu- 
tion of the renormalization-group equation is 


B=- (11N — 2Np) 


ei) =a =e (3) 02(M) In (<a) (8.40) 


where a1 (M) = 1/[47 6o In(M?/A2)] is the lowest-order solution. Correc- 
tions to (8.40) are of order a3(M) ~ [1/In(M?/A?)]°. For QCD with Np = 
3, a2(M) = a1(M) + 0.0354 a?(M) ln aı(M). Thus, when a1(M) < 1 we 
have a2(M) ~ a ;(M) to rather good accuracy. 

The thermodynamic potential Q must be independent of gauge and of 
renormalization prescription since it is a measurable quantity. However, 
the way this works in practice can be rather subtle. For example, if we 
work in a covariant gauge then 

d o 
Eao = (Go + S25.) U= 840 


must hold, not 0Q(g, p)/3p = 0. The reason is that g depends on the 
gauge and on the renormalization prescription used to render it finite 
from its bare value. 
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8.3 Perturbative evaluation of partition function 


Since the effective QCD coupling goes to zero logarithmically at short 
distances, it is reasonable to attempt a perturbative expansion of the 
thermodynamic potential at high energy density [8, 9, 10]. In this and the 
next section we summarize the results so far obtained. Possible limits to 
the usefulness of perturbation theory will be discussed in later sections, 
as will some applications of the formulae obtained here. In the following 
discussion we quote perturbative results for the pressure P(T, p). The 
entropy density s = OP/OT, flavor densities ng = OP/Ops, and energy 
density € = —P+Ts+ Dr fns are computed straightforwardly. 

To zero order in the coupling, the QCD plasma is an ideal gas of gluons 
and quarks. The pressure can be written down immediately from (1.31) 
and (1.32): 


1 N © dp p* 
Ba Nrd- 5 PP Nplp) (8.42) 
f 0 


where Nz = N? — 1 is the number of gluons, which is eight for SU(3). 
When my = 0 the integral in (8.42) can be evaluated in closed form. The 
contribution to the pressure is 


(8.43) 


Tn°T* pT? H$ 
180 6 127? 


The exchange corrections to the ideal gas pressure are of order g?. The 
relevant diagrams are shown below: 


The diagram with the quark loop is analyzed exactly as the QED dia- 
gram in (5.39) but with the replacement e? — g? Tr GaGa = 39°Ng. Then 
(5.58) to (5.61) can be taken over straightforwardly. The ghost dia- 
gram and the two pure gluon diagrams can be evaluated by means that 
should now be familiar. Since these are two-loop diagrams, the unrenor- 
malized contributions will have parts that are quadratic and linear in 
the massless boson occupation probability (e% — 1)~!. (Parts that are 
T-independent only renormalize the vacuum energy and these are dis- 
carded.) The subtraction procedure eliminates the linear parts. The three 
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diagrams contribute, in respective order, 


pl 1 \/1 9 
gluon _ 2 P 
oenm] apami) (ata) 


= -S NN; Tt (8.45) 


This result is gauge invariant, although the individual diagrams are not. 

As in QED and in massless \¢* theory, the next contributions are not 
of order gf; they are of order g^ ln g? and g®. These come from the set of 
ring diagrams 


where 


The analysis proceeds exactly in parallel with that in subsection 5.5.2. 
What is needed is the static infrared limit of II#”. This will be discussed 
more thoroughly in a later section, and for now we simply quote the result 
at T > 0, 


Nile 


(8.46) 


N, 
PY = ~£T m3 (8.47) 
T 
where 


må = F(n=0,k > 0) = -I (n = 0,k — 0) 


=g P k CP (p? + E2)Np(p) | (8.48) 


is the square of the inverse screening length for color charge. When all 
quark masses can be neglected, we have 


1 1 1 
m2, =g? (n + N) T$ 0 So uj (8.49) 
f 


It should be noted that (8.47) and (8.48) have been obtained in the 
covariant gauges, in the Coulomb gauge, and in the temporal axial gauge 
(A8 = 0). If, in addition, the lowest-order momentum dependence of II°° 
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is retained, 
-II = må — 4 Ng? |k|T +- (8.50) 
then one obtains a gln g? term not present in QED [11], 


p = N Ns 
mge Gir? 
However, this term is not precisely defined until the full order-g* contri- 
bution at finite temperature is determined. This will be discussed in the 
next section. 

At T = 0, the three loop diagrams that are not already included in the 
ring sum are 


Tims a Wig" (8.51) 


(8.52) 


The first two diagrams are analogous to those of QED, (5.77), but the 
last is peculiar to QCD on account of the three-gluon coupling. These 
diagrams are technically quite involved, owing to overlapping ultraviolet 
divergences. The interested reader is referred to Freedman and McLerran 
[12] and Baluni [13] for their evaluations. The result of summing the ring 
diagrams (8.46) together with (8.52) is 


1 11N —2N; (a(M)\?_ (uF 
Pring + P4 = T Xog [n 3 ( De ) In M2 
f 


4.236 
+ Ng (-2250N + 0.409.N¢ — 3.697 ( ) 


N 
«(ey — (pN, [2m (2) - 0.476! 


x (a - NF (p) (e) (8.53) 


where p = (flu; Had, Hs, ---) and 


Py Mp) 2 atp [l 
H) = —4H X jin pe >D (mi — uj)” ln ae 
f i>j we 


i+ My)? i 
vmint + a)n (EE) — r)a (#) | (8.54) 
Mill; H 


These formulae were obtained in the Landau gauge using the momen- 
tum subtraction scheme; that is, the gluon self-energy was renormalized 


8.4 Higher orders at finite temperature 149 


in such a way that F(k? = M?, p = 0) = G(k? = M?, u = 0) = 0. The 
corresponding formulae for nonzero quark masses have not been 
computed. 

It should be noticed that the pressure in (8.53) depends explicitly 
on the renormalization energy scale M. To avoid the large logarithms, 
In(u7/M”), that would appear if up — co while M is fixed, we should 
choose M in an optimum way. There is an arbitrariness in this, but a 
natural choice would be M? = u? and another would be M? = p?/N;. Of 
course, if we could sum all orders of perturbation theory it would not mat- 
ter. Truncating at a finite order means that we should choose an optimum 
M to reduce the importance of the terms neglected. 

The QCD coupling g is not a fixed quantity. It depends on the 
gauge and on the renormalization prescription. This dependence is not 
apparent at order g? but first arises at order g*. Thus, consider two 
gauges and/or prescriptions labeled i and j. One can show that (see for 
example [14]) 


g? — p J Aijg? +) (8.55) 


where Aj; is a computable number. The QCD scale A thus also depends 
on the gauge and/or prescription. Putting together (8.28), (8.39), and 


(8.55) we find that 
eae exp ( ) (8.56) 


These features of QCD must be kept in mind when using high-order per- 
turbation theory. For example, the numerical coefficient of a? in (8.53) is 
gauge and prescription dependent, in just such a way that when (8.55) is 
used the pressure is independent of gauge and prescription to this order 
(see also Section 8.2). 


8.4 Higher orders at finite temperature 


As we have seen previously, the simplest possible interaction yields a 
contribution to the pressure that is of order g?. Owing to the summation 
implied by the ring diagrams, there are then contributions of order g? and 
g‘ ln g?. By now it should be clear that one cannot determine the order 
of a diagram by simply counting the number of interaction vertices, if 
the diagram requires resummed gluons. This resummation procedure has 
the great advantage of curing potential infrared divergences, as already 
seen in Chapters 3 and 5, because in effect the resummation induces a 
mass which is the static infrared limit of the self-energy. Calculations of 
the pressure to order gf and order gř have used the following strategy 
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in order to improve the convergence of the perturbation expansion. One 
redefines the Lagrangian according to 


L — (L+ 4m} AS ASdp,,.0) — 5m, AGABSp,,0 (8.57) 


where £ is the original Lagrangian in frequency-momentum space, Ag 
is the zeroth component of the color gauge field, and po = 2anT% is the 
zeroth component of its momentum. With this redefinition, the term in 
parentheses becomes the unperturbed Lagrangian and the other term cre- 
ates a thermal counterterm, necessary to avoid double-counting. Following 
this scheme, the g* term receives contributions from the sub-leading part 
of the two-loop diagrams as well as from the leading part of the three-loop 
diagrams. The complete finite-temperature g* result for gauge fields with 
fermions was obtained by Arnold and Zhai [14] and it is (for zero chemical 
potential) 


i (cs + 55 + = (2y (Ca + Sp)’ 


9\4 a f22, /M\ 38¢(-3) 148 ¢"(-1) 64 
ac cx [Fm (ar) +e - 3 (a1) ETE 
9 \4 47, (M iets) E 
T ao CASE | m” (=) tzaa 3 G-) 
1759 37 
= SYE + ay + 5 n n2 


OOE 
Ayn +. M ey Sæ(- E + 24m 2) 


(8.58) 


In the equation above, ¢ is Riemann’s zeta function, yg is Euler’s constant, 
and M is the renormalization scale in the modified minimal subtraction 
scheme, MS. For SU(N) with Np fermions one may write da = N? — 1, 
Ca = N, dp = NN,, Sp = Ne/2, Sop = (N? —1)Ne/4N. 
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The extension of those techniques to one order higher by Zhai and 
Kastening [16] yields the gř term: 


= (gy (Ag) 


M 
x {ca 170 In (=) + 176yp — 247° — 494 + 264 In | 


M 
+ CaSp |1121n | —— | + 112g + 72 — 1281n2 
ArT 


+ SÈ 64ln ad 64yg + 32 — 128 ln 2| — 144S2F 
ArT 
(8.59) 


As will be discussed in Section 8.7, the hopes of pursuing an order-by- 
order expansion in finite-temperature QCD are too optimistic. The ana- 
lytic expansion has serious infrared problems. Postponing a discussion of 
these aspects, it suffices here to say that for the pressure, this problem 
is met at order g. Kajantie et al. [17] evaluated perturbatively the last 
calculable contribution, that of order g° In(1/g?). This result is partly a 
conjecture, as this order receives a contribution from the complete O(g°) 
term. However, without going into the details, general arguments based 
on the pattern of singularity cancellation order by order can be given in 
order to make progress. The interested reader may consult the quoted 
reference for a discussion of these technical aspects. The pressure at order 
gê In(1/g?) with N; flavors is given by these authors as 


8x? (M ’ i 
Ps = 5 Tt (= ; {| 659.2 — 65.89Nf — 7.653 NF + 742.5 (145 ni) 
z M Os 1 
% (1 — aN] In (=) In E (1 + m) 
M 


(8.60) 


where qa( Nt), qo (Nt), qe(Nf) are polynomials in Ng. The polynomials qa,» 
may be written down using the cancellation pattern alluded to earlier: 


2 
1815 5 2 
Nås- 1 ey iS 
qa (Ne) ie ( P i) ( aa r) 


dp(Ne) = 2932.9 + 42.83; — 16.48 NF + 0.2767 NẸ (8.61) 


The last polynomial, qe(N¢), is the one that receives a nonperturbative 
contribution and is as yet uncalculated. 
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T/A 


Fig. 8.1. Perturbative results for the pressure at various orders, including gê 
with an optimal constant, normalized to the noninteracting Stefan—Boltzmann 
value Psg (Kajantie et al. [17]), against the scaled temperature. 


It is instructive to examine the convergence of the perturbative expan- 
sion term by term. This is shown in Figure 8.1 for the pure gluon case 
with N =3 and N¢ = 0. The ratio of the pressure and its value in the 
Stefan—Boltzmann limit is plotted against the reduced temperature. At 
high temperatures, the pressure tends to the Stefan—Boltzmann limit. 


8.5 Gluon propagator and linear response 


In applying linear response theory to nonabelian gauge theories one must 
be careful to distinguish between gauge-invariant, physically observable, 
quantities and gauge-noninvariant quantities. The latter may still be rele- 
vant, though, provided that we can construct some observable out of them. 
This can be demonstrated with color electric screening. 

The components of the color electric field, 


E? = Fo = OAS — dp A? — gf AP AG (8.62) 


(3 


are not gauge invariant, unlike the electric field of QED, which is gauge 
invariant. Thus color electric screening as a physical phenomenon cannot 
be demonstrated on the basis of the color electric field alone. However, 
screening can be examined by computing the free energy V of a static, 
color-singlet (total color charge zero), quark-antiquark pair as a function 
of separation R. This can be done most directly in the temporal axial 
gauge (TAG) Aj = 0, for in this gauge the electric field is 


_OAg 
at 


E,= TAG (8.63) 
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Then the analysis of Section 6.3 can be applied, with the result that the 
static dielectric function is (cf. (6.64)) 


Aan ae TAG (8.64) 


The scalar function F must be computed in TAG. Referring to (6.58) and 
(8.46) (except that in the latter there is no ghost diagram) one finds that, 
for the pure TAG gluon contribution! [19], 


2N lee) 
Igo (go; 4) = a, dk kNp(k) 


x Re |4 — (E 2K% = Go) (2k + q0)? _ (2k + G0)” 
2k?(k + qo)? 2kq 
(k? + (k + qo)? — 4)? Ry 
1 m- i 
i ( to mekto 7NR] O 


2 lee) 
ma g N 
MR (qog) = nn dk kNg(k) 


2 4 
x Re f2 ET (se e E + 2k) 


4k2 
5q? 3q? 
= p atat 52 (a0 + 2k) 


1 
+—— 4 — q? + 10k? + 10(k + q0)? 
2kq 


-— i? k 2 2)2 
Dk + qe)? +( + qo) q] 


smesa) 


(8.66) 


where q = |q], qo = 2mnTi, R+ = q° — 2kqo — qf + 2kq, and Re means 
that the even part of the following function of gg shoud be taken. The 
quark matter contributions are given by (5.51) with the substitution 


t The axial-gauge pole 1 /(n-p) can be handled in one-loop diagrams with the principal 
value (PV) prescription. For example, 


1 1 1 1 
PV. = lim ( =F Z ) 
n-p e702 \n-p+ie n-p—ie 
see [18]. This makes sense in TAG at T > 0 only after analytic continuation of po and 
replacement of frequency sums by contour integrals. 
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eo 5 g’. In the following discussion, we will need only the static limit 


of the vacuum contribution, 


2 2 
vac g 2 q 
= — ln | — TA ; 
(0. q) Ign (11N — 2N¢)q* In (tn) G (8.67) 
Recall that II“” is related to F and G in TAG just as in (5.46). 

Consider the vacuum dielectric function. Inserting (8.67) into (8.64), 
we obtain the vacuum-polarization-corrected effective charge 
g (4) = — g 

ela) 1+ (g?/487°)(11N — 2.N¢) In(q°/M?) 
48T? 


~ (IN — 2NA ln(g?/A2) (8.68) 


which is the same as the renormalization-group charge. 

The situation in other gauges is not so simple. Consider the set of 
covariant gauges (COVG). Then from (8.62) the color electric field has 
terms that are linear or quadratic in the vector potential. To find the linear 
response to an applied color electric field (such as that due to stationary 
quarks) we need to compute the correlation function between two electric 
field operators, and that entails knowledge of not only the propagator but 
also the three- and four-point gluon functions 


(AyAvAa) (Ay Av AoA) 


There is also the complication of the ghost field. What happens if we 
neglect the nonlinearity in (8.62) and naively apply (8.64)? From (8.19) 
we have 


2 2 
vac g 13 3 q 
PO) = ea IG 5°) N an| qin (i) COVG (8.69) 


This does not yield the correct renormalization-group-improved charge, 
nor does it yield the correct vacuum-polarization-corrected potential 
between stationary quarks. This should be expected. In Section 8.2 we 
found that knowledge of the gluon propagator alone was not sufficient to 
determine the @-function in the covariant gauges, although it was suffi- 
cient in the axial gauges. 

Computation of the free energy, as a function of separation, of the static 
quark—antiquark pair at T > 0 (in TAG) proceeds just as in QED. At large 
separation, 


Oren 


a 4T R 


(8.70) 
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In the color-singlet state, the product of charges is Q1 -Q2 = —g?N,/2N. 
Since (8.70) is physically measurable (at least in principle!), Mme must be 
gauge invariant. In TAG, it is given by 


m2, = F(0,q—0) TAG (8.71) 


which is an exact relation. 

To one-loop order, all gauges receive the same contribution to II#” from 
dynamical quarks. To focus on the essentials, we shall consider a quark- 
free world in the remainder of this section. 

In the Feynman gauge (FG, p = 1), the T > 0 contribution to the gluon 
self-energy is 


2N love) 
Igo" (qo, 4) = a A dk kNg(k) 
x Red 4+ Lia + 2k)? — 24°] In L (8.72) 
qk” R ' 


2N oo 
(oa) = Fy [ak RNR) 
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These are not the same as (8.65) and (8.66). Thus II#”, and the functions 
F and G, are not gauge invariant in nonabelian gauge theories. 

From the perspective of screening, the interesting limit is go = 0, |q| = 
q—0. One finds that in TAG 


F(0,q = 0) = —TIo0(0, q> 0) 


1 R 
x Re [a+ - (498 — 4kqo — 4k? 3a) in (FE) | (673) 


2 2 
= 1,2parp2 _ 1,2 ug 2 q 


G(0,q > 0) = $u(0,q > 0) = -—fg?NTq+ (8.75) 

and in FG 
F(0,q > 0) = —Hoo(0, q > 0) = $9?NT? — t9? NTq +--- (8.76) 
G(0,q > 0) = Ha (0, q > 0) = -9 NTq +- (8.77) 
There are a number of interesting aspects to these results. The first two 
terms of (8.74) and (8.76) are identical. This would not have been expected 
on the basis of our earlier discussion of electric screening. The reason that 
they are, and must be, the same is that these first two terms of F give rise 


to the order g? and order gfln g? terms in the pressure via summation 
of the ring diagrams (recall Section 6.5). The coefficients of all terms in 
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the pressure up to (but not including) g* must be gauge independent, on 
account of (8.55). The third term of (8.74) combines with the vacuum 
contribution to yield 


So again we see that we should choose M proportional to T to eliminate 
potentially large logarithms at high temperature. The first nonzero term 
of G is gauge dependent. This will be discussed further in Section 8.7. 

Plasma oscillations may be discussed in a manner parallel to the dis- 
cussion in Section 6.6. In TAG, a physical gauge with the proper number 
of gluon-polarization degrees of freedom and no ghosts, one finds that 
the long-wavelength dispersion relations for transverse and longitudinal 
oscillations are 


haut Bt 
we = wp + sk? + 


where we, = g? NT? /9. These waves are damped with damping constant 
yr = yL = NT /24r. The short-wavelength longitudinal oscillations are 
overdamped and do not propagate. The transverse oscillations have the 
spectrum 


wp =k? + sup +: (8.79) 


and to order g? are not damped by thermal effects. 

A proper linear response analysis has also been done in another gauge, 
the Coulomb gauge [20]. The results are identical to (8.78) and (8.79). 
If one tries to do a cheap analysis in an unphysical gauge by simply 
searching for the poles of the gluon propagator, one obtains certain erro- 
neous results. For example, in the Feynman gauge one recovers (8.78) 
and (8.79), but the damping constant is a factor 5 too large and of the 
opposite (wrong) sign. In addition, short-wavelength longitudinal waves 
propagate with wi =—k?+.---, which is unphysical. 

It must be acknowledged that, at this time, color plasma waves are 
an enigma. Whether they represent physically observable phenomena has 
not been rigorously established. 


8.6 Instantons 


Instantons are nonperturbative solutions of the classical field equations 
which carry topological charge. After their discovery by Belavin et al. 
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[21] it was hoped that they would provide a means of understanding con- 
finement. That has turned out not to be the case. In QCD their effects 
are reliably computed only at short distance (or high temperature). In 
this domain, it has been found that they are always dominated by per- 
turbative corrections. For this reason, and because the mathematics of 
instantons can become quite involved, this brief section will present only 
an overview. 

Instantons contribute to the partition function in addition to all per- 
turbative contributions. Although not quantitatively important in their 
own right, these nonperturbative solutions are of course interesting in 
principle. They have also been used in a more phenomenological way to 
understand various aspects of chiral symmetry breaking and restoration 
and hadronic structure. 

Consider an SU(2) gauge field theory without quarks. It is advantageous 
in this context to work in Euclidean space, with Greek indices running 
from 1 to 4. Define the matrix functions 

Ay = —ig(40°) At 


K 8.80 
Fus = —ig(40°) Fe ome 


The action is 
g= z7 / diz T(E F”) (8.81) 
and the classical equations of motion are 
Ə” Fuy + (AY Fan] = 0 (8.82) 
We make the ansatz that 
Apu = ipva” (8.83) 


where a” is spacetime dependent, and we define the following objects: 


oij = —i[z0i, 303] 

Oia = 9% 

Cue == v (8.84) 
ij = ij 

O14 = —Oid 


With a dual defined by 


* es ll aß 
Suv = 3EuvapT 
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we find that 
“Ow = Ow self-dual 
*Ouy = —Ow antiself-dual (8.85) 
The equations of motion are satisfied when 
a, = ô ln ġ 
8.86 
o=0 oe 


This solution is said to be self-dual because * Fy = Fv. An antiself-dual 
solution (with *F ay = —Fyy) is obtained with 


Ag = iO pva” (8.87) 
In both cases the classical action can be expressed as 
1 AQ 92 92 


For the solution of Laplace’s equation we have 
v)=1+ — 8.89 
nH (8.89) 


where each à; is a real number and each y; is a fixed vector. Clearly y; 
represents the position of some object and A; its size. When this solution 
is used in the self-dual ansatz, it is said to represent n instantons; when it 
is used in the antiself-dual ansatz it is said to represent n anti-instantons. 
The instantons and anti-instantons represent tunnelings between different 
states. 

These field configurations can be characterized by a topological charge 
q, a gauge invariant, called a Pontryagin index: 


1 
1672 


q= peer oP”) (8.90) 
A direct calculation shows that q = n for the n-instanton solution and 
q = —n for the n-anti-instanton solution. There is no known exact solu- 
tion for n instantons and n’ anti-instantons. It is not possible to change 
the Pontryagin index by a smooth deformation of the gauge field. Since 
perturbative calculations always start with A, = 0 and q = 0, the instan- 
tons and anti-instantons make topologically distinct contributions to the 
functional integral. 

When computing the partition function at T = 0 (useful for calculat- 
ing vacuum correlation functions), the most straightforward approach is 
to treat the instantons and anti-instantons as individual, noninteracting 
objects (the dilute gas approximation, DGA). Only instantons with q = 1 
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and anti-instantons with q = —1 are included. One-loop quantum correc- 
tions can be included by writing 


Ay = Ad + Al, 


where Ad is the classical solution, expanding the Lagrangian in powers 
of A, and dropping terms cubic and quartic in Ap: That is, the quantum 
fluctuations must be calculated in the presence of a background instan- 
ton (or anti-instanton) field. For SU(N), the SU(2) instantons must be 
embedded in the appropriate fashion. The calculations of t’Hooft [22], 
in particular, are a tour de force of mathematical physics. The result is 
simple and elegant. It is (assuming no state mixing) 


œ dA (4n2\2N 8r? 
ln Z =) — | — -—= 8.91 
n ADGA oxve f A5 ( g? ) exp ( g2 ) ( ) 


We make the following remarks. 


1 The exponential of the classical action is evident. 

2 The factor V is the total spacetime volume. 

3 The factor 2 arises because both instantons and anti-instantons are 
included. 

4 The factor Cy is group-theoretic in origin. In the Pauli—Villars regular- 
ization scheme, 


4 exp [—0.433 — 0.292(N — 2 — N;)| 


ae: (N — 1)!(N — 2)! 


(8.92) 


5 Integration over scale size A must be done. The power —5 of A arises 
from the scale size and from the four components of the position coor- 
dinate. It also is required so that In Z is dimensionless. 

6 Quantum fluctuations amount to replacing the coupling constant g? 
with the renormalization-group running coupling 

_9 241? 


T= Gin —2N) n(/AAp) ace) 


in the exponential factor, although this replacement is presumed to 
happen (at the next order) in the pre-exponential factor as well. Here 
Ar is the QCD scale parameter in the Pauli—Villars scheme. 

7 There should be an additional factor in In Zpcaa, which is 


[[@r) 
f 


for each light quark (mf < A~') flavor. Light quarks greatly suppress 
instantons. 
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8 The integral over À does not exist: it diverges for large A. Thus one 
must go beyond the dilute gas approximation in the QCD vacuum and 
confront the infrared confinement problem. 


The way to avoid point 8 is to focus on a physical circumstance which 
provides a natural cutoff on instanton size A. For example, we could 
consider computing instanton-induced corrections to the process etTe~ — 
hadron jets at high energy. A cutoff would then be supplied by the center- 
of-mass energy ys; the dominant contribution should come from instan- 
ton scale sizes A + 1/,/s. Another circumstance, of interest to us, is the 
contribution of instantons to the thermodynamic potential of a high- 
temperature quark—-gluon plasma. At high temperatures, color electric 
fields should be screened just as in QED plasma. The temperature should 
provide an infrared cutoff on instanton sizes. 

It is possible to generalize these solutions to finite temperature. We 
still work in Euclidean space but x4 is replaced by the variable 7. The 
instanton solutions must now be periodic in 7 with period 8. This is 
accomplished by making the field ¢ periodic [23]. The n = 1 solution goes 
over into 


g=14+¥ SO [(x-yi)? + (7-11 — kB] 
k=—0o 
fa: nT sinh(27T |x — yıl) (8.94) 


|x — yi| cosh(27T |x — y1|) — cos[2aT (7 — 71)] 


Here, yı and 0 <7, < 8 represent the position of the instanton, while 
the summation over k replicates it periodically along the imaginary time 
axis. Surprisingly, the finite-temperature instanton and anti-instanton 
have exactly the same classical action, 877/g?, as the T = 0 instanton 
and anti-instanton. 

It is necessary to compute the one-loop quantum correction in the back- 
ground field of an instanton or anti-instanton at finite temperature. This 
is a formidable task but has been done by Pisarski and Yaffe [24]. The 
result is that the integrand in (8.91) is multiplied by a cutoff factor 


exp [—3(2N + Np)1?T?)?| (8.95) 


at large À. This means that the integration is now both infrared and 
ultraviolet convergent. Finite temperature suppresses large instantons as 
expected. The lack of appearance of the coupling constant in the cutoff is 
simply understood as follows. At T = 0, quantum corrections replace the 
coupling constant in the classical action with the renormalization-group 
running coupling. Therefore we may postulate that at finite temperature 
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the running coupling would be replaced by the static screened charge 


8r? 8r? 11N Ne q? 8r? m? 
= 1 al 8.96 
g zt 6 7 a (Gz) + gq? ce) 


where må is given by (8.49). The screening factor (8.95) is reproduced by 

the m?,/g? term in (8.96) if we make the replacement q? > 4/)?. 
Instanton effects are greatest in a world without light quarks, on 

account of point 7 above. Then the contribution to the pressure is 


dd (4n2\?% 8r? 2 5 
Poca = 20x | 3 (Z) exp (= - z NTA) ) (8.97) 


which can be integrated to give 


Poca = T* (3) a SaN) [m 5H (8.98) 
=0 


The coefficients aj(V) depend on N and must be computed numerically. 
The most noteworthy feature of Ppca is that it decreases dramatically 
with increasing temperature. For instance, for SU(3) it falls as A} /T’, 
modulo logarithms. Comparison of these results with the perturbation 
theory results is left as an exercise. 

Extensive numerical studies have been performed of an instanton-liquid 
description of QCD at zero and finite temperature. The reader is referred 
to the review of Schafer and Shuryak [25]. 


8.7 Infrared problems 


It would seem that if only we had the strength and willpower, we could 
continue to calculate corrections to P and II*” to arbitrary order in g. 
However, a barrier that arises at order g? for P and at order gt for TIH” 
was identified by Lindé [26]. 

Let us investigate the infrared convergence of the (J + 1)-loop diagram 
(1 > 0) 


There are 2/ three-gluon vertices and 3l propagators. The dominant 
infrared behavior arises from the n = 0 mode sums. To estimate, we dis- 
pense with the complicated tensorial structure of the propagator and the 
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vertex and write 
[+1 
g” (r f čv) p” (p + m?) ~’! (8.99) 


The first and third factors arise from the vertices, the second factor from 
the loop integration, and the last factor from the propagators. We have 
introduced a possible static infrared cutoff m. We may wish to identify 
m with the “electric mass” mê = F(0,0) or with the “magnetic mass” 
Maag = G(0,0). In any case, (8.99) is of order 


g”T* for] =1,2 
g°T* In(T/m) for l= 3 (8.100) 
gT (T/m)? for l> 3 


We have placed an ultraviolet cutoff T on the momentum integration. 
This cutoff should arise automatically when summing over all modes n. 

The interesting aspect of (8.100) is that if m = 0 and l > 2, then the 
diagram is infrared divergent. Now it may happen that when all diagrams 
of the same order are added together the coefficients of the infrared diver- 
gent parts are zero, although there is no symmetry to suggest that this is 
the case. The possibility is difficult to verify or deny, owing to the com- 
plexity of the diagrams. If we take m = Mme ~ gT then no problem arises. 
At one-loop order, Mmag vanishes in all gauges; the next possibility is that 
Mmag ~ g°T. Substitution in (8.100) then suggests that all loops with | > 
3 contribute to order g®! It is not known how to sum all such diagrams, 
thus making it impractical even in principle to calculate analytically the 
coefficient of the order-g® term in P. 

The same difficulty arises if we attempt to compute the static infrared 
limit of the gluon self-energy. For example, the diagram 


at qo = 0, q — 0 is of order 


gT? In(T/m) for |= 1 


gT? (T/m)! forl >1 a 


So, the infrared problem arises for II#” at order g*. Suppose, for the 
purpose of illustration, that Mag = cgT?. Then (8.101) suggests that to 
compute c we must sum an infinite set of diagrams. The constant c would 


then arise self-consistently. The magnetic contribution to the sum of ring 
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diagrams would be proportional to ame i ~ g®T*. This is another way of 
viewing the qualitatively different infrared effects that may arise at order 
gÊ in the pressure. 

The static infrared problem in the above diagrams occurs when the 
momentum p< g?°T. Another way to see this is to examine the fac- 
tor [p? + G(0,p)|~! in the propagator. This changes sign as p — 0; in 
TAG, G(0, p) — —(5/16)g?NTp and for the case of an arbitrary COVG, 
G(0,p) > —{18 + (p + 1)2/64)@2NTp. 

The resolution of this problem, as suggested by Braaten [27], involves 
effective-field-theory methods coupled with lattice gauge calculations. 
However, it probably does not have much quantitative impact on ther- 
modynamic functions like P at extremely high temperatures since it first 
occurs at order gê and g(T) > 0 as T — ov. 


8.8 Strange quark matter 


Strange particles, like kaons and hyperons, do not play any role in daily 
life; that is to say, they are not stable particles and they are not found in 
atomic nuclei. Generally, they are only produced in high-energy reactions, 
and subsequently decay into nonstrange particles via the weak interac- 
tions. Could the situation be different in cold and dense quark matter? 
For cold neutron matter the baryon density is approximately 


dp p3 
n= 2 | (anys OF p) = 33 (8.102) 


where the Fermi momentum is på = u? — m3,. One may estimate the den- 
sity at which neutrons overlap in coordinate space by multiplying this 
density by the volume of a nucleon, taking the nucleon radius to be 0.8 
fm. Although very crude, this estimate determines the critical chemi- 
cal potential as 1050 MeV, where a qualitative change in the nature of 
hadronic matter ought to occur. Since each quark carries one-third of a 
baryon charge, the quark chemical potential would be 350 MeV. This is 
larger than the generally accepted strange quark mass (see Table 8.2) 
and so allows for the possibility of the existence of strange quarks even 
when T = 0. Strange quarks might be produced and eventually come to 
equilibrium via the weak interactions d > u + e + De, s > u + e + De, and 
s+ u < u+ d, provided that the circumstances are right. Indeed, it may 
very well be energetically favorable for some u and d quarks to be con- 
verted into s quarks at high density. The situation would be analogous 
to the presence of neutrons in nuclei. In free space, a neutron decays 
weakly into a proton, an electron, and an antineutrino. That does not 
happen in radioactively stable nuclei or in nuclear matter, because the 
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Pauli exclusion principle forbids the addition of a proton with an energy 
below the Fermi energy. 

Let us assume chemical equilibrium under the weak interactions among 
u, d, s quarks and electrons. Then the aforementioned reactions imply that 


Hu + He = Hd = Ms (8.103) 


For the present discussion the neutrinos may be neglected. We require 
that bulk matter be electrically neutral. Then we have the constraint 


2M ind ins Ne = 0 (8.104) 


The densities are functions of the chemical potentials. Together, (8.103) 
and (8.104) allow only one independent chemical potential. 

For simplicity, first analyze the thermodynamics neglecting perturba- 
tive interactions among the quarks. For the large chemical potentials of 
interest it is reasonable to set Me = Mu = Ma = 0. However, Mms is not so 
small and must be kept nonzero. The thermodynamic potential is a sum 
of contributions from each species: 


o = _He Hag Ha 
i 1272 “ Ar? Ar? 


Qs 


1 
-qha [pe VIRT - 25m) ea 


+ 1.5m41n (= aor) 
i. S 


The energy density carried by the fermions is added to that associated 
with the vacuum, sometimes referred to as the MIT bag model constant, 
B, yielding a total energy density 


c=) (Q; + uini) + B (8.106) 


The baryon number density is 
ng = $(Nu +nqtns) (8.107) 


The quark matter is in stable mechanical equilibrium when P = 0. Includ- 
ing the bag pressure, this means 


P=) °P,-B=-)°0,-B=0 (8.108) 


With the set of equations above, all parameters can be calculated for a 
given choice of m, and B. The result of such calculations is shown in 
Figure 8.2. 
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Fig. 8.2. Contours of fixed energy per baryon (in MeV) for strange quark matter 
in the B!/4—m, plane; B is the bag model constant. 


It is known that nonstrange quark matter is unbound. It must have an 
energy per baryon of at least 930 MeV + A in order that ordinary atomic 
nuclei do not decay into nonstrange quark matter, which has never been 
observed. A detailed calculation suggests A = 4 MeV [28]. A straightfor- 
ward calculation then leads to a minimum value Bmin = (145 MeV): this 
is the minimum value of the bag constant needed for atomic nuclei to be 
stable (in the T = 0 case, and neglecting interaction between the quarks). 
Considering Figure 8.2, normal atomic nuclei do not exist for values of 
B < Bmin. To the left of the 939 MeV contour, strange quark matter would 
be stable against decay into nucleons. The analysis outlined above is for 
degenerate, noninteracting, quark matter in bulk. Calculations including 
exchange corrections to order a, have also been done. Farhi and Jaffe [28] 
found that the inclusion of exchange interactions up to order a, effectively 
lowers Bmin to smaller values. 

The question arises of why ordinary nuclei have not decayed into strange 
quark matter, if it is more stable? The answer is that the conversion of 
many u and d quarks into s quarks requires a very high order of the weak 
interaction; thus the probability for this to happen is essentially zero. 
It is for this reason that nuclei may have been mistakenly taken to be 
the ground state of hadronic matter. Searches for strange quark matter 
in terrestrial experiments and in astrophysical observations have been 
ongoing. The effects of finite temperature and of finite size on the stability 
have been evaluated [29]. The fact that strange matter might be self- 
bound is in itself a fascinating proposition. The theoretical uncertainties 
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surrounding it will surely decrease as our ability to perform numerical 
lattice gauge calculations at finite density grows. 


8.9 Color superconductivity 


The experimental discovery of superconductivity by Kamerlingh Onnes 
in 1911 was totally unexpected. It defied fundamental theoretical under- 
standing until the Nobel-prize-winning work of Bardeen, Cooper, and 
Schrieffer (BCS) in 1957. The discovery of high-T, materials in 1986 was 
also totally unexpected; its theoretical understanding is still a topic of 
research. Superconductivity has many applications nowadays, primarily 
in magnets used in research and in medicine. Conventional superconduc- 
tivity arises from the pairing of electrons with equal but nearly oppo- 
site momentum near the Fermi surface. This pairing occurs because of 
a very weak attraction originating in phonon exchange, despite the fact 
that electrons experience a repulsive Coulomb interaction. This is one 
of the reasons why it took so long to work out a fundamental theoret- 
ical description of superconductivity. In QCD the situation is different. 
In a cold quark gas, single-gluon exchange is attractive for two quarks in 
a state that is antisymmetric in color, the 3 channel. The possibility of 
color superconductivity therefore exists, and indeed it happens. 

Color superconductivity was first studied by Barrois [30] and Frautschi 
[31]. Further studies were reported by Bailin and Love [32], but it was 
not until 1998 that the field exploded in a flood of research papers led by 
Alford, Rajagopal, and Wilczek [33], and Rapp et al. [34]. These studies 
can be categorized into one of two classes: weak coupling methods using 
the fundamental QCD Lagrangian, valid at asymptotically high densities; 
and phenomenological methods using four-quark interactions, some moti- 
vated by instantons, which are intended for application at densities not 
much greater than those in ordinary atomic nuclei. 

In order to allow for the pairing of quarks, we follow the path pio- 
neered by Nambu and by Gorkov [35]. An eight-component Dirac field is 
introduced as 


v= (Y, wr) 
where T denotes the transpose. The inverse propagator is an 8 x 8 matrix 
in Dirac space: 
= = = m+ uY A 
G(p) =Go'(p) += = r 8.109 
(p) = Go (p) + U() a im- OO 
Here A = yA% and A is an object with color, flavor, and Dirac indices, 


which have been suppressed. Setting A = 0 yields the free propagator 
for this eight-component field. The self-energy contribution to the block 
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diagonal components is neglected in order to focus on the coupling term, 
which gives rise to a gap and to superconductivity. In this section the 
chemical potential is separated out explicitly and is not subsumed into 
Po. 

In order to demonstrate the existence of superconductivity at high den- 
sity we first focus on two flavors of massless u and d quarks with com- 
mon chemical potential u. This is referred to as the 25C phase. The 
assumptions that are usually made are: (i) the gap matrix is antisym- 
metric in both flavor and color, which is the channel in which single- 
gluon exchange is attractive; (ii) condensation occurs in the channel with 
zero angular momentum, J = 0; (iii) the gap has positive parity, which is 
favored by the relatively weak instanton-induced interactions; (iv) chiral 
symmetry-breaking condensates coupling left- and right-handed quarks 
are neglected. Given these assumptions, the gap matrix takes the form 


AR (p) = (Aa) (T2); Cys (A+(p) Px (p) + A-(p)P_(p)] (8-110) 


where C = iy°7? is essentially the charge conjugation operator and makes 
the operand into a scalar rather than a pseudoscalar; a, b are color indices, 
i, j are flavor indices, and Dirac indices are suppressed. The operators P} 
and P_ project onto particles and antiparticles, respectively: 


Px(p) = 4(1 + yoy: Ê) (8.111) 


Thus Ax describes the modification of the propagator due to particle- 
particle pairing, whereas A_ describes that due to antiparticle— 
antiparticle pairing. Particles and antiparticles are in this situation dis- 
tinguished by the sign of the chemical potential. 

The self-energy satisfies the Schwinger-Dyson equation, 


2 d°p a b pv 
Se= 9D | SATA POTID (kp) (8:112) 


which is written in Minkowski space; the factor T% (k, p) comes from the 
fully dressed quark-gluon vertex. At very high densities, where the run- 
ning coupling becomes arbitrarily small, i(k, p) can be replaced by the 
bare vertex: 


Lay 0 ) 
ra = —( 24% : 8.113 
j ( 0 —(5A Yu)T ( ) 


Then the Schwinger-Dyson equation determines the gap function: 


A(k) = E (n3) Sa (v5) DY’ (k —p) (8.114) 


168 Quantum chromodynamics 


The 2, 1 component of the quark propagator has entered here. With the 
given ansatz for the gap matrix, (8.110), we get 


Ai (p)P_(p) 

— (|p| — 4)? — A4 (p) 
A_(p) P+(p) 

— (|p| + u)? — A? (p) 


The flavor factor 72 cancels on both sides of the gap equation; so does the 
color factor Ag, because 


Galp) = —A2 T2 C %5 | — 
Po 


(8.115) 


x a N+1 
(32°) pda(}") = -2ta 


After substitution one finds a pair of coupled gap equations, 


2 3 
A= -STE | Dev) 
< (P P oP aA 
A-(p) 
+ Tr [uP (p) P(r) pe — (lp + 4)? — zg. 


(8.116) 


to be solved for the gaps A+. In order to take into account static or 
dynamic screening of the color fields, the one-loop dressed gluon propa- 
gator in a covariant gauge is used, as given in Section 8.5. 

For the scattering of quarks near the Fermi surface, which is relevant 
for determining the gaps, the energy transfer is negligible compared with 
the momentum transfer. With q = k — p, this means that |qo| < |q|. Then 
qo may be taken to zero wherever possible in the numerators of the gap 
equations, but not in the denominators since there may be a near singu- 
larity in the infrared. The Landau- and Coulomb-gauge gluon propagators 
give the same answer in this limit: 


As(k) = ET an 
3 


: Ax(p) 3-k-p | 1+k-p 
på — (pl Fu)? -AL(p) \@-Giq) @-— Fla) 
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These gaps are gauge independent only in this kinematic limit. This is a 
consequence of the fact that the gaps are determined by the scattering of 
quarks that are almost on-shell. Of course, any physical observable must 
be gauge independent. If one is working to higher order in the interactions, 
the approximations made above would not be acceptable. 

Only the first term in the gap equation has a singularity on the Fermi 
surface, and so we keep it but drop the second term. This gives rise to 
a single integral equation to be solved for A = A, the gap for quasi- 
particles and their holes near the Fermi surface (we are not interested in 
the gap for the antiparticles). In order to solve the integral equation for 
the gap we make a further physically motivated approximation. Since the 
participating quarks are those on or very near the Fermi surface, they 
all have essentially the Fermi momentum. Therefore we neglect the very 
weak three-momentum dependence of the gap and write it as A(ko). We 
also write p = pr +1, where pp is on the Fermi surface and l is per- 
pendicular to it. For very large chemical potential and vanishingly small 
temperature it is adequate to use l < u and write the integration mea- 
sure as j17dl d(cos 0)d@; furthermore, |q| = |k — p| ~ v2u(1 — cos 0). The 
Matsubara sum can be replaced by an integral over Euclidean momen- 
tum p4 (see (3.71)). The integral over ¢ is trivial, and the integral over 
l can be done by contour integration, picking up the pole of the diquark 
propagator: 


2,2 poo 1 A 
A(k4) = 5) aps f dcos 0 SSS oe 
—oo =l P3 P4 
: | 3 — cos 0 
q? + 2u2(1 — cos 6) + G(q) 
J 1 + cos 0 | 
q? + 2u? (1 — cos 6) + F(q) 


(8.118) 


Here F and G are evaluated with q4 = k4 — pa and |q| = vV2u(1 — cos 0). 
In principle this gap equation should now be solved with no further 
approximations. 

To get an idea of how the solution depends on the parameters we use 
the approximate forms for F and G, 


F(a) =m} Gal) =i—m2 (8.119) 


in the limit 0 < q4 < |q|. This means that the electric part of the inter- 
action is screened on the momentum scale qe = Me while the magnetic 
part is screened on the scale qmag = (7m?,A/4)°/?. Integration over the 
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angle 0 gives the simplified gap equation 
A(pa) 


2 
-I dp —=_ 
1872 /p2 + A? (pa) 
Qu" Ay? 
x fn (14 ee )+ iim (1+ 4) 
nmålka — pa| 2 ms 


This integral equation can be converted to a differential equation and 
solved in the small-g approximation. The asymptotic solution is 


A(ka) 


(8.120) 


. g cu 
Alka & A In | — ky >A 8.121 
(k4) osin E a(#)] 4 0 ( ) 


where 


3 2 
Ao = 2cu exp (-=] 


512 
2c = 212 (£) 
T Mel 
=5127fg 5” (Me=2) 


The amazing feature about this result is that the gap depends exponen- 
tially on 1/g, not on 1/g° as it does in ordinary superconductivity. This 
feature emerges from the longer-range nature of the color magnetic field 
compared with the color electric field. This result was first obtained by 
Son [36]. It has important implications for the numerical value of the gap, 
and the critical temperature, since g should be small compared to unity 
for the whole analysis to make sense. 

Equation (8.120) is an approximation of (8.118). Numerical solution of 
the latter equation for small g yields a gap that is well described by (8.121) 
but with an overall coefficient that is smaller by a factor 0.28. However, 
there are several approximations that would need to be relaxed in order to 
obtain an accurate value of the coefficient of g~> exp(—37?/./2g) for the 
gap. These include the diagonal contribution to the diquark self-energy 
(which modifies the quasiparticle dispersion relation), a renormalization- 
group improvement to obtain the proper choice of scale at which to eval- 
uate the running coupling g — g(u), and the use of dressed vertices in 
the Schwinger—Dyson equation. The first two of these have been done 
individually, and the third not at all. If these effects are ignored, Ag at 
first decreases with increasing u, reaches a minimum of about 10 MeV at 
u = 1 TeV, and then increases logarithmically with u. A plot of Ap versus 
u (Figure 8.3) gives the scale of the gap, although its absolute magnitude 
is uncertain by a factor 2—4, increasingly so as u decreases. 
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Fig. 8.3. The gap for two-flavor color superconductivity. 


When color superconductivity occurs, the thermodynamic potential is 
lowered when compared with the case where pairing is absent. One may 
readily write an approximate expression for the thermodynamic potential 
that reproduces the Schwinger—Dyson equation used to obtain the gap 


equations. It is [37] 
dp G -1 
ase e (G,) 995" +5] 


Q=%+ 57> | 


1 d?p d3 a j 1 1 vit 
+P | BSE TAOD 2G! Ds 0! — p) 


n,n’ 


(8.122) 


where Qo is the potential in the absence of pairing. Treating Q as a func- 
tional of G and requiring that it be an extremum results in G~! — Go toy. 
When evaluated at the extremum, the shift in the potential (relative to 
no pairing) is 


o 1 d?p G 1 =I 1 
62 = aT | as Tr [m (5) — 5990" + J (8.123) 


Using the explicit form of the propagator and integrating over spatial 
momentum, the zero-temperature shift in the energy density is 


2 2 
ana fapa A*(pa) 
T 


24/ p2 + A? (p14) 


py + A?(p4) — pa 


| (8.124) 
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This expression requires numerical solution, but a very good approxima- 
tion is 


§Q(28C) = —4 (St) (8.125) 


This was first obtained by Miransky, Shovkovy, and Wijewardhana [38]. 
The overall factor 4 comes from the pairing of four quarks in the 2SC 
state. 

Now we turn to the case of three flavors of massless quarks. Numerous 
studies have shown that the energetically most favorable state is one in 
which rotations of SU(3) color and SU(3) flavor are locked together. This 
is referred to as color—flavor locking (CFL) [39]. The simplest ansatz for 
the gap matrix is 


AP (p) = On) Any Crs [A+ (p)P+(p) + A-(p)P-(p)] (8.126) 


where Ar is one of the three antisymmetric SU(3) matrices. The analysis 
then closely parallels the case of 2SC. It turns out that there are eight 
color-flavor combinations of quarks with gap A/ 21/3 and one with gap 
2A/ 21/3 where A is the same function as in 2SC. To logarithmic accuracy 
the CFL phase is favored over the 2SC phase at asymptotically high 
density, as long as m2 < 2u^o: 


12 fps 
60(CFL) = = ( = (8.127) 


For these weak coupling estimates to be valid, one may require for example 
that g < 0.8. This translates to > 100 GeV, a density not relevant for 
any known terrestrial, astrophysical, or cosmological environment. What 
is of most interest for neutron stars and high-energy heavy ion collisions 
is the region of u in the range from several hundred MeV to several 
GeV (remember that u is one-third of the baryon chemical potential) 
and temperatures up to several hundred MeV. In this region of phase 
space, weak-coupling calculations may be a guide but cannot provide 
quantitative predictions. Therefore model studies have been done using 
the Nambu—Jona—Lasinio (NJL) model and instanton models for quark 
interactions. Figure 8.4 shows four likely phase diagrams depending on 
the number of quark flavors and the values of their masses. Panel (a) 
shows Ny = 2 flavors of massless quarks. At low density and temperature 
there is a nuclear liquid—gas phase transition, to be discussed in Chapter 
11: a curve showing a line of first-order phase transition terminates in a 
second-order transition at the dot. A second curve separates hadronic and 
nuclear matter from quark—gluon plasma (QGP) and cold quark matter; 
the phase transition is second order above a critical point indicated by 
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Fig. 8.4. A model study of the phase diagram (T as a function of u) for strongly 
interacting matter. The two upper panels are for two flavors of quarks; in (a) 
both quarks are massless whereas in (b) their masses have a nonzero common 
value. The two lower panels are for three flavors of quarks. In (c) they all are 
massless, in (d) the up and down quark masses are equal and the strange quark 
is given a heavier mass. (From Schäfer [40].) 


the dot and first order below it. Color superconductivity (CSC) exists at 
high density and small temperatures and is separated from an unpaired 
quark-gluon plasma by a third curve, a line of second-order phase 
transition. 

Panel (b) is like panel (a) except that the up and down quark masses 
are given a nonzero common value. In this case the line of first-order phase 
transition terminates at the critical point; there are paths along which one 
can go from nuclear or hadronic matter to quark-gluon plasma without 
undergoing a phase transition. 

Panel (c) shows a scenario for three massless quark flavors. There is 
a line of first-order phase transition starting at u = 0 and extending to 
infinite density. At a given density, there is a high-temperature phase of 
quark-gluon plasma and a low-temperature phase which is either nuclear 
or hadronic or a CFL superconductor. Whether there is a sharp transition 
between dense nuclear matter and the CFL phase is unclear, as indicated 
by the dotted line. 
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Panel (d) shows a scenario for equal nonzero up and down quark masses 
and a heavier strange quark mass. The main difference between this panel 
and panel (b) is that, for a given temperature, the 2SC phase is favored 
at first and then the CFL phase is favored as the density increases. The 
non-superconducting phases and their phase transitions will be addressed 
more extensively in later chapters. The structure of strongly interacting 
matter is very rich and interesting! 
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8.10 Exercises 


Prove that the QCD field strength tensor is not invariant under an 
infinitesimal gauge transformation, but that its square is. 

Verify (8.26) by either of the two methods suggested. 

Solve the renormalization-group equation for the covariant gauge 
parameter J. Use (8.17), (8.18) with the one-loop results (8.22), 
(8.28). 

Make graphs of (8.31) and (8.33), and then plot equations (8.34) to 
see how good an approximation they are. 

Evaluate at least one of the non-quark two-loop diagrams for the 
pressure and show that it contributes to (8.45) as stated. 

In the calculation of the pressure at order g* with fermions, enumer- 
ate all the diagrams that contribute and determine their individual 
combinatoric factors. 

When evaluating the static (ko = 0) limit of the gluon polarization 
tensor Iy, one encounters integrals of the type 


I a (ea) i Ge) (E8.1) 


Derive the asymptotic a — 0 expansion for this integral, which is 
2 
a + In (>) + ye + O(a) Hint: Divide the range of integration into 
T 
(0, 1) and (1, œœ). Expand the logarithm in the integrand for each 


range appropriately and integrate term by term. Take the leading 
terms for a > 0 and sum the resulting series. 

(8.100) was determined on the basis of loop diagrams containing 
only three-point vertices. Can you find diagrams containing only 
four-point vertices which give the same behavior? 

Plot the pressure of pure gluons to order g?, with g? running with 
T according to the one-loop §-function. How much do the results 
change when the two-loop (-function is used instead? 

Compare numerically the contribution to the pressure from instan- 
tons to the perturbative contribution at order g?. 

Calculate the dispersion relations for quarks in the 2SC phase. 
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9 


Resummation and hard thermal loops 


We saw in the last chapter that QCD perturbation theory has problems 
at finite temperature, when taken into the infrared domain. These prob- 
lems are the cause of the breakdown of the perturbative expansion of the 
pressure beyond O(g°). We shall see here that these divergences are also 
responsible for the need to resum an infinite set of Feynman diagrams 
in order to compute a physical quantity at a given order in the coupling 
constant. These concepts were discussed before, in Chapter 3, when the 
set of ring diagrams was evaluated. In order to make the discussion as 
simple as possible, let us revisit the case of scalar \¢* theory. 
Recalling our evaluation of the one-loop self-energy diagram, we had 


= wary | a ET (9.1) 


As previously the vacuum contribution is renormalized by a mass coun- 
terterm and the complete self-energy, after analytic continuation to real 
energies, at finite temperature and at first order in the coupling is 


ai 1 1 
m= 12 2 
|e weve — ] (9.2) 


In the high-temperature limit all masses are negligible, and then one can 
write II; — AT?. Therefore, at one-loop order thermal fluctuations gen- 
erate a mass for the scalar field, meg = VAT. Notice that in the massless 
limit the integral in (9.2) is dominated by momenta of the order of the 
temperature, k ~ T. In our high-temperature limit these momenta would 
be referred to as “hard”. The effects of the thermal mass can be incorpo- 
rated by defining an effective propagator which, in frequency-momentum 


177 
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space, would be given by 
O 1 
wt +k? +AT? 
This simple example tells us that if momenta are of the order of the 
temperature, or hard, the self-energy correction to the propagator is a 
perturbative correction and can be neglected. However, if the momentum 
is “soft”, so that k ~ VAT, then the thermal mass term is as large as 
the inverse bare propagator and certainly must be included. In this limit, 
the correction is as big as the leading term. The previous discussion also 
suggests that it is useful to define hard, k ~ T, and soft, k ~ VAT, scales 
of momenta. Here k means indiscriminately energy or momentum. An 
instructive exercise consists of recalculating the self-energy, only this time 
using the effective propagator defined above. The only change from the 
previous evaluation of the self-energy is that now one has the energy 


D* (wn, k) (9.3) 


appropriate for a massive field, w = 4/ k2 + mg We examine the behavior 


of the integrand, which is largely dictated by the distribution function, 
and recall that met/T = VX. The contribution to the integral from hard 
momenta is small and generates corrections of order A to the self-energy. 
The contribution to the integral from soft momenta allows the distribution 
function to be approximated by Ng(w) ~ T/w. Keeping in mind that the 
upper limit in this case is of order VAT, we get a contribution to II of 
order 


ar pe 
~~ dk k? 
Mef JO 
The quantitative result is 
3 
md = me (1-2 4...) (9.4) 


The improved effective mass is the same as meg to leading order but 
also contains a correction of order VX which is given entirely by the soft 
momenta in the loop integral. Importantly, this correction is obtained if 
one uses the effective propagator (9.3), which represents a resummation 
of an infinite set of higher-order diagrams. It is instructive to note that 
even though each of these diagrams is infrared divergent, their sum is 
finite. We have encountered this situation previously in the form of the 
ring diagrams in Chapter 3. 

The scalar field application is considerably simpler than that of gauge 
theories, but it conveys the essential part of the message: in order to cal- 
culate systematically amplitudes with soft lines, it is necessary to resum 
perturbation theory by including all possible hard thermal loops. We 
shall see that, in general, this procedure involves effective propagators 
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and vertices. In \d* theory, it is sufficient to consider only the effective 
propagator as defined above. Since the coupling depends on the temper- 
ature only logarithmically, the use of bare vertices is adequate. The case 
of gauge theories is more involved technically because the self-energy is 
generally energy and momentum dependent, and because there are ver- 
tices that are energy and momentum dependent. Also, there is a rich set 
of important physical scales in weakly coupled gauge theories. The next 
section outlines how to pick out the contributions of hard thermal loops 
from a diagram with soft external four-momenta. 


9.1 Isolating the hard thermal loop contribution 


We will concentrate here on one-loop diagrams and generalize later. We 
follow the original treatment of Pisarski and Braaten [1, 2]. As discussed 
previously, the evaluation of one-loop self-energies involves a sum over dis- 
crete frequencies as well as an integral over three-momenta. This sum may 
be evaluated using the following technique. Let us first define a Fourier- 
transformed propagator with respect to wn = 2nnT, for bosons, as 


Ap(t,k) =T X` ew" Do(wn,k) (9.5) 


n=—Co 


The sum over discrete frequencies is easily done by using the contour 
integration technique of Chapter 3. The result is 


Ate = A {I1 + Np(k)Je™” + Na(k)eki ) (9.6) 
where Np(k) = 1/ [exp(|k|/T) — 1]. The inverse of (9.5) is 


B , 

Dolwn, K) = f dre"? Apg(T,k) (9.7) 
0 

It is easy to verify that the boson propagator in imaginary time has the 

following properties: 


Ag(T — 2, k) = Ap (—T, k) = Apt k) (9.8) 
A similar analysis for fermions, with wn = (2n + 1)7T, yields the intuitive 
result 
eT tent 1 


Ar(,k)=T J -a mn fu Np(k)] e77 — Np(k)e } 


n=— o0 


(9.9) 
where Np(k) = 1/ [exp(|k|/T) + 1]. 
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The usefulness of this approach is easily illustrated for the case of one- 
loop integrals. There, each internal propagator (we concentrate on bosons 
for simplicity) is written as an integral over 7 as in (9.7). Evaluating the 
sum over discrete frequencies will create a delta function in 7. The overall 
integral over imaginary time can be done directly. Then the contribution 
of order T? is easy to pick out. A few examples will help to illustrate the 
procedure. 

In a tadpole self-energy one has to evaluate 


= dk dk fÊ ur 
TI |g =f È Jor l dre" Ap(7, k) 
Ok 
| Ph sate =o. 


en 
3 
=f Em lt] (9.10) 


The first term corresponds to the usual T = 0 ultraviolet divergence and 
is removed by renormalization. Rewriting the result for the remaining 
term we get 


~ tp 
Pro Dolwn, k) ~ GT (9.11) 
The approximation sign means that equality holds “in the hard thermal 
loop (HTL) limit”. Here this is actually an exact result. 
Another example is that of the photon self-energy in scalar QED. Let 
us write the Lagrangian that governs the behavior of the scalar field ¢ 
and of the photon field A, as 


L= (Dyd)"D"$ — oF FO z 7 (3r A)? (9.12) 


where p is the gauge-fixing parameter, discussed in Chapter 5. Recall that 
D, = 0, + teA,. The Feynman diagrams that contribute to the first-order 
self-energy are 


vows 


In Euclidean space the photon self-energy is 


ak (2k + p)” (2k + p)” 
= p2 
TI” (wm, p) = —e ty an 3 (w2 + k?) [(wm + wn)? + |p + k|?] 


3k 1 
+ 2 6HY sf th i BrE (9.13) 
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To facilitate the usage of noncovariant propagators, this may be written 
as 


B - p)" (k -q 
I (wm: p) =~ | E (w2 + n (w2 + q?) 


+26 e ste eee Te (9.14) 


where q = p — k and wy = Wm — wn. 

Concentrating on the finite-temperature contributions, and recalling 
that the temperature-independent divergent parts are regulated using the 
same techniques that operate at zero temperature, we may write 


I” = FPH 4 GPH (9.15) 


which is now in Minkowski space. The analysis and the results are very 
similar to those of electronic QED that were derived in Chapters 5 and 
6. The quantities P and Pr are the familiar longitudinal and transverse 
projection tensors. The scalar functions F and G are inferred as follows: 


F=” Piw , (9.16) 
1 
G= 5 Prw (9.17) 


Note that the transversality of IA” (k Ii” = k II = 0) is manifest, 
as required by current conservation. Writing F = (p?/p?) II°° and using 
(9.15) and the fact that the integral defining the scalar function will be 
dominated by the hard momentum scale k ~ T, we get 


22 2 
Fre (1 2) h a m (22N) | (9.18) 
3 p 2\p|  \po — |p| 
where for this discussion po = iwm, and p? = p2 — p? = — (w2, + p°). Here 
again the approximation sign is to be interpreted as meaning “in the HTL 
limit”. Similarly, one may show that 


1 (eT? 
calS -F) (9.19) 


From this analysis of the HTL contribution in scalar QED, some new 
aspects are immediately apparent. Unlike Ad* theory, the self-energy is not 
only temperature dependent but now also momentum dependent. Also, 
the self-energy can develop an imaginary part when the kinematics are 
such that |p| > po > —|p|. This situation corresponds to that of Landau 
damping, where one particle is emitted from the thermal medium and 
another is absorbed. 

The reader will undoubtedly have noticed that writing propagators in 
frequency-momentum space and then performing a Fourier transform to 
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imaginary time is but another method of doing the frequency sums. In 
some cases, it has advantages over the direct contour integral technique. 
However, the trick turns out to be useful only for loop diagrams; for 
tree-level diagrams little is gained by going over to the imaginary time- 
momentum domain. 

The examples considered here can be used to extract some rules for 
the evaluation of the HTLs. Following Braaten and Pisarski, one might 
generalize the procedure to the evaluation of N-point functions in one- 
loop amplitudes for QCD at finite temperature. Before one proceeds to 
the more general case, it is instructive to evaluate explicitly the HTL 
contribution to the gluon self-energy. This calculation was first performed 
by Kalashnikov and Klimov [3] and Weldon [4]. 

We shall perform the QCD calculation in the Coulomb gauge 
(V - A° = 0), with a as color index. Even though this gauge is a little 
awkward for many applications, owing partly to the fact that it is nonco- 
variant, it has certain advantages at finite temperature. We will see some 
of those shortly. Of course, the result of a calculation of any physical quan- 
tity should be gauge invariant. Recall that the bare gluon propagator in 
the Coulomb gauge is (omitting the color indices) 


DEY = —— Pr = pre (9.20) 


A gauge-fixing term (V - A“%)?/2p could be added but would not change 
the analysis that follows. At one-loop order, the gluon self-energy is 
obtained by computing the Feynman diagrams in the following figure: 


Oy Oe + Or + O. 


Note that the ghost propagator in the Coulomb gauge is 1/p?, omitting 
color indices. Thus, ghost fields are static in the Coulomb gauge: they do 
not propagate. The same is true of the longitudinal gluons, another con- 
venient feature. Hence there are advantages in using the Coulomb gauge 
in an application like the one considered here. In gauges with propagating 
unphysical degrees of freedom, the contributions from ghosts and longi- 
tudinal gluons cancel each other only in the final stages of a calculation. 
Therefore, the choice of the Coulomb gauge makes the computation of 
the second diagram in the figure above unnecessary. 

The first diagram in the figure generates a contribution to the self- 
energy that is 


2 3 
gN Bk 
Il = —-——T J —TDID 21 
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The prefactor is easily understood. The factor 1/2 comes from a combina- 
tion of the coefficient in the perturbative expansion of the thermodynamic 
potential, the numerical factors associated with the triple-gluon vertex, 
and combinatorics. The factor N comes from a color trace. In the HTL 
limit, the loop momentum constitutes a hard scale. In that limit, the 
vertex functions can be rewritten as 


pia, a) 


v 


X ig fabe (984 ie = Japs ky — Jya kg) 
(k — p(B, b) a ky, c) 


where k is the hard loop momentum. Inserting this vertex and using the 
high-temperature limit, one obtains the HTL limit of the contribution of 
the first self-energy diagram in frequency-momentum space: 


dk 
I! (ump) w 4PNT Y | TEK Do(K)Polp — ti) 


Ëk oy 
2 i sV 
NT 66I Di; (k 9.22 
PNTE | tS Da0 (9.22) 
In a similar fashion one may compute the self-energy corresponding to 
the four-gluon vertex and to the quark—antiquark loop. The sum of these 
different contributions is written in Euclidean space as 


M (ump) 4g? (+ 55) (z S | he DoDo) 


3 
7 ery | EPs) (9.23) 


The high-temperature limit of the gluon self-energy takes exactly the same 
form as (9.18), (9.19) with the replacement of the overall factor e?T?/3 
by the square of the color electric mass må. The latter is 


1 1 3 
m2, = z NT? + > a + Že) (9.24) 
f 


where the sum refers to the quark flavors f, which may have differing 
chemical potentials. The energy and momentum dependence of the gluon 
self-energy, in this limit, is also identical to that of electronic QED, as 
analyzed in Section 6.7. It follows that the functional form of the disper- 
sion relation is the same as for photons, at least to lowest order in the 
coupling constants. 
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Upon generalizing our result from self-energies to an arbitrary N-point 
function, considerable progress is made by observing that the momentum- 
independent term in (9.22) is specific to the self-energy topology. For 
example, it will be absent in the HTL limit of the three-point functions. 

Next consider the N-gluon amplitude in the Coulomb gauge. One of 
the Feynman diagrams is shown in the following figure. (The complete 
HTL calculation also needs a diagram with an internal quark loop.) 


In the usual notation this N-point amplitude is proportional to 


p34 | = ki... k#NDo(k)Do(p1 — k)-+-Do(pw-1—k) (9.25) 


Insert the noncovariant propagators and do the frequency sum. One of 
the resulting terms is 


[ee oe [Np(k) — Np (pi — k)] 
kp Eye) eee 


x [(pl — |k| + [pi — k|) (pha — Ik — pw-al + Ik|)] (9.26) 


The structure of the integrand can be understood as follows. The N 
momenta in the first denominator come from the denominators of the 
Fourier transform of the Euclidean propagators, (9.6); the N gluon 
momenta in the numerator come from the triple-gluon coupling, which 
is linear in momentum. The energy denominators come from integrat- 
ing over the different imaginary time variables associated with the use 
of (9.7). There are only N — 1 of them, as the first integral was used in 
conjunction with the delta function generated by the frequency sum. As 
argued previously, hard thermal loops occur when the integrating region 
is hard, of order T. We may get an estimate of the magnitude of (9.26) 
when the external momentum is soft, of order gT. In that limit 


k~T  |pi-k|~T  |k|—|p—k|~|p| 


Now we use Np(k) — Ng(p—k) ~ |p| zdNp(k)/dk, with z=p-k. 
Putting all this together, and recalling that there is one power of the 
coupling constant at each vertex, the amplitude for N external gluons is 
gXT?/\p|\—?. The tree-level diagram for the N-point gluon amplitude is 
easier to estimate: it contains N — 2 vertices and N — 3 propagators. Its 
magnitude is thus g¥~?/|p|N~4. Clearly, when |p| ~ gT in the one-loop 
N-gluon amplitude, its magnitude is that of the tree-level contribution 
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and therefore has to be included in a consistent calculation. Therefore a 
resummation is required. 

A set of rules for the power-counting of one-loop diagrams, first estab- 
lished by Braaten and Pisarski, may be inferred from the above analysis. 
They are summarized here for the case where all external momenta are 
soft. 


1 The measure of the integral over the loop momentum is of magnitude 
T: 

2 One propagator does not contribute an energy denominator since it is 
used in the integral over the delta function in imaginary time. Thus, 
there is a factor 1/T for the first propagator from the denominator 
of (9.6), and a factor 1/gT for each additional propagator owing to 
Landau damping contributions. 

3 Each k” in the numerator, from vertices or fermion propagators, is 
replaced by T. 

4 For loops with at least two propagators, if the latter represent fields 
of the same statistics, an extra factor of p/T appears owing to the 
cancellation of distribution functions. 


Note that the N = 2 case does require separate consideration. This can 
be seen upon examination of the tadpole diagram in the scalar QED exam- 
ple, and also in the computation of the gluon self-energy in the Coulomb 
gauge. It is now also clear why loops with ghost fields will not contribute 
to the HTL term in the Coulomb gauge: because they are nonpropagat- 
ing they cannot generate the term 1/gT associated with Landau damping. 
More specifically, the transverse gluon propagator will have a contribution 
1/T x 1/gT, whereas a field with propagator ~ 1/k? will have a contribu- 
tion 1/T?, suppressed by one power of g. It is also useful to note here that 
these rules assume that the N-point functions are linear in the thermal 
distribution functions, whereas from (9.6) it would appear that powers 
of the distribution function would arise. This power would be the same 
as the number of propagators. However, in the final result a cancellation 
always yields a single power of Ng or Np. This fact is most easily seen 
when the frequency sum is performed by the technique of contour inte- 
gration. Indeed, considering (3.40) one sees that each pole residue gets 
multiplied by a single distribution function. Finally, we note that there is 
no HTL amplitude with external ghost fields. 


9.2 Hard thermal loops and Ward identities 


In the case of a gauge theory we know that N-point functions are related 
to (N —1)-point functions by Ward identities. At high temperature, 
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where HTLs give the leading contribution, we shall verify that Ward iden- 
tities are indeed satisfied. This is a useful check on the method. 

As an exercise, we can first check whether the HTL limit of the photon 
self-energy in scalar QED satisfies a Ward identity; verification is immedi- 
ate, pIu (wm, p) = 0. The same observation can be made for the gluon 
self-energy we obtained previously. It suffices to calculate explicitly three- 
point and four-point functions in order to generalize to a given topology 
at some order of the coupling. For example, the three-gluon amplitude 
will receive contributions from a pure gluon loop and from a quark loop. 
With the rules, the HTL limit of their sum can be obtained, and it is 


1 
(er? ~ = 8g? (w+ zN) T 


x N| = ktk” kK? Do(k)Do(p1 — k)Do(p2 +k) (9.27) 


Note that the momentum-labeling convention in the vertex is such that 


pı + po + p3 = 0. Similarly, the HTL limit of the two-quark one-gluon 
vertex is obtained through the evaluation of 


On On 


Bk, 
Mag 49 Cru Sf TEE" E Dol Yolen — K)Dolpa + k) (9.28) 


and is 


where Cf = (N° — 1) /2N and N is the number of colors. 

The Ward identities can be derived in a straightforward fashion from 
the properties of the three-point and four-point functions in the HTL 
limit. Besides the transversality condition already mentioned, they are 


p3 T°®? (p1, p2, p3) = T° (p1) — I (p2) 


R (9.29) 
P3yl oq—1¢(P1, P2; P3) = U(p1) — X (p2) 


where }(p) is the high-temperature quark self-energy. Similarly, the four- 
and three-point functions, in the HTL limit, are related by 


past? (p1, p2, p3, pa) = T90? (pi + pa, pa, p3) 


—T°97 (p1, po + pa, p3) 
(9.30) 


Pagl S99 (P1; P2; P3, Pa) = T3 1g(P1 + Pa, P2, P3) 
-T 5g—1g(P1; P2 + p4, p3) 
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where a trace over the color indices of the two gluons has been taken. It 
is now apparent that effective vertices can and will exist in cases where 
no bare vertex is defined. For example, the 1PI vertex between a pair of 
quarks and a pair of gluons, T vo will consist solely of one-loop HTL 
contributions, as is obvious from the figure: 


KRAA 


A consequence of the fact that hard thermal loops obey Ward identities 
similar to those of tree amplitudes is that their generating functional is a 
gauge-invariant functional of the quark and gauge fields. 


9.3 Hard thermal loops and effective perturbation theory 


We have seen that, owing to hard thermal loops, some Feynman diagrams 
that are superficially higher order in the coupling constant will have the 
same magnitude as tree-level diagrams in finite-temperature field theories. 
We have also seen how to evaluate the HTL contributions. We can employ 
this knowledge to resum HTLs into an effective theory. In this formalism 
bare vertices and propagators will be replaced by effective vertices and 
propagators, which are obtained via a HTL resummation. 

Using the Schwinger—Dyson equation one may define an effective gluon 
inverse propagator in terms of the bare one as 


(D*) =P guy — Pupy + It, (9.31) 


where the self-energy is evaluated in the HTL limit. An equivalent expres- 
sion exists for quarks, the inverse propagator being related to the self- 
energy. The effective three-gluon vertex can be constructed similarly: 


T*#’? (p1, p2, p3) = TH (p1, p2, p3) + 6r? (p1, p2, p3) (9.32) 


where the finite-temperature contribution (the second term on the right- 
hand side) is evaluated in the HTL limit. The contributions to the three- 
point function, in a ghost-free gauge, are represented by 


This procedure is generalized to more complicated topologies. As noted 
in the previous section, HTL effective vertices can exist in the absence 
of their bare counterparts. If all the external momenta are of order gT 
then the HTL self-energies are of the same order as the bare inverse 
propagators; the same statement holds true for vertices. Therefore, in 
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the evaluation of a loop contribution, propagators and vertices need to be 
of the effective kind for the kinematical region where the loop momentum 
is soft. An example is that of the one-loop quark self-energy 


-g-.-O- 


where the blobs denote effective quantities. 

One might formalize the effective perturbation theory one step further 
by starting with effective Lagrangians. One can show [5] that the effective 
Lagrangian for gluonic hard thermal loops is 


LV LX 
Fala) f = - st] (9.33) 


1 
L = — sme Tr 


Here the trace runs over color indices, Fuy = F er where the Ga are the 
generators of the group, and k = (—i, k) (in Minkowski space). The inte- 
gration over solid angle refers to the direction k. Also, D4 = O” + ig A” is 
the covariant derivative (A“ = AiG“). Similarly the effective Lagrangian 
for fermionic hard thermal loops is 


dQ ke 


=a 
£= mba | Sole) (9.34) 
with 
N? -1 ma 
oo 2 (2 
™ = -iN 9 (r + E) (9.35) 


9.4 Spectral densities 


It is interesting to know where the spectral weights are concentrated for 
various operators within the hard thermal loop approximation. Here we 
shall focus on the quark spectral densities since they will be used in Chap- 
ter 14 to compute the rate of photon emission from the quark—gluon 
plasma formed in high-energy heavy ion collisions. 

The quark self-energy in the HTL limit may be immediately inferred 
from the electron self-energy given in Section 6.8. The only difference is 
the change in the numerical factor in the fermion—vector meson vertex. 
The quark propagator is 


* * —p-: $ +p. 
G*(p) = Gi (p) + G* (pr) a (9.36) 
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g% (p) = f-m pl + Te mt fo (2) +a (2)] y (9.37) 


The functions Qo and Q; are the Legendre functions of the second kind, 
namely 


where 


G= G + z) Qi(2)= zQo(z) -1 (9.38) 


The effective quark mass was given in (9.35). In the limit g — 0 we recover 
the bare quark propagator. 

It is a straightforward exercise to compute the spectral densities for the 
functions G4. They are 


plop) = CP ow —welp)) + Slo + wglp))] + Belo, p)Op? — e?) 
(9.39) 


q 


with 


bB+(w, p) = smi (|p| Fw) (fpes Ip|) -m fo (= ) zafe) 


femal) 


The w4(p) represent the two branches of the dispersion relation for 
quarks, essentially as discussed in Section 6.8. They are, of course, deter- 
mined by the poles of G4 (w, p). The functions 64 represent branch cuts 
that give rise to Landau damping, which is possible when |w| < |p|. 


9.5 Kinetic theory 


The connection between kinetic theory and the HTL formalism is at first 
sight surprising and mysterious. However, once we realize that small devi- 
ations from local thermal equilibrium may be described by either kinetic 
theory or by linear response theory, the connection may be viewed as 
different manifestations of the same physics. 

The connection can be initiated by considering the elementary example 
of an ensemble of charged classical particles. Assuming that hard colli- 
sions can be neglected, and that the particles thus interact only through 
average electric and magnetic fields, one can write an equation for the 
time evolution of the single-particle phase-space distribution f(x, p, t): 

of of of 


. F. 
aY a” Op 


=0 (9.41) 
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Here v is a velocity and F is the Lorentz force. Note that in general 
the single-particle distribution function depends on time, on the posi- 
tion and on the momentum. This transport-type equation can be derived 
by requiring the total time derivative to vanish in the absence of hard 
collisions: a statement of Liouville’s theorem. This equation is the colli- 
sionless Boltzmann or Vlasov equation. The derivation is completed by 
using the appropriate Lagrangian for electromagnetic interactions as well 
as Hamilton’s equations. For an electromagnetic plasma in equilibrium 
the distribution functions will not depend on the spacetime coordinates 
and will be isotropic in momentum space. Keeping those facts in mind, 
let us slightly perturb the distribution function f: 


f(x, p,t) = f ([pl) + 6f(%, pt) (9.42) 
Then, to first order in the modification of the distribution function, 
a a df (|p|) 
= rae = . A 
E +v Z) 6f (x, p,t) eE-v T (9.43) 


where e is the energy of the particle of charge e. Assuming that the 
perturbation is switched on adiabatically, one may solve for the out-of- 
equilibrium part of the distribution function: 


(0) t 
ôf (x, p, t) = i Bu f de-N) y E(x — v(t — t,t) (9.44) 
€ —oo 
This leads to an induced current 
iM (x nae f SR mon t) (9.45) 
Jina\® (27)3 »P; : 


where v” = (1,v). Finally, relating the polarization tensor to the induced 
current via 


if (x) = / dy Tl” (e — y)A,(y) (9.46) 


one obtains the following results in frequency-momentum space: 


22 ; 

e*T dQ Wm, 
I = 1 
eT? / dQ. Wyn Vj 0; 
3 
We have made the assumption that the particles are massless, in which 
case their velocity vector is a unit vector v. The integrals in (9.47) are then 
over the orientation of the unit velocity vector. Remarkably, the result 
above is in fact the HTL contribution to the one-loop photon polarization 
tensor in QED. A direct calculation to show this is straightforward. 


(9.47) 
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An important feature emerges here that generalizes to both the quan- 
tum domain and to nonabelian quantum field theories. This feature is 
that the Vlasov equation is an effective equation of motion for the soft 
modes of the plasma and corresponds to the fact that the hard thermal 
loops are obtained by isolating the leading-order contributions to one-loop 
diagrams with soft external lines. Put another way, the induced current 
calculated from the solutions of the Vlasov equation generates directly 
the HTL contribution. 

Since in QED the HTL in the vacuum polarization tensor could be 
obtained by using classical transport theory, one could attempt a similar 
treatment for QCD. This approach appears promising, as HTLs represent 
the interaction of energetic quanta with weak mean fields. The hard ther- 
mal effects should then be driven by thermal fluctuations that can be cast 
in a classical framework. The starting point consists of considering a set 
of particles carrying nonabelian SU(N) color charge Q°. One may write 
down the time evolution equations for the space-momentum coordinates 
of those particles. An important difference arises immediately in QCD: 
the particles may exchange color with the fields with which they interact. 
There needs to be an equation of motion for the color quantum number. 
The set (x, p, Q?) can be thought of as an augmented phase space. Note 
that, except for Q%, the elements of this set are now four-vectors. 

The dynamical evolution of these phase-space variables is dictated by S. 
K. Wong’s equations [6]. They can be derived by starting with the Dirac 
equation, suitably generalized to include QCD, finding the equations of 
motion for the operators, and then letting A — 0. One obtains 


dx” dp” 


= np” ee a Ty 
m- 7P m-i gQ FE” py (9.48) 
dQ“ bee ah 
= —g fr ent A? O° 
m-i gf” "p" ALQ 


As usual Ff is the field strength tensor, g is the strong coupling constant, 
and the f%° are the structure constants of the group. These equations can 
be generalized to include spin, but this is not important for the present 
discussion. In the collisionless case, the proper-time total derivative of the 
phase-space density should vanish: df(x,p,Q)/dr = 0. Using the equa- 
tions of motion presented above, one obtains the Boltzmann equation in 
the absence of collisions, 


o 
p” (= - 9QaF ii LY On — GfabcA Qa =) f(x,p,Q) =0 (9.49) 


Qa 


Together with the Yang-Mills equation, (D,F#”)* = J#* (where 
the covariant derivative is D% = 0,6°° +g JA), one obtains a 
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self-consistent set of nonabelian Vlasov equations. The net current is 
JH? = X` j#% where the sum runs over all species and spins. The space- 
time coordinates are implicit. More explicitly, 


jP*(a,p) =9 f dQp"Q" f(e, p,Q) (9.50) 


Physical states are guaranteed if the appropriate constraints are incor- 
porated in the measure of the augmented phase space. In the limit of 
vanishing masses, 


dQ = BQ 5(Q"Qa — 42) 6(daveQ"Q°Q® — 43) (9.51) 
dł 
dP = Zn) 526(00)5(0") (9.52) 


The first equation is specific to SU(3) and ensures the invariance of the 
Casimir constants. The dabe are the totally symmetric group constants. 
The second equation makes positivity manifest along with the on-shell 
requirement. 

Specializing in small departures from equilibrium, one may write 


f= FO + gf + gf? Jesas (9.53) 


To first order in the coupling, the transport equation reduces to 


o o o 
u| % _ ¢abe ab (1) _ pw a ~ ¢(0) 
p (= gf Qez) fO =p Qat wg (9.54) 
Arguments that are phase-space variables are once again left implicit. 
Integrating by parts, using the definition of the current at a given order 
in terms of the distribution function, (9.50), and summing over the N¢ 
quarks, Nr antiquarks, and the N? — 1 gluons and their physical spin 
states, one gets 
d 
[p : DJ" (x, p)]? = 2g? pp” Fp —— 
dpo 
Kelly et al. [7], as well as Taylor and S. M. H. Wong [8] have shown that 
a solution of the above can be obtained in a functional form: J“(x2) = 
—61(A)/6A, = —G°6T(A)/6Al,. The generating functional is 


m2 
r= = I d*x Ae(ax)A8(x) — f WA) (9.56) 


where an explicit expression for W is given in [8]. This generating func- 
tional is consistent with the effective Lagrangians we wrote down earlier. 

A field-theoretic procedure can also be invoked to derive the results 
above. Following Blaizot and Iancu [9], the field equations of motion 
may be obtained by functional differentiation of the nonabelian gener- 
ating functional. However, by definition this procedure does not produce 


[NNg(po) + NeNv(po)| (9.55) 
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gauge-invariant equations of motion. Indeed, the original Lagrangian in 
the action has to be gauge-fixed. This is not a problem, as physical results 
will not depend on the choice of gauge. However, intermediate steps that 
are gauge independent do permit a clearer physical interpretation. A 
method that circumvents this annoyance is that of the background gauge 
field [10], where the gauge field is split into a classical background field, 
identifiable as a mean field, and a fluctuating quantum field. Then a mean 
field approximation, where hard degrees of freedom interact with softer 
mean fields, together with an extraction of terms of leading order in g, is 
performed. Care has to be taken to preserve the gauge symmetry in those 
procedures. As in the classical limit, one allows first-order fluctuations 
in the density matrices, the Wigner transforms of which have many of 
the properties of classical phase-space distributions. The transport equa- 
tions thus obtained yield (9.55). Note that practical applications typically 
involve the evaluation of quantities like the polarization tensor. This may 
be obtained from the current in the case of weak fields or, equivalently, 
in the linear response limit by a functional derivative of (9.46). Finally, 
the formal manipulations in [9] have greatly clarified the physical nature 
of hard thermal loops. As already mentioned, the high-temperature limit 
does permit an ordering of scales. One starts with an identification of 
plasma particles that have typical momenta of order T. Soft collective 
degrees of freedom then appear, which carry the same quantum numbers 
as the primordial constituents but which have typical momenta of the 
order of gT. This scale separation allows for the derivation of a kinetic 
equation for the plasma particles, the solution of which provides a gener- 
ating functional for the hard thermal loops. Therefore, hard thermal loops 
describe long-wavelength collective excitations of the thermal particles. A 
natural consequence of this fact is that HTL perturbation theory is useful 
for the evaluation of physical quantities that are only sensitive to scales 
of the order of gT. Many other observables will be sensitive to scattering 
processes whose treatment will go beyond hard thermal loops. 


9.6 Transport coefficients 


In Section 6.9 we discussed the general Kubo formulae for transport coef- 
ficients. For completeness we quote here the values for the shear viscosity 
and flavor diffusion constant for QCD at high temperature. They were 
computed to lowest order in the gauge coupling but to all orders in the 
logarithm of the coupling by Arnold, Moore and Yaffe [11]. For the pure 
gauge theory without dynamical quarks the results are 


0.2081 0.344 
~~ a21n(0.580/a,) T "= 421n(0.608 Os 
S sS 


T? (9.57) 
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while for two flavors they are 


O 0.165 1 O 1.095 
~ a2In(0.497/a5) T ig a2ln(0.521/as) 


and for three flavors of massless quarks they are 


T? (9.58) 


0.150 1 1.351 3 


~ a?1n(0.461/as) T = a? 1n(0.464/as5) 


Here D refers to quark flavor diffusion. These QCD expressions have an 
extra logarithmic factor arising from the Debye screening of the long-range 
color Coulomb force. 


(9.59) 


9.7 Exercises 


9.1 Derive (9.6) and (9.10). 

9.2 Obtain the polarization tensor for QED in the HTL limit, starting 
with the effective Lagrangian of (9.33)—(9.35). 

9.3 Derive the formulae for the spectral densities in (9.39). 

9.4 Derive the formulae for gluon spectral densities that are analogous 
to those for quarks. 

9.5 Verify that (9.44) satisfies (9.43). 

9.6 Obtain the polarization tensor for QED in the HTL limit starting 
with (9.47). 
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10 
Lattice gauge theory 


Perturbation theory applied to QCD predicts that the normally strong 
interactions among quarks and gluons become weak at high temperatures 
and densities on account of asymptotic freedom. This leads to a state 
known as quark-gluon plasma. The perturbative analysis of QCD was 
the subject of the last two chapters. At low temperatures and densities 
quarks and gluons are not observed individually but only as color-neutral 
objects, hadrons, on account of confinement. Then hadrons are the rel- 
evant degrees of freedom, just as atoms and molecules are the relevant 
degrees of freedom in biological physics. Nuclear matter and hot hadronic 
matter are the subjects of the next two chapters. The standard computa- 
tional method for studying QCD in the transitional region is lattice gauge 
theory. 

Lattice gauge theory is a field of intellectual study in itself. It is not 
possible in one chapter to cover it in all detail, not the least reason being 
that it is numerically quite involved. We will introduce the basic theoret- 
ical ideas and the main numerical results. As the field is evolving owing 
to rapid increases in computational power, these results will no doubt be 
superseded in the near future. Nevertheless, the main conclusions should 
stand the test of time. 

The formulation of nonabelian gauge theories on a spacetime lattice in 
Euclidean space was introduced by Wilson [1] with the purpose of study- 
ing quark confinement. The infinite-dimensional functional integral that 
defines a quantum field theory becomes a finite-dimensional integral when 
the lattice has a finite extent in space and time and is therefore unam- 
biguously defined. It is natural to expect that there is a unique continuum 
limit when the lattice spacing a goes to zero, at least for asymptotically 
free theories. The argument is that the bare coupling g(a) becomes small 
in this limit, and the long-distance properties of the theory should be 
insensitive to the details of the ultraviolet cutoff introduced by the lattice. 
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After Creutz [2] demonstrated that the functional integral of lattice gauge 
theory could be evaluated with the help of Monte Carlo numerical tech- 
niques, lattice gauge theory became the method of choice for the calcula- 
tion of observables that are beyond the reach of perturbation theory. This 
includes most properties of individual hadrons as well as their interactions 
at low energies. 

It is natural to apply the lattice technique to the study of deconfine- 
ment and chiral symmetry restoration at finite temperature. The first 
such studies were made by Polyakov [3] and by Susskind [4] using the 
Hamiltonian formulation of lattice gauge theory. They could show that 
deconfinement disappears at high temperature but were unable to prove 
that this phenomenon persists in the continuum limit, nor could they 
compute a critical temperature. This was first achieved in SU(2) gauge 
theory by means of numerical calculations by McLerran and Svetitsky [5] 
and by Kuti, Polónyi, and Szlachanyi [6]. 


10.1 Abelian gauge theory 


As a warm-up to full QCD let us consider how to define a Hamiltonian on 
a discrete spatial lattice for a pure gauge theory that has Abelian gauge 
theory as its continuum limit. The procedure is not unique since one can 
always add terms to the discretized theory which vanish in the limit that 
the lattice spacing goes to zero. In fact, this arbitrariness can be both a 
boon and a bane, as we shall see. 

Consider a cubic lattice with spacing a. Label each site of a lattice with 
a vector X = (£1, %2, £3). There are six unit lattice vectors: nj, n2, N3, 
n_1, N_2, n_3, where n; points in the positive x; direction, n_; points 
in the negative xı direction, and so on. A directed link is defined by the 
pair of vectors (x,n); it starts from the site x and goes to the neigh- 
boring site x + an (see Figure 10.1). The lattice may be finite or infinite 
in extent, meaning that there are either a finite or a countably infinite 
number of degrees of freedom. A continuum field theory, by contrast, has 
an uncountably infinite number of degrees of freedom no matter whether 
the box is finite or infinite in extent. 

It is natural to associate links with dynamical degrees of freedom. Let 
us define this degree of freedom to be 


U(x,n) = exp|i¢(x, n)| (10.1) 


Each link has a mate: (x, n) = (x + an, —n). The link and its mate should 
not have independent degrees of freedom associated with them, and so it 
is natural to require that 


U(x + an, —n) = U'(x,n) (10.2) 
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Fig. 10.1. Neighboring lattice sites ¿ and j connected by a directed link. 


and so 
ọ(x + an, —n) = —¢(x,n) (10.3) 


It is also natural to associate each link with an electric flux E(x,n). 
Clearly we should require that 


E(x + an, —n) = —E(x,n) (10.4) 


The theory is quantized by demanding that Æ be the momentum canon- 
ically conjugate to the variable ¢: 


[O(x, n), E(x, n)| =1 (10.5) 


Since ¢ is an angle, E has integers for its spectrum of eigenvalues. We are 
dealing with a compact U(1) gauge theory. 

The electric contribution to the Hamiltonian Aejectric must be propor- 
tional to 


E?2 
links 


where the factor 1/a gives the term the proper dimension, and the factor 
one-half is inserted for the conventional reasons of normalization. 

The magnetic field energy is less obvious. The independent degrees of 
freedom have already been defined and so it must be expressed in terms 
of them. The coordinate ¢ is the natural starting point. One defines a 
plaquette T to be a square made of four links connected head to tail (see 
Figure 10.2). The variable U associated with this plaquette is 


UT) = U(i)UG)U(k)U) = exp {ild(@) + OG) + elk) + (D]} (10.6) 
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Fig. 10.2. A plaquette. 


where the four sides of the plaquette are labeled ijkl, with the head of | 
connected to the tail of i. By going around in a closed loop like this, one 
will obtain a curl in the limit a — 0. 

The Hamiltonian is defined to be 


H=- > = jo) +U) -2| (10.7) 


r 2ag 
links plaquettes 


Notice that a dimensionless coupling constant g has been used in this 
definition of H. The fact that the coefficient of the electric and magnetic 
field energies can depend on g? should not be surprising. It does represent 
the strength of interactions because the Hamiltonian is not quadratic in 
the independent dynamical variables ¢ but has terms to all orders in ¢. 
The particular normalization is chosen, with hindsight, to reproduce the 
Abelian theory in the continuum limit. 

To calculate the continuum limit of the magnetic energy, consider a 
single plaquette with corners labeled abcd. The quantity 


Uap = e192 (10.8) 


is associated with the link ab. Define a vector potential A; via 


(10.9) 


Pab = g(Xp = Xak Ai (= z =) 


2 


We do the same for the four links comprising the plaquette, namely, ab, 
bc, cd, da. In the limit that the lattice spacing becomes very small we can 
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expand the exponentials in a power series: 


1 
A magnetic(T) = ~ Dag? jo) + Ut (T) —2 
= ~~, | i(ban + bre + Ped + daa) 
a 2ag? UPab be cd da 


1 
— 5 (Gas + Pre + Ped + Pda)? +--+ cc. 


a = (xs = Xa) Ay (= al =) + (Xe — Xp); Aj (= =) 


2a 2 2 
2 
+ (xa — Xc)i Aj =) + (Xa — Xq )i Ai (= =) 
(10.10) 


Now Taylor-expand the vector potentials about the center of the pla- 
quette. For example, if the link ab points in the direction ng and the link 
bc points in the direction nı then 


Xa + Xp Xa tXp+XetXa\ 1 OA: (Xa + Xo + Xe + Xa 
A; = A; a 
2 4 2 Ox, 4 


(10.11) 


and similarly for the other terms. The result is that the magnetic Hamil- 
tonian for this plaquette is 


ay 13f04A1 ôA? 
Hrasgnetic(C) = 3° (= r2) (10.12) 


which is proportional to the square of the third component of the curl of 
the vector potential, otherwise known as the magnetic field. 

Summing over all plaquettes results in the continuum limit for the mag- 
netic part of the Hamiltonian, 


1 
Hnameie = 5 | Px B(x) (10.13) 


since a’ vx of d°x in the continuum limit. The physical electric field E 
associated with the link ab is defined to be gn2E(Xa, n2)/a?, which has 
both the correct dimensions and direction. The continuum limit of the 
electric part of the Hamiltonian is therefore 


1 
Agtectric = 2 pez E*(x) (10.14) 


The resulting continuum theory is a free-field theory in the absence of 
electric charges. Note, however, that the original lattice theory is a fully 
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interacting theory with interactions to all orders in the vector potential. 

The range of these interactions is of the order of the lattice spacing a. 
Since this is a Hamiltonian formulation, only physical states obeying 

Gauss’s law should be included when calculating the partition function: 


Z(B) = X (yle |) (10.15) 
oo 


These states |W) should satisfy 
X B(x, n)|b) = 0 (10.16) 


for each site x, assuming that there are no electric charges in the system. 
To impose Gauss’s law, we insert a factor 


6 (= E(x, n) = a wa) exp (a05 zem) (10.17) 


at each site. This will take care of the restriction to physical states auto- 
matically. 

Let us study the theory in the strong-coupling limit, g? >> 1. This is the 
extreme opposite of the weak-coupling limit, where perturbation theory 
can be applied. In strong coupling we can drop the magnetic energy and 
keep only the electric. Imposing Gauss’s law by use of the Dirac delta 
function leads to the expression 


z= ie doa HI (% exp{ SE e n) 


links at x 


+ila(x) — a(x + n)]E(x, n)}) (10.18) 
Here and from now on F represents the eigenvalues (integers) of the oper- 
ator. To understand the nature of the strong-coupling phase, insert a pair 


of static immobile charges, one of charge g located at x = 0 and the other 
of charge —g located at x = R. Then Gauss’s law becomes 


X B(0,n) =1 
\ E(R,n)=-1 (10.19) 


X E(x,n) =0 forx #0,R 


This leads to an extra factor in Z of ec? e-to(R). 


Z(B,R) = Z(8) (ef) _ria(R) (10.20) 
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The free energy of this configuration is 
AF(6,R) = - [Tln Z(8,R) - TIn Z(8)] = -T In (eiO emia) 
(10.21) 


First consider the low-temperature limit, Gg?/2a >> 1. Then only the 
eigenvalues EF = 0,+1 matter and 


( eia(0) emat) 


_ uf da(x) I] eila(0)—a(R)] + e 89" /24 gila(x)—a(x+n)+a(0)—a(R)] 
ae QTR 
x links at x 4 e789 /2ai[ a(x)+a(x+n)+a(0) am} (10.22) 


The first of the three exponentials integrates to zero. So do the second and 
third, except for those paths that connect the two charges. For simplicity, 
choose R to lie on an axis running through the origin. Then 


(eiei) =2 (am) Nisia(0, R) 


a7 (10.23) 


where Minks(0, R) = R/a is the number of links connecting the charges. 
Therefore 


g? 
AF=-=,R 10.24 
9q2 ( ) 
The potential energy is linear and thus confining. 
The high-temperature limit, 3g?/2a < 1, is left as an exercise. It should 
be no surprise that the answer is a Coulombic potential, 


(oe (10.25) 


Since the low- and high-temperature limits have completely opposite 
behavior, one should expect a phase transition separating them. The crit- 
ical temperature is estimated as G.g?/2a ~ 1 or 


2 
T, = 2 


py 10.2 
2a (10.26) 


This depends very strongly on the lattice spacing. In fact, since this 
is a quantum field theory, quantum corrections will cause the effective 
coupling constant to depend on a, namely, g?(a) will replace g? in the 
estimate for the critical temperature. This being an Abelian theory it 
does not have the property of asymptotic freedom. Therefore g?(a) will 
grow with decreasing a. Hence Te will grow without bound as a — 0. The 
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low-temperature confining phase does not smoothly extrapolate to the 
continuum limit but is separated from it by a phase transition; confine- 
ment exists only in the discretized lattice version of the theory. This is 
well and good since we know that QED is not a confining theory. 


10.2 Nonabelian gauge theory 


Both QCD and electroweak theory involve nonabelian gauge groups, 
SU(3) in the former case and SU(2) in the latter. Essentially all modern 
numerical calculations in these theories use the Lagrangian formulation, 
not the Hamiltonian one. Calculations are done on a finite discrete lattice 
of volume V = L’, with 


L=N,a (10.27) 


where a is the lattice spacing and N, is the number of sites in each of 
the three spatial directions. The imaginary time variable is also discrete: 
0<7< (as usual with 


1 
B= R= Nea (10.28) 


where N+ is the number of sites in the imaginary time direction. The unit 
directional vectors n in three spatial dimensions must be extended to unit 
directional vectors ng in four Euclidean dimensions. It is then convenient 
to define 74 = T. The lattice spacings in the space and time directions 
need not be the same, and sometimes they are chosen differently, but 
equal spacing is the norm. 

The notions of site, link, and plaquette all carry over from the lattice 
version of the Abelian theory. The generalization of the link variable from 
U(1), as given in (10.1), to SU(N) is straightforward, but for definiteness 
we specialize to SU(2) for the rest of this section: 


U(x; na) = exp|iacj A] (x)| =uI+o-u (10.29) 


Here the link begins at the site x = (x, x4) and goes in the direction 
Nna. The oj with 7 = 1,2,3 are the Pauli matrices while I is the identity 
matrix. These link variables are elements of the group SU(2). In the con- 
tinuum limit the AZ, will be identified as 1/g times the four-vector poten- 
tial. (It is conventional to factor out the coupling constant.) Compare 
with (10.9). By the definition of the link variables there is a constraint 


ur = 1 (10.30) 


This is a compact gauge group. 
The action should be defined so that (i) it reduces to the continuum 
expression, (ii) it is gauge invariant even on the lattice, and (iii) it is as 
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simple as possible. Requirement (iii) means that an infinite number of 
extra terms that all vanish in the continuum limit a — 0 could be added. 
Actually it could be advantageous to add such extra terms if it means 
that the continuum limit is approached more rapidly and hence more 
efficiently in terms of computer time and memory. This goes under the 
title of improved actions, and will be discussed in Section 10.4. Motivated 
by the lattice action for the Abelian theory, the simplest possible action 
for SU(2) is 

S(U) = n XO (L— $ Tr UabUbcUcdUaa) (10.31) 


2 
plaquettes abcd 


That this reduces to the proper continuum action is left as an exercise. 
This action is invariant under the gauge transformation 


U (z; na) > V(£)U (£; na) V (x£ + ang) (10.32) 
where 
V(x) = expliao;A;(x)| (10.33) 


This invariance is obvious at a glance. 
The functional integral expression for the partition function involves 
integration over all possible field configurations: 


j= f [| Wasexpl-sU) (10.34) 


links ab 


When integrating over the link variables U it must be remembered that 
they are unitary matrices in the group SU(2) and therefore one must use 
the appropriate Haar measure. One could integrate over the ug and u 
subject to the constraint (10.30), or one could integrate over three angles 
in four-dimensional Euclidean space. 

At this point perturbation theory could be used to compute physical 
observables on the finite lattice at finite temperature. However, it is much 
more interesting to attempt to evaluate the large but finite-dimensional 
integral for Z using Monte Carlo techniques. The results of such numerical 
work are the subject of Sections 10.4 and 10.5. 


10.3 Fermions 


Introducing fermionic fields on a lattice has been a challenge. The most 
used techniques result in a multiplication of the number of fermion species 
in the continuum limit and/or the breaking of chiral symmetry on the 
lattice when the fermions are massless. Much technical work has been 
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done to overcome these problems. In this section we introduce the reader 
to the most commonly used techniques, as originally formulated. 

The staggered-fermion approach was invented by Kogut and Susskind 
[7]. In order to define Dirac fields y with finite derivatives in the contin- 
uum limit, they introduced two separate two-component spinors residing 
on alternate lattice sites. In the Hamiltonian formalism on a cubic lat- 
tice, a lattice site x is defined to be even or odd according to whether 
s = (x, + z2 + £3)/a is an even or odd integer. The upper two compo- 
nents of a four-component Dirac field, Wupper, reside on even lattice sites 
while the lower two components, Wiower, reside on odd lattice sites. The 
Hamiltonian for free fermions is taken to be 


= =>. w(x) o -ny(x+an)+ mý (D yta) (10.35) 


Imposition of the canonical commutation relations 


{valx), Wh} = 60,0820 (10.36) 
leads to the equation of motion 
iO = y(x), H 
= 5g DoF BEE + am) + m1) 
= 5 Doo -n [V(x + an) — y(x — an) 
+ m(-1) Wx) (10.37) 


In the continuum limit the finite differences become derivatives. Remem- 
bering that the upper and lower components of y reside on even and odd 
lattice sites, the equation of motion becomes 


o Pupper 


i a —ta - VYlower + MYupper 
K (10.38) 
i a = —10 y V Yupper — MWiower 


This is the Dirac equation for free fermions. 

Coupling to the gauge field can be done in such a way as to render 
the Hamiltonian gauge invariant. Inspection of (10.35) suggests that we 
rotate the Dirac field according to 


h(x) > V(x) (x) (10.39) 


The kinetic energy term in the free Hamiltonian that involves neighboring 
sites x and £ + ang requires us to use the parallel-transporter or link 
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variable U to connect them in a gauge-invariant way: 


H = = vl(x) o-nU (x: m)y(x + an) pen a yi (axx) 
= (10.40) 


Recalling (10.32) we see immediately that this Hamiltonian is minimally 
coupled and gauge invariant. Taking the zero-lattice-spacing limit in the 
usual way reproduces the correct continuum equations. 

The staggered-fermion approach of Kogut and Susskind can also be 
expressed in Lagrangian form and on a lattice. After some work one finds 
the action 


SES nion = Ege) sear (z, T ‘) F amô(x, x')|y(z") (10.41) 


xo! 


where in this expression Ņ has only one Dirac component. The matrix is 


D®8 (a, 2’) 


1 
= 5 > sign(e, j) [éta +anj, x')U(x;n;) — lx, x + anj)U*(2';nj)| 


1 
+ 5 [éa + ana, x')U (x; n4)e™ — 6(a, x! + an4)UŻ (2'; na)e=*] 
(10.42) 
and the sign factor is given by 
1 ifj=1 
sign(x, j) = (—1)**/¢ ¢ (—1)":/4 ifj=2 (10.43) 
(—1)@:+22)/a ifj=3 


The delta functions appearing in (10.42) are Kronecker not Dirac. A chem- 
ical potential u has also been added. Integrating over the fermion field 
gives the usual determinant of the operator: 


Z a II dU a» exp|—S(U)] det [DS (U) + am] (10.44) 
links ab 


where the action S(U) is due to the gauge fields alone. If one takes the 
continuum limit with zero mass one finds not one but four species of 
fermion. This is an illustration of the fermion doubling (better to say 
multiplication) problem on the lattice. Sometimes the (N¢/4)th root of 
the fermion determinant is taken to represent Nf species of fermion; for 
example, Nr = 1 for one species. 

Wilson [1] introduced fermions on the lattice in a different way. Every 
lattice site is associated with a four-component Dirac field. The action is 
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taken to be 
SWion = -2 J Ble) a [U (5 ra) (0 + ana) 
- Ut (@ — ano; na)W(x — ana)| +m >> Plelan) 


7 (10.45) 
This is gauge invariant and reduces to the correct action in the continuum 
limit. For example, for free fermions U = 1 and the term 


Z [y(x + ana) — (a — ana)] > dala) (10.46) 


in the continuum limit. There is a corresponding matrix DW(U) that 
replaces DKS(U) in (10.44). In this case one finds that the number of 
species increases by 16 in the continuum limit and when the fermion 
is massless. The reason is easy to see for free fermions. Instead of the 
expression (2.94) for In Z one finds the replacement (m = 0 and u = 0) 


3 
Ie 1 ; 
w2 ip = Z sin? (ap4) + zZ > sin? (api) (10.47) 
i=1 


The lattice propagator has poles not only at zero momentum but also at 
all the corners of the Brillouin zone, namely, p; = +7/a, pa = +7 /a. The 
way out of this is to introduce another term in the action proportional to 
aw02 that vanishes in the a — 0 limit. However, with any finite lattice 
spacing chiral symmetry is broken, and so the chiral condensate cannot 
serve as an order parameter on the lattice. 

Specific calculations with quarks will be reviewed in Section 10.5. 


10.4 Phase transitions in pure gauge theory 


The best-understood lattice gauge theories are the pure gauge theories 
without quarks. Extensive numerical calculations have been done for 
SU(2) and SU(3). Results for the equation of state in the vicinity of Te for 
SU(3) are shown in Figure 10.3. The SU(3) theory undergoes a first-order 
phase transition. It has been found that any SU(N) theory, with N equal 
to or greater than 3, undergoes a first-order transition [8], while SU(2) 
undergoes a second-order transition. This was predicted on the basis of 
universality arguments [9]. The essential degrees of freedom below Te may 
be thought of as glueballs, while above Tì they may be thought of as glu- 
ons. In either region the degrees of freedom certainly do interact amongst 
themselves to a greater or lesser extent. 

One must ask just how big a lattice ought to be in order to obtain 
results that are truly representative of the continuum limit for temper- 
atures of the order of one to several hundred MeV. The necessary size 
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Fig. 10.3. The equation of state of pure SU(3) gauge theory with no quarks. 
The results shown are extrapolations to the continuum limit, with an estimated 
uncertainty of order +0.1. The latent heat is about 1.574. The data were taken 
from [10]. 


may be estimated as follows. Hadrons, including glueballs, have a spatial 
extent of the order of 1 fm. Thus the size of the system should be at 
least 5 to 10 fm on a side in order to contain enough particles that the 
thermodynamic limit is approximately attained. Because the boundary 
conditions are usually chosen to be periodic in space, the effective size of 
the box is somewhat reduced due to surface effects. Therefore we should 
be conservative and require a box with sides of length 10 fm. At the other 
end of the scale, a hadron has internal structure characterized by a length 
of 0.1 fm. If changes in the hadronic structure, such as deconfinement, due 
to finite temperature are to be seen then the lattice spacing should be no 
larger than about 0.05 fm. Taken together, this implies that the lattice 
should be at least 100 to 200 sites per spatial dimension. The temporal 
dimension has length 6 = 1/T. Taking a lattice spacing of 0.05 fm and 
a temperature of 200 MeV requires about 20 sites in the temporal direc- 
tion. Numerical calculations with lattices of size up to N, = 64 or 128 and 
N, = 16 or 32 have been done. Extensive work on scaling with system size 
shows that this is probably large enough to obtain reasonable results. 
Rather than going to larger lattices, it can be advantageous to add 
additional terms to the simplest actions described in the previous sections. 
These terms vanish in the continuum limit, being higher order in a, but 
can noticeably improve the approach to the continuum. For example, 
suppose that the thermal average of some observable has the Taylor series 
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expansion in the lattice spacing 


(O) lattice — > 2n 
oe 1Y cna (10.48) 
n=1 


(Speen 

for the simplest lattice action. By the addition of judicious terms to the 
action it is possible to cancel the term cya”, bringing about a faster con- 
vergence to the continuum limit. Of course, the remaining coefficients 
are likely to be modified as a result, con — Ch,,. The modified coefficients 
may be larger or smaller or even of opposite sign. One approach is to 
add six planar link terms to the action, which is then called a tree-level 
improved 1 x 2 action. Another approach is to change certain coefficients 
in the action to correspond to the renormalization group; the action is 
then termed RG-improved. Yet another approach is to recognize that the 
coefficients cz, can be expanded in powers of g?. The coefficients in the 
action can be adjusted to make cən equal to zero to some order in g?; this 
is the Symanzik improvement program [11]. 

If there is a deconfinement phase transition then the free energy of a 
heavy quark—antiquark pair should grow linearly with separation below 
Te and be Debye screened above. This free energy can be calculated using 
the Wilson line 


B 
W(x, 8) = T, exp gı dr Ail 7)) (10.49) 
0 
and Polyakov loop 
i= ~ Tr W(x, 8) (10.50) 


Here the Aa are the Gell-Mann matrices for SU(3) (for SU(2) they would 
be the Pauli matrices), Tr is the trace with respect to the indices of those 
matrices, and T, denotes time ordering. This is useful because a static, 
immovable, quark field evolves in imaginary time according to 

(x, T) = W(x, r)v(x, 0) (10.51) 


which solves the Dirac equation. The free energy of a system that contains 
one quark with color index c located at x and one antiquark with color 
index c’ located at x’ is then determined by 


exp(-B Fea) = z È D (slal 008. (%,0) 
x exp(— 3H) h(x, 0)! (’, 0)|s) 
= za Ws lexp(— BH) va (x, Buh, 0) 


x Wel (x, 0), (x, 0)|s) (10.52) 
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where the superscript c indicates the operation of charge conjugation. The 
states |s) do not include any quarks; these must be created by the field 
operators acting on |s). This can be expressed in terms of the Polyakov 
loop 


exp(—Fyq) = Tr [exp(—GH) L(x) L(x’) (10.53) 


This is the free energy of the entire system of gluons plus quark and anti- 
quark. To obtain the free energy AF%g associated with the quark and anti- 
quark only we must divide by the partition function Z = Tr exp(—GH) 
for a system of gluons only, obtaining 


exp(—GAFyq) = (L(x) L"(x’)) (10.54) 


The generalization to an assembly of Ng quarks and Ng antiquarks is 
straightforward: 


exp(—GAFy,n,) = (L(x1) +++ L(x, E) ++ £4 (x'y,)) (10.55) 


The transcription of the Polyakov loop to the lattice is 


N,-1 
i : 
L(x) = 41 J [ U(x, ja; na) (10.56) 
j=0 


which is the trace of the product of the U matrices along the time axis. 
The link variables U are required to be periodic in time, but the class 

of allowable gauge transformations is not restricted to those that are peri- 

odic. Among them is a special set of gauge transformations that obey 


V(x, B) = V(x, 0)e27”/N (10.57) 


where n is an integer. The action of the pure gauge theory is invariant too. 
This is a global Z(N) symmetry. However, the Polyakov loop is changed: 


ier (10.58) 
and so is the free energy of a system of static quarks and antiquarks: 
exp(—GAFw,n,) > exp(—BAFy,n,) &2™™ Ne NaN (10.59) 


Unless N4 — Ng is an integral multiple of N, the free energy of this assem- 
bly of quarks and antiquarks is infinite. This is one manifestation of quark 
confinement. For SU(3) this means that the number of quarks minus anti- 
quarks must be an integer multiple of 3, whereas for SU(2) it must be an 
integer multiple of 2. 

If the Z(N) symmetry of the pure gauge theory is spontaneously broken 
then there ought to be N distinct possible values of (L), with 


(L) = 7N =n =0,1,...,N-1 (10.60) 
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Fig. 10.4. The average value of the renormalized Polyakov loop as a function 
of temperature on lattices of spatial size Ns = 32. It is zero below a critical 
temperature. Systematic errors are not included. It can go above unity because 
it is normalized to the short-distance perturbative result on the lattice. The data 
are from [12]. 


Therefore (L) is an order parameter analogous to the magnetization in a 
Z(.N) spin system. Numerical calculations with the latter systems show 
a second-order phase transition for N = 2 and a first-order transition for 
N > 3, in agreement with explicit calculations for SU(N) gauge theories. 
Calculation of the mean value of L as a function of temperature for SU(3) 
does indeed show the expected behavior of an order parameter, as may 
be seen in Figure 10.4. 

The static quark—antiquark free energy has contributions from the color 
singlet and octet potentials: 


exp(—GAF1(r, T)) = $ exp[—BAF\(r, T)| + $ exp[—BAF3(r, T)| 
(10.61) 


The octet is repulsive and the singlet is attractive. The latter is usually 
of most interest. It can be separated out via 


exp[—GAF\(r, T)] = 3 Tr(W(x, 8)W'(0, 8)) (10.62) 


This requires us to fix the gauge in order to obtain a physically relevant 
observable. Monte Carlo calculations for the color-singlet potential at var- 
ious temperatures near J, are shown in Figure 10.5. At large values of the 
separation r the free energy is independent of separation, indicating that 
the linear confining potential characteristic of the low-temperature phase 
is screened. 
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Fig. 10.5. The free energy of a heavy quark-antiquark pair in the color-singlet 
state as a function of separation for various temperatures. The calculations were 
done for N, = 32 and N, = 4, 8, and 16. The data are from [13]. The dotted line 
represents a zero-temperature potential V(r) = —4as/3r + or with as = 0.18. 


In the pure gauge theories all physical observables are expressed in 
terms of the lattice spacing. The renormalization group relates the cou- 
pling, the lattice spacing, and the scale parameter, A. To two-loop order 
the relationship is 


aAy, = z exp 


1 —1 

PFOA © (say) lee 
where the coefficients 6o and (3; were given in (8.39). The scale parameter 
Ay, can be related to the scale parameters in other schemes, such as Ams. 

The best approach to obtaining physically relevant numbers from lat- 
tice calculations is to express the results as dimensionless ratios. Then 
the explicit dependence on the lattice spacing drops out, and hopefully 
the sensitivity to nonzero a is reduced. For example, pure SU(3) gauge 
theory at T = 0 does not have the usual assortment of hadrons, such as 
pions and nucleons. It only has glueballs. A relevant ratio then would be 
T././o, where o is the string tension, which may be obtained from the 
asymptotic part of the color singlet potential at T = 0. An average of 
several existing calculations yields T././o = 0.632 + 0.002. Now, there is 
no absolute argument that says that the string tension in quarkless SU(3) 
must be the same as in the real world with its six flavors of quarks with 
various masses. Still, one needs some scale to compare with and it might 
as well be the string tension. From the phenomenology of heavy quark 
systems and from the observed linear Regge trajectories it is known that 
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Vo ~ 420 MeV. In this case T, ~ 265 MeV. If one chose a different com- 
parison scheme then one would undoubtedly get a different number for the 
critical temperature in MeV because the relationship among observables 
depends on the number of quarks and their masses. 


10.5 Lattice QCD 


Inclusion of quarks on the lattice intensifies the numerical difficulty 
tremendously. A straightforward evaluation of the fermion determinant 
involves (N3N-,)! terms. Since most entries in the fermion matrix are 
zero, clever techniques can be used to reduce this number significantly, 
but the task is still formidable. As in the pure gauge theory, additional 
terms can be added to the fermion part of the action that quicken the 
approach to the continuum, albeit at the expense of computational time. 

The quark masses used in lattice calculations to date are not constants 
but scale with either the lattice spacing, am = constant, or with the 
temperature, m/T = constant. In principle the values of the up, down, 
and strange quark masses should be adjusted to yield the experimen- 
tally observed values of the pion and kaon masses. Then all other hadron 
masses, and all calculations done at finite temperature, would be absolute 
predictions of the theory. However, it turns out that the computational 
time grows quickly with decreasing quark mass, so that this goal has not 
been achieved yet. 

Figure 10.6 shows the energy density versus temperature for two flavors 
of light quarks, two flavors of light quarks and one heavier quark, and three 
flavors of light quarks. Light and heavy mean Miight = 0.4T and Mpeavy = 
T, roughly corresponding to up and down quarks and strange quarks. 
There is a big jump in the energy density centered at a temperature 
defined to be T.. Finite size and lattice spacing (N, = 4) prevent one 
from concluding whether there is a first- or second-order phase transition 
or only a very rapid crossover. Extrapolation to the physical value of 
the ratios of pion to rho and omega vector meson masses suggests that 
Te = 172 +9 MeV for two light quarks, where the quoted uncertainty is 
statistical only. The systematic uncertainty is comparable in magnitude. 
The value of Te is reduced by 15 to 20 MeV for a world of three light 
quarks. 

The Polyakov loop cannot be used as an order parameter when dynami- 
cal quarks are included because the quark part of the action is not invari- 
ant under Z(3) transformations. This can be understood intuitively by 
remembering that the Polyakov loop is used to measure the free energy of 
any configuration of static quarks and antiquarks. When a quark and anti- 
quark are pulled apart the potential ceases to be linear in the separation, 
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Fig. 10.6. Energy density in units of T+ as a function of T/T, for two flavors 
of light quarks, two flavors of light quarks and one flavor of heavier quark, and 
three flavors of light quarks. The lattice size is 16° x 4. The data are from [14]. 


because the string can break owing to the creation of a light dynami- 
cal quark and antiquark. So what then could the order parameter be? If 
some of the quarks have zero mass then the theory has chiral symmetry, 
and the quark condensate (Yy) serves as an order parameter. Figure 10.7 
shows the temperature dependence of this condensate for a sequence of 
ever decreasing light quark masses, for two light flavors and one heavier 
flavor. The quark condensate goes to zero if the light quark mass is light 
enough, but only decreases monotonically without ever reaching zero for 
more massive light quarks. This is also reflected in the hysteresis behavior 
when the system is numerically cooled and heated and cooled again by 
Monte Carlo. 

To study the effects of varying the number of quark flavors and their 
masses, Pisarski and Wilczek [16] constructed an effective Lagrangian 
for an order-parameter field taken to be ®;; = fqu(1 + 5)qj;, where f 
is a constant. The Lagrangian should reflect the symmetries of the 
QCD Lagrangian. For Nẹ flavors of massless quarks the symmetry 
group is 


Gr = U(1)a x SU(N) x SU(N) = G$ = Z(Ne)a x SU(N) x SU(N) 


Here the classical axial U(1)4 symmetry is broken to Z(Nf)a symme- 
try, owing to the quantum axial anomaly. The form of the effective 
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Fig. 10.7. The quark condensate, measured in lattice units, versus temperature. 
The strange quark mass is fixed in such a way that the mass of the ¢ meson takes 
its physical value as calculated on the lattice. The lattice size is 16° x 8. The 
data are from [15]. 


(renormalizable) Lagrangian is 
Leg = 4 Tr (0,010"®) — img Tr (ota) 
— $n°g, [Tr (ole) | — 172g Tr (ee) 
4 c(det ot + det d) +Tr [m (o ae 2) (10.64) 


The determinants originate in the anomaly and are sometimes associated 
with instanton effects. In hadronic phenomenology they are necessary to 
give the 7 its large observed mass. The last term involving the matrix M 
represents the effect of nonzero quark masses. Pisarski and Wilczek then 
used universality to infer the behavior of the QCD system from studies 
of simpler systems with the same symmetry. Those systems were studied 
using an € expansion in 4 — e dimensions. Assuming that all quarks are 
massless, they found that for Ng = 1 there is no true phase transition, for 
Nt = 2 the phase transition may be first or second order depending on 
the strength of the anomaly at Te as reflected in the coefficient c, and for 
Ng > 3 the phase transition is first order. 

The likely phase diagram in the Mms versus m, = Mga plane is shown in 
Figure 10.8. When all quarks are infinitely heavy it is as if they do not 
exist at the temperatures of interest, and there is a first-order deconfin- 
ing phase transition as in the pure SU(3) gauge theory. When all three 
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Fig. 10.8. A possible phase diagram for QCD in the strange quark mass versus 
light quark mass plane. The lower left-hand corner exhibits a first-order chiral- 
symmetry phase transition, the upper right-hand corner a deconfinement phase 
transition. These are separated from an intermediate region of rapid crossover 
between phases. 


flavors are massless there is a first-order chiral-symmetry-restoring phase 
transition. When the strange quark is heavy and the up and down quarks 
have zero mass there is a second-order chiral-symmetry-restoring phase 
transition. When all three flavors have masses of the order of several hun- 
dred MeV, there is no true thermodynamic phase transition but only a 
sharp crossover with a jump in the energy density over a small range 
of temperatures. A variety of lattice calculations seem to support this 
general picture, but it should still be considered merely as a reasonable 
conjecture. 

The application of lattice QCD to the study of finite-density matter is 
in its infancy. The difficulty lies in the fact that the chemical potential 
acts as a constant imaginary time component of the vector potential; see 
(5.18), (5.19), and (10.42). As such the fermion determinant is complex. 
This should not lead to a complex partition function; the imaginary part 
must average to zero. However, it does mean that straightforward Monte 
Carlo sampling techniques cannot be applied. Two interesting approaches 
are (i) a Taylor series expansion in powers of (41g/T)? and (ii) calculation 
with an imaginary chemical potential followed by analytic continuation 
to a real baryon chemical potential upg. The latter approach was followed 
by de Forcrand and Philipsen. For two flavors of light quarks they found 
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Fig. 10.9. A possible critical line for QCD. The solid curve represents a first- 
order phase transition terminating at a second-order phase transition at the 
critical endpoint labeled CE. The broken line represents a rapid crossover. 


the critical line [17] 


T uB\? 
— = ] — 0.0056 + 0.0004 | — 10. 
z (5 ) (10.65) 


and for three flavors of light quarks [18] 


L uB\? 
—=1-0. +0. 1 {| — 10. 
= 0068 + 0.000 (4 ) (10.66) 


c c 


The stated range of validity is |u| < 500 MeV; the systematic uncertain- 
ties are at least as large as the quoted statistical uncertainties. If these 
are optimistically extrapolated to zero temperature, then taking Te ~ 160 
MeV one gets ug ~% 2 GeV. This is quite reasonable. The above relations 
were shown not to be sensitive to the precise numerical value of the quark 
mass. The critical line for N¢ = 3 is shown in Figure 10.9. The lattice cal- 
culations did not establish conclusively whether the critical line represents 
a true phase transition or just a rapid crossover between hadronic matter 
and quark-gluon plasma. If the quark masses are not small enough to 
yield a first-order phase transition at zero baryon density but finite tem- 
perature, there may exist a critical point along the critical line. At lower 
baryon density there is a rapid crossover and at higher baryon density 
there is a first-order phase transition. This would connect nicely with the 
color superconductivity analysis; see Figure 8.4. At the present time the 
existence of a critical point is not well established. 
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10.6 Exercises 


Show that (10.5) leads to the correct commutation relation 
between the vector potential and the electric field in the contin- 
uum limit. 

Derive the Coulomb potential (10.25) in the high-temperature 
limit of the lattice gauge theory. 

Show that (10.31) is gauge invariant. 

Calculate the continuum limit of (10.31). 

Consider a free neutral boson on a N3N, lattice of spacing a in 
all four directions in the limit N; > N, >> 1. Since the action is 
quadratic, the functional integral expression for the partition func- 
tion can be evaluated exactly. Following the analysis in Chapter 
2 show that the propagator can be written as 


3 
4. a 4 : api 
D! (p, ps) = 2 sin? ( =) + z2 ) sin? (2) +m? 
i=1 


2 


where —r/a < p4 < T/a and —r/a < pi < t/a, which defines the 
Brillouin zone. This reduces to the usual scalar propagator in the 
a — 0 limit. This propagator has only one minimum, which is 
located at p = 0, p4 = 0. 

Using periodic boundary conditions in the spatial directions, and 
antiperiodic boundary conditions in the temporal direction, com- 
pute the partition function for massless staggered fermions in the 
limit of large N, and N,. 

Repeat Exercise 10.5 for Wilson fermions. 

Show formally that the thermodynamic identities are obeyed with 
the action (10.42). This implies that the chemical potential in 
(10.42) has been implemented correctly. 

Work out the details leading from (10.51) to (10.52). 

Derive the result (10.60), which holds when Z(N) symmetry is 
spontaneously broken. 

Construct a function Pas(T) that parametrizes the results of the 
pure SU(3) lattice results. Be sure to compare with entropy and 
energy densities too. 

Are there other terms that could be added to (10.64) for two 
flavors of massless quarks? If so, what are they? 
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Dense nuclear matter 


One aspect of nuclear physics is the study of nuclear matter. Up until the 
mid 1970s, nearly all studies used a nonrelativistic potential to describe 
the nucleon-nucleon interaction. The results were not entirely satisfactory. 
It was difficult to obtain simultaneously the saturation density (about 
0.153 nucleons per fm?) and the binding energy (about 16.3 MeV per 
nucleon with the Coulomb force turned off) in a microscopic nonrel- 
ativistic approach. Part of the discrepancy was ascribed to three-body 
interactions. However, relativity can also play a small but significant role 
at normal nuclear matter density. The importance of relativity may be 
judged by comparing the Fermi momentum pp with the nucleon mass. 
The baryon density is 


_ Pp 


= 30 (11.1) 


At normal nuclear density pp = 259 MeV, and at four times normal 
nuclear density pp = 411 MeV. These should be compared with the vac- 
uum nucleon mass my = 939 MeV and the Fermi kinetic energy 


Kp = my [a — og)? - 1 = smnvg + myob + (11.2) 


Although one might think that the relativistic correction at normal 
nuclear density, which is of order UE and numerically about 2 MeV, 
is rather small, still it is not insignificant compared with the binding 
energy of 16.3 MeV. Of course, at higher densities, relativity certainly 
cannot be ignored. As we shall learn, relativity plays an even greater 
role in the interactions among nucleons. The relativistic approach to 
nuclear matter was pioneered by Johnson and Teller [1], Duerr [2], and 
Walecka [3]. 


219 


220 Dense nuclear matter 


200 
100 
S 
o 
=a o 
£ 
> 
—100 
200 ! li i | 
0.0 0.5 1.0 1.5 2.0 2.5 


r (fm) 


Fig. 11.1. Model of the nucleon-nucleon potential illustrating long-range attrac- 
tion and short-range repulsion. The parameters are given in the text. 


11.1 Walecka model 


The force between nucleons is conventionally thought of as mediated by 
the exchange of mesons. The long-range part of the nuclear force comes 
from one-pion exchange. Its range is 1/m, = 1.4 fm. However, this aver- 
ages to zero unless parity is broken. The force mediated by exchange of the 
p meson vanishes in isospin-symmetric matter (equal numbers of protons 
and neutrons); the dominant one-meson exchanges in isospin-symmetric 
nuclear matter come from the omega meson (w) and a scalar meson (ø). 
The w is a vector meson, is electrically neutral, and has a mass of about 
783 MeV. The o meson represents a very broad resonance in 17 scatter- 
ing at 500-600 MeV. The exchange of the electrically neutral ø is usually 
thought of as simulating some part of two-pion exchange. With single-w 
and single-o exchange, the static nonrelativistic potential between two 
nucleons is the sum of two Yukawa interactions: 


-Mor Mor 


e ga € 
Ar r Ar r 


V(r) (11.3) 
If gu > go and m, > Mo then the potential looks like that shown in Figure 
11.1. It is attractive at long distances and repulsive at short distances and 
so has the structure necessary to bind nuclear matter. 

The Lagrangian that contains the Yukawa couplings of the nucleon to 
the w and to the a is 


Lw =pli 8 — my + Goo — Gu HY 
+ § (O,00"0 — m0") — FFM Puy + im wp” (11.4) 
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where 


Fv = Opwy — Ow 
Now of course we know that baryons and mesons are not elementary 
point particles. They are composite structures of quarks and gluons. The 
idea of an effective-nuclear-field theory is to write down a Lagrangian 
that contains the low-lying baryons and mesons as relativistic fields. This 
allows us to use the standard machinery of relativity, quantum mechanics, 
and statistical mechanics. This approach will break down if we attempt 
to probe the theory at very short distances, say a few tenths of a fermi, 
since then the quarks and gluons must manifest themselves. 

Let us investigate the properties of dense nuclear matter using the 
Lagrangian Lw. The partition function is 


j= f A E A 


x exp ( I n [E (Cw titt ph) ) (11.5) 


where up and un are the proton and neutron chemical potentials. For 
isospin-symmetric matter up = Hn and for pure neutron matter pp = 0, 
Un # 0 (although the presence of electrons in a neutron star allows 4p Æ 
0). For the remainder of this section, we concentrate on symmetric matter 
and write u = [ln = Hp- 

The nucleons act as sources in the meson field equations. This sug- 
gests that a net baryon density will generate scalar and vector meson 
condensates. This can be checked by allowing o and w, to have nonzero 
expectation values. Thus we write 

= / 
o=0 i (11.6) 
Wy = 50 Wo + wy, 


where the bar indicates the ensemble average value of the field and the 
prime indicates the fluctuation about the average. (Note that w; = 0 on 
account of rotational symmetry.) In the mean field approximation, one 
neglects fluctuations in the meson fields. This means that the nucleons 
are taken to move independently in the mean fields ¢ and wo, which them- 
selves are generated self-consistently by the nucleons. Based on the success 
of the nuclear shell model, we anticipate that this will provide a reason- 
able first-order estimate of the properties of dense nuclear matter. The 
Lagrangian Lw is commonly referred to as the Walecka Lagrangian, and 
when used in conjunction with the mean field approximation is referred 
to as the Walecka model. 
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The partition function may be evaluated exactly in the mean field 
approximation because the functional integral is just a product of Gaus- 
sian integrals. The argument of the exponential in (11.5) is thus approx- 
imated by 


b [iO — (mn — goo) + (H — guido) V0] — img’ + imaa (11.7) 


This means that the nucleon develops an effective mass 
My = MN — Goo (11.8) 
and an effective chemical potential 
L = U — gu (11.9) 
Using (11.5) together with (11.7), we obtain the pressure as 
P(u,T) = Pro(p*,T) — dm2a? + imag (11.10) 


where Pro is the Fermi-gas expression for nucleons with the quoted effec- 
tive mass and chemical potential. 

We now must determine the mean fields o and Wo. If we allow o and 
wo to vary, the equilibrium configuration will be attained when P is an 
extremum. Thus 


f= (5) Ae (11.11) 
mj Om, 
~ _ [w Ppa 


Of these, the vector condensate can be determined directly in terms of 
the baryon density n: 


To = —2n (11.13) 


A quick calculation utilizing (2.99) shows that the scalar condensate is 
proportional to the scalar density ns: 
a= =n, (11.14) 


where 


= dp my 1 1 
=" I On EX (Ayl At) 4] 


(11.15) 
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Equation (11.14) is a self-consistent equation to be solved for mý, as may 
be seen from the alternate form 


MON g 


Now let us focus on cold nuclear matter and delay the discussion of 
finite temperature to a later section. Using the above equations and the 
standard thermodynamic identities, we have 


1 2 ae) *2 [* *4 Ep + PF 
P= Aq Ba — my Eppp + my In (“= 


fee 2 1 fo \.2 
+ 5 (4) m= (5 né (11.17) 
e= In Deep = my Eġpr = mi In (1 


1/2) 2, 1/8 \.2 
o o m3) 


where 


mă 7 ES + pr 
Ns = à Erpe — mi? ln (==) 


In these equations it is natural to take the Fermi momentum pp as the 
one independent variable. Notice that this equation of state is given essen- 
tially in analytic form with only the equation for my to be solved self- 
consistently. 

Before investigating the equation of state in detail, it is worthwhile to 
consider the extremes of low and high density. At low density pp —> 0, 
and we recover the equation of state of a nonrelativistic ideal Fermi gas. 
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The quantities in (11.17) have the following limits: 


po 2 Pe 
1572 my 
3 pe 


At high density, pp — oo, the effective nucleon mass goes to zero: 


* MN 
My > 
1 + (92/1?) (p8 /m2) 


The pressure and energy density are dominated by the vector mean field: 


g2 
Poses (4) n? (11.20) 


(11.19) 


Thus the speed of sound, c? = 0P/0e, approaches the speed of light at 
very high density. This is to be compared with the speed in sound in a 
massless Fermi gas, which is 1/v3. 

In these equations there are only two parameters at our disposal, g2 /m2 
and g2/m2. The nucleon mass is my = 939 MeV and the vector meson 
mass is m, = 783 MeV. For definiteness we take mo = 550 MeV, corre- 
sponding to the scalar—isoscalar resonance in 77 scattering. Then the 
choice of couplings g2/4r = 14.717 and g2/4r = 9.537 leads to a binding 
energy of 16.3 MeV per nucleon and a saturation density of 0.153 nucle- 
ons per fm?. The curve of energy per nucleon versus density is shown in 
Figure 11.2. The energy per nucleon rises rather dramatically with den- 
sity. In fact the compressibility of nuclear matter at saturation density 
turns out to be 


d(e/n) 


2 
dpi 


K =p} = 563 MeV (11.21) 
The generally accepted value, based on measurements of the isoscalar 
giant monopole resonance in heavy nuclei, is 250 + 30 MeV [4-7]. The 
Walecka model predicts mý = 0.57my, which is somewhat smaller than 
some estimated values of the effective nucleon mass at nuclear satura- 
tion density [8] but quite consistent with others [9, 10]. Nevertheless, we 
should not expect to fit a large body of nuclear-matter properties to high 
accuracy for several reasons: (i) the Lagrangian Lw is too simple to rep- 
resent accurately the complicated nuclear forces, and (ii) the mean field 
approximation neglects nucleon-nucleon correlations. 
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Fig. 11.2. The average energy per nucleon minus the nucleon mass as a function 
of the baryon density in the mean field approximation to the Walecka model. 


One may ask whether the numerical values obtained for the two Yukawa 
couplings are reasonable. Fitting nucleon—nucleon phase shifts up to 300 
MeV typically yields similar values. For example, Machleidt, Holinde, 
and Elstor [11] used a boson-exchange model employing the 7, p, w, and 
o mesons, and found that g2/4r = 20 and g2/4r = 9.2. This agreement 
is satisfactory considering that the Yukawa couplings used in the mean 
field approach are really effective couplings that are fine-tuned to mimic 
all the many-body effects not included. Fine-tuning is actually required 
in the Walecka model, where the delicate cancelation between short-range 
vector repulsion and medium-range scalar attraction is really a relativistic 
effect. This may be seen in the following way. In the nonrelativistic mean 
field approximation the average potential energy felt by a nucleon is 


M) =n f črvi) (11.22) 


The average kinetic energy is (3/5)(p2/2mwn). Since n x p} this means 
that f d?r V(r) > 0 for the energy to be bounded from below. Hence both 
the average kinetic and potential energies must be positive at all densities, 
and an equilibrium bound state cannot arise. Relativity plays an impor- 
tant role in the sense that the baryon (vector) density and the scalar 
density are not the same; they differ by a velocity factor m)/E* in the 
relevant integrands at zero temperature. In this vein it is illustrative to 
expand the energy per nucleon as a power series in the Fermi velocity 
at T = 0. The difference between the scalar and baryon densities shows 
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Fig. 11.3. The nuclear optical potential as a function of momentum at nuclear 
saturation density in the Walecka model. 


up at order ie which is just one power more than the first relativistic 
correction to the kinetic energy. See, for example, Serot and Walecka [12]. 
The nuclear optical potential U is defined by 


E(p, pr) = y pP? + my + U(p, pr) (11.23) 


Here E is the single-particle energy of a nucleon. The optical potential 
is both density and momentum dependent. From (11.10), (11.14), and 


(11.16), 
g2 
E(p, pr) = \/ pP + mý + (5)n (11.24) 
ma 


The optical potential at saturation density is plotted in Figure 11.3. 
Various phenomenological optical potentials of this form are widely used 
in interpreting proton—nucleus scattering [13] and nucleus—nucleus scat- 
tering [14, 15] at energies of several hundred MeV. The optical potential 
in the Walecka model rises too rapidly at high momentum compared with 
the data. Such disagreement should not be a surprise, for the reasons 
given above. 


11.2 Loop corrections 


The mean field used in the previous section has two great advantages: it is 
relativistically and thermodynamically self-consistent, neither of which is 
a trivial achievement. By fine-tuning only two input parameters, the bind- 
ing energy and the density of cold isospin-symmetric nuclear matter, one 
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may extrapolate to both lower and higher densities, to isospin-asymmetric 
matter (after the p meson is included, see Chapter 16), and to moderate 
temperatures. However, the coupling constants are large, of the order of 
10, making a convergent loop expansion highly unlikely. Both one-loop 
and two-loop corrections have been computed in the Walecka model, and 
we shall present the results in this section. The two-loop corrections, in 
particular, are very large, as expected. However, nucleons are composite 
objects, constructed from quarks and gluons. Therefore any effective the- 
ory using baryons and mesons as the degrees of freedom will necessarily 
bring form factors into play. It will turn out that with reasonable choices 
of the form factors, the sum of the two-loop contributions to the energy 
per nucleon is surprisingly small. This does not, of course, imply that 
other physical observables are also small. 


11.2.1 Relativistic Hartree 


The Walecka model is renormalizable even though it has a massive vector 
boson because it couples to the conserved baryon current. Regarding the 
scalar boson, the Walecka model truncates the Lagrangian at order o?. 
However, all terms that keep the theory renormalizable and respect the 
symmetries can and should be kept. This means powers of ø up to and 
including 4. In fact, these are required in order to cancel divergences 
coming from the shift in the zero-point energy of the nucleons. Relative 


to the vacuum, the shift in the zero-point energy is [16] 
* dp * Cn 
eemi) = -2 f Rs (VP ER- yP + mks) -D or 
(11.25) 


The coefficients c, of the counterterms are dependent upon the regular- 
ization scheme. In momentum-cutoff schemes they diverge as the cutoff 
goes to infinity, and in dimensional regularization schemes they diverge 
as four dimensions are approached. The minimal procedure is to choose 
the Cn so as to cancel the first four powers of o arising from the inte- 
gration over momentum. (Recall that my = my — goo.) Although this 
procedure is not unique, it has the feature of minimizing the many-body 
forces arising from this vacuum correction. The result is 


4 


exe(miy) = =g [sf in (Z) + mony = mi) = FB (my =m)? 
13 L3 25 : 


This formula assumes an isospin degeneracy factor 2. 
The pressure and energy density in the one-loop relativistic Hartree 
approximation are related to those in the relativistic mean field 
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approximation by 


Pru = Pur — €zp 
(11.27) 
€RH = €MF + EZP 
This equation of state is also thermodynamically consistent. Minimizing 
the energy at fixed density leads to a modification of the mean field self- 
consistency condition for the scalar condensate, namely 


2 2 * 
* Jo Jo 1 *3 My 2 * 
my = myn — | — ln + Ss |my ln | — ]-my(my-m 
N (5) S | N My N( N) 


o 


- ŠŽmy(my — my)? — (my - mi (11.28) 


A small change to the parameters in (11.4) again reproduces the satura- 
tion density and binding energy of nuclear matter. Numerical results will 
be shown in the next subsection, where we consider two-loop contribu- 
tions. 


11.2.2 Two loops 


Two-loop contributions to the partition function can be performed in the 
usual fashion. The general form is 


3 3 
InZa =~ 5 f eee T 9l). (Pisa) Glpa)P (Pa. pi PDE) 


(11.29) 


Here G is the nucleon propagator, D is the boson propagator (for either 
the scalar or vector meson), I’ is the relevant vertex, and k = pı — po. 
Lorentz and Dirac indices are suppressed. 

These contributions have been evaluated at zero temperature by Furn- 
stahl, Perry, and Serot [17]. The two-loop diagram has several physical 
contributions. One contribution originates from the exchange of momen- 
tum between two nucleons in the Fermi sea. A second contribution comes 
from the Lamb shift, the change in the properties of a nucleon as it prop- 
agates in the medium. The third contribution is a shift in the zero-point 
vacuum fluctuations owing to the presence of nuclear matter. Unfortu- 
nately the results cannot be expressed in terms of elementary functions 
because the nucleon and meson masses are all nonzero. The diagrams are 
as follows: 


eos i vacuum 
__@ o- fluctuations 
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Fig. 11.4. The energy per nucleon as a function of density. The solid curve 
labeled RHA is the relativistic Hartree approximation. The solid curve labeled 
TOTAL includes the exchange, Lamb shift, and two-loop vacuum fluctuations 
as well. Point vertices are used. 


Figure 11.4 shows the equation of state in the relativistic Hartree 
approximation (RHA). In this figure the values of the parameters are 
g2/4r = 4.32, mz = 458 MeV, g2/4r = 8.18, and Mmo = 783 MeV. Also 
shown are the contributions from the exchange term, the Lamb shift, and 
the vacuum fluctuations. They are computed as if they were perturba- 
tions, with no change in the numerical values of the coupling constants. 
The exchange term is relatively modest but the Lamb shift and the vac- 
uum fluctuations are enormous. When all are added, the binding energy 
changes to nearly 400 MeV from 16 MeV at a density of 3.7 times the 
empirical value. The two-loop contributions are not perturbatively small, 
quite the contrary. This is not unexpected, owing to the large values of the 
coupling constants. Undoubtedly higher-loop contributions are important 
too, and the whole calculational scheme breaks down. 


11.2.3 Form factors 


The integrals in the two-loop terms receive contributions from internal 
momenta as high as 5 GeV. But nucleons and mesons are not point 
particles. Their finite spatial size should soften these contributions sig- 
nificantly. Prakash, Ellis, and Kapusta [18] introduced form factors at 
both vertices with the philosophy that they do not arise from interactions 
within the confines of the Walecka model. The origin of these form fac- 
tors runs deeper, back to the quark and gluon substructure of hadrons. 
Of course, the full meson—nucleon vertex function will include dressings 
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from the hadronic degrees of freedom too. A consistent treatment of form 
factors is not yet available. In general, they will involve several scalar 
functions, the number of which depends on the Lorentz structure of the 
vertex. Each one may depend on the invariants p?, p3, and k?. The min- 
imal assumption is that the scalar and vector form factors are functions 
of k? only and have the simple monopole form 


2 1 
IK J= TETE (11.30) 
when k? < 0 (spacelike) and where A is a cutoff of order 1 GeV. Then the 
vertices to be used in the two loop diagrams are just the point vertices 
multiplied by f(k?). 

Three comments are in order. First, the selection of relativistic 
monopole form factors with a cutoff of this order is consistent with the 
relativistic dipole structure of the on-shell nucleon electromagnetic form 
factor. In that case, one monopole factor arises from the finite size of the 
nucleon while the other arises from the p meson propagator in the context 
of the vector-meson-dominance model [19]. Second, if one were to include 
the off-mass-shell p? and p3 dependences as well then it might be possi- 
ble to get an even greater suppression of the two-loop contributions than 
that displayed in Figure 11.5. Third, since the vector meson couples to the 
baryon current there is a generalized type of Ward identity. This identity 
is different from that in QED because in the strong-interaction case the 
vector-current coupling is nonlocal. Since the form factor f(k?) is taken 
to be intrinsic to the nucleon rather than generated by the Yukawa inter- 
actions of the nucleons with the meson fields, there is no inconsistency in 
using the mean field propagators in the loop expansion. To lowest order 
in go and gw the identity must be such that it is satisfied by the free-field 
form of the nucleon and meson propagators. 

Multiplying the bare point-particle vertices by f(k?), it can easily be 
shown that the energy density is obtained from the identity 


A? A depe(A2) 
A? — m? {pow dln A? \ ue) 


Here m is the mass of the exchanged meson and ept is the two-loop energy 
density with point vertices. 

Figure 11.5 shows what happens when form factors are inserted at 
each vertex with the cutoff chosen as 1 GeV for both the scalar and 
vector meson vertices. There is a tremendous reduction compared with 
the case of point vertices. Near the equilibrium density, both the scalar 
and vector meson exchange terms are reduced by 10%—-15%. For the Lamb 
shift the reduction is by a factor 5 for scalar mesons and by a factor 10 
for the vector mesons. The vacuum fluctuation contributions are reduced 


[epe(m?) — epe(A”)] + 


g= 
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Fig. 11.5. The same as Figure 11.4 except that form factors with A = 1 GeV 
have been used at each vertex. 


by similar amounts. Because the exchange terms are generally positive 
while the other two are negative in the density range shown in the figure, 
the final result is a reduction in the two-loop contribution by a factor of 
more than 100. Now the largest contribution is the exchange, followed 
by the Lamb shift and vacuum fluctuations. This is satisfying, in the 
sense that the exchange term survives in the quantum nonrelativistic limit 
whereas the Lamb shift and vacuum fluctuations are truly field theoretic 
in origin. With the form factors included, the two-loop contributions really 
are perturbative additions to the relativistic Hartree equation of state. A 
minimization of the Hartree equation plus two-loop contributions with 
respect to the effective nucleon mass at each density gives results nearly 
identical to those neglecting the two-loop contributions. 

As the cutoff A increases, the two-loop contributions increase in mag- 
nitude, of course. When A is increased to 1.5 GeV the binding energy is 
increased by 11 MeV and the equilibrium density increases by about 30%. 
A small change in the coupling constants will restore the location of the 
empirical minimum in the equation of state. 

It still remains a great challenge in strong-interaction physics to under- 
stand in detail the nature and structure of these form factors. The point 
of view presented here is that form factors represent the quark and gluon 
substructure of hadrons and cannot be calculated within the bound- 
aries of hadronic degrees of freedom alone; one unfortunate consequence 
is that this renders the theory unrenormalizable. This is not the only 
point of view to which one may subscribe. For example, Serot and Tang 
[20] computed the effects of vertex corrections within the Walecka model 
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itself instead of using imposed form factors. Whatever the point of view, 
however, it seems that the relativistic Hartree approximation, or even 
the mean field approximation, may not be an unreasonable approach 
to parametrizing the nuclear equation of state. It is consistent with our 
empirical knowledge near the equilibrium point and with relativity and 
the thermodynamic identities. 


11.3 Three- and four-body interactions 


The Lagrangian given in (11.5) represents a renormalizable theory. Even 
though a low-energy effective theory need not be renormalizable (form 
factors should cut off unphysical short distance contributions) one may 
desire to keep this property. Then one may add the cubic and quartic 
terms — bmn (goo)? — 4c(goo)* to the Lagrangian. Just as o? represents 
a two-body interaction, o° represents a three-body interaction (a vertex 
with three o lines emanating from it and attached to external nucleon 
lines) and gf represents a four-body interaction (a vertex with four o 
lines emanating from it and attached to external nucleon lines). It has 
been found that a phenomenological three-body interaction is necessary 
to describe bound nuclear matter in a nonrelativistic-potential approach. 
There is less information available on a microscopic four-body interaction. 

In the relativistic mean field approach, the cubic and quartic terms can 
be used to fit more of the empirically known properties of nuclear matter. 
These include the following: 


the saturation density [4] 
no = 0.153 fm~? (11.32) 


the binding energy [4] 
€ 


= — my = —16.3 MeV (11.33) 


my, = \/m*? + p? = 0.83mN (11.34) 


the compressibility [4-7] 


the Landau mass [8] 


d E 
2 
= =? MeV 11. 


Of these, the compressibility has the greatest uncertainty, approximately 
+30 MeV. With the freedom of two additional parameters, b and c, in the 
Lagrangian it is possible to fit all four of the above numbers. 

The consequences of adding the cubic and quartic terms are to add to 
the energy density the quantity sbmn (goo)? + 4C(goo)* and to subtract 
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Fig. 11.6. The average energy per nucleon minus the nucleon mass as a function 
of baryon density in the mean field approximation when three- and four-body 
forces are included. 


the same amount from the pressure. The self-consistency condition for 
the mean scalar field that replaces (11.14) is 


mo + bmy g” + c95? = gons (11.36) 
where once again ns is the scalar density. One deduces from a numerical 
calculation that g2/4r = 6.003, 92,/4ma = 5.948, b = 7.950 x 107°, and c = 
6.952 x 1074. The resulting equation of state is plotted in Figure 11.6. 
This may be viewed as a means of quantifying the nuclear equation of 
state in such a way that known nuclear properties are fitted at saturation 
density and also that the extrapolation to both lower and higher densities 
is consistent with the principles of relativity and is thermodynamically 
consistent. 


11.4 Liquid—gas phase transition 


It is generally true that any system of fermions that is self-bound, in three 
space dimensions, will undergo a liquid—gas phase transition. This phase 
transition is essentially of the Van der Waals type. The reason for a phase 
transition is easy to understand intuitively. First, consider nuclear mat- 
ter at T = 0 and density n < no. The binding energy curves of Figures 
11.2 and 11.6 suggest that it is energetically favorable for the nucleons to 
form isolated clumps or droplets with a local density no rather than to 
be distributed homogeneously throughout space. The space surrounding 
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the isolated droplets is simply a vacuum. As the temperature is turned up 
from zero, two things happen. Nucleons within a droplet have an increased 
kinetic energy owing to the finite temperature, and so the droplet swells 
in size and is reduced in local density. Finite temperature also means 
that the droplets will evaporate nucleons into what was formerly the vac- 
uum. Thus we have a phase mixture: isolated droplets of nuclear liquid 
with local density ng < no are surrounded by a nuclear gas with density 
no < n. As T increases, ng increases and nz, decreases. Eventually, at 
some temperature Te we reach a critical point where ng = ny, and the 
distinction between liquid and gas disappears. 

The liquid—gas phase transition is readily studied in the relativistic 
mean field model of nuclear matter with cubic and quartic interactions. 
The equation of state is 


2 
P(u,T) = Pra + 5 (£ ) n? imio’ sbmn (goo)? — temy (Goo)* 


w 


(11.37) 


d?p are eee 
Pro = ar | 5 [m (1 + eP Ea ) +1n (1 4 @ B(E* +H y] 
(2m) 
_,[ 22 1 1 
OTE ap AEH PE 
(27)3 E* (ebe) 41 ebte) 4 1 


E* = 4/p? + m3 


Jons = m2a + bmygia? + cgi 


3 


* = 
My = MN — Jo 


2 
wt =p (45) n (11.38) 
m 
From these it is possible to verify the thermodynamic identity n = 
ƏP(u,T)/ðu, and to compute the entropy density and energy density 
according to s = OP(w,T)/OT, € = —P + Ts + un. Strictly speaking, the 
contribution of thermal mesons should be added. However, for the tem- 
peratures of interest here, T < 30 MeV, the o and w mesons contribute 
very little since T & Mo, Mw. 

Some isotherms of pressure versus density are plotted in Figure 11.7. 
Consider moving along the T = 10 MeV isotherm. For very small n, 0 < 
n < na, only the gas phase is present. When n > np, only the liquid 
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Fig. 11.7. Isotherms of pressure versus baryon density in the mean field approx- 
imation with the inclusion of three- and four-body forces. The horizontal line 
is the Maxwell construction for phase equilibrium. The critical temperature is 
16.4 MeV. 


phase is present. The points A and D are defined by the condition that 
they have the same value of the chemical potential u. The straight line 
connecting A and D is the Maxwell construction. For densities n4 <n < 
np the equilibrium configuration is a mixture of the liquid phase (with 
local density np) and the gas phase (with local density n4). The reason is 
that the Gibbs criterion of equal P, T, and p is satisfied. From A to B it 
is possible for the system to remain in the gas phase, but it is metastable 
and will not survive indefinitely. Similarly the liquid phase is metastable 
from C to D. The portion of the curve between B and C is unstable. 
Recall the stability condition [21] 0P(n,T)/On > 0. If the inequality does 
not hold then the isothermal speed of sound is imaginary and isothermal 
perturbations will grow exponentially. 

For T < To, the phase transition is first order. At Tę, the points A, B, C, 
D merge into one point, an inflection point, also called the critical point. 
At the critical point, the line of first-order phase transitions terminates in 
a second-order one. For T > Te, there is no distinction between gas and 
liquid and no phase transition. 

The critical temperature in this model is 16.4 MeV. Other models of 
nuclear matter typically yield Tẹ in the range 14-19 MeV [22-25]. Gen- 
erally, Te is a monotonically increasing function of the compressibility 
K. 


236 Dense nuclear matter 


There have been attempts, which have met with some success, to find 
experimental evidence of a nuclear liquid—gas phase transition in heavy 
ion collisions. Unlike in the theory, in the experiments the Coulomb force 
cannot be turned off and this complicates the analysis. Interested readers 
are referred to the reviews by Csernai and Kapusta [26] and by Das Gupta, 
Mekjian, and Tsang [27]. 


11.5 Summary 


The relativistic field theories used to describe dense nuclear matter can 
only be effective because nucleons and mesons are composite objects, con- 
structed in a complicated way from quark and gluon fields. Nevertheless, 
nucleons and mesons are the relevant degrees of freedom for densities up 
to perhaps four to eight times nuclear saturation density and temper- 
atures less than about 150 MeV. One should not think of the effective 
Lagrangians as providing a fundamental theory that must be solved to 
all orders in the coupling constants. On the contrary, this is bound to fail 
because of the large numerical values of the coupling constants. Explicit 
two-loop calculations with point vertices show just how large these contri- 
butions can be. Inserting physically plausible form factors at the vertices 
softens these contributions considerably, resulting in only minor correc- 
tions to the relativistic mean field or relativistic Hartree approximations. 
The practical view, which we espouse, is that the relativistic mean field 
approximation is the simplest way to parametrize the nuclear equation of 
state. It does so in a way that embodies as much of our empirical knowl- 
edge as possible (binding energy and density, compressibility, etc.) while 
being consistent with special relativity and the thermodynamic identi- 
ties. The approach is flexible enough to allow such additional degrees of 
freedom and additional interaction terms as are necessary to bring about 
agreement with new data on nuclear matter properties. 

In this brief introduction to the subject of dense nuclear matter, we 
have focused on relatively simple, renormalizable, Lagrangians with only 
a vector meson and a scalar meson. Much work has been and continues to 
be done with theories involving more mesonic degrees of freedom, such as 
p mesons, pions, and kaons, and more baryonic degrees of freedom, such 
as hyperons and delta resonances. An extension of this sort is presented 
in Chapter 16 for the purpose of obtaining the equation of state to be 
used in computing the structure of neutron stars. Since these theories are 
effective-field theories there is no reason why they should be restricted to 
normalizable interactions. In principle, all low-lying degrees of freedom 
and all interactions consistent with the symmetries of QCD ought to be 
allowed. Such low-energy expansions have been worked out by Furnstahl, 
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Serot, and Tang [28]. Not only must the effective Lagrangian be con- 
sistent with the symmetries of QCD, so also must the approximations 
one employs to calculate the properties of nuclear matter. The problem 
of the pion self-energy in nuclear matter [29, 30] is a good illustration 
of how chiral symmetry can be violated by the mean field approximation 
when used in conjunction with certain representations of the pion—nucleon 
interaction. 


11.6 Exercises 


11.1 Evaluate the integrals that result in (11.17). 

11.2 Calculate f d?r V(r) using (11.3) and evaluate it numerically with 
the parameters of the Walecka model. Show that the nonrelativistic 
limit of the Walecka equation of state is equivalent to the sum of the 
average kinetic and potential energies calculated directly from the 
nonrelativistic Hamiltonian in the mean field approximation. 

11.3 Verify the Hugenholtz—Van Hove theorem [31], which states that the 
single-particle energy at the Fermi surface equals the binding energy 
per nucleon at saturation density, for the Walecka model. 

11.4 Derive the formula (11.31). 

11.5 Calculate the nuclear optical potential with the inclusion of three- 
and four-body interactions. Compare the result with the cited liter- 
ature on the optical potential used in proton—nucleus and nucleus- 
nucleus scattering experiments. 

11.6 Estimate the dependence of the critical temperature and density 
of the nuclear liquid—gas phase transition on the binding energy, 
compressibility and other nuclear matter properties as follows. Near 
the saturation point of cold nuclear matter the energy per nucleon 
may be parametrized as 


K/n : 
Eo(n) = 18 (= 1) B 


where B = 16.3 MeV is the binding energy. If the thermal excitation 
energy is taken to be that of a degenerate Fermi gas then the pressure 
may be written as 


2 2/3 
P(n,T) = Kn fn ve 1 (27 mni/372 
3\3 


See [32] for more details, especially regarding the entropy. 
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Hot hadronic matter 


We know that QCD is the formal theory of the strong interaction. In prin- 
ciple, its solution should yield the complete particle spectrum as well as 
produce the interaction terms that regulate how different particle species 
interact. However, this complete solution is at present impossible, partly 
owing to the fact that at the scale of the lighter degrees of freedom QCD is 
strongly coupled. To describe the interaction and the properties of hot and 
dense hadronic ensembles, one must turn to effective approaches. They 
vary in character and in philosophy. In this chapter, we shall discuss some 
of these techniques. They comprise effective Lagrangian theories, which 
aim to represent in a simple way the dynamical content of a theory in the 
low-energy limit. The heavier fields are integrated out, leaving a set of 
constants to be determined by experiment. In the specific case of QCD, 
the choice of low-energy effective Lagrangian is dictated by general sym- 
metry principles, and chiral symmetry will be seen to play a special role. 

A remarkably successful effective Lagrangian approach to low-energy 
QCD is that of chiral perturbation theory. We consider this first and 
study its finite-temperature behavior. Next, we will use the fact that the 
spectrum of strongly interacting particles is quite well known experimen- 
tally to outline a technique that enables an evaluation of in-medium self- 
energies directly from experimental data input. The rest of the chapter 
will be devoted to a discussion of the Weinberg sum rules at nonzero tem- 
peratures [1] and to investigations of the characteristics of the linear and 
nonlinear ø models [2]. 


12.1 Chiral perturbation theory 


Chiral perturbation theory draws its power from the observation that 
the light pseudoscalar degrees of freedom in the spectrum of the con- 
fined sector of QCD can be explained in terms of a spontaneously broken 
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symmetry. Let us first elaborate how and why this statement is true. Con- 
sider for example the QCD Lagrangian for massless quarks, assuming a 
generic quark field, Y, for simplicity: 


L = iy Dy (12.1) 


Based on a comparison with the QCD scale, the massless approximation 
is a good one for u and d quarks, is less so for s quarks, and is simply 
bad for c, t, and b (see Table 8.2). The free-particle Dirac equation for 
massless fermions is 


ky =0 (12.2) 


Using the fact that {7,75} = 0, a solution is also 757. Consequently, two 
solutions are Wp/R = 5 (1+ 45), and this establishes y5 as a chirality 
operator: 75%~~/R = F Yr/r. The subscripts L and R refer to the left- 
and right-handed solutions, respectively. Finally, this labeling is made 
more explicit by manipulating the free massless-particle Dirac equation 
(12.2) into the form 


o- ky = ysy (12.3) 


where y5yoY = o. Therefore, for right-handed solutions, the helicity and 
the sign of the energy (identified by the + symbols) are correlated, whereas 
they are anticorrelated for left-handed solutions. 

One can then rewrite (12.1) as 


L = ipL Dyr + ipRPYR (12.4) 


and it is seen that the L and R sectors decouple. Consequently, symmetry 
transformations of the type 


Yri > exp | -i$ a} Rò | dir (12.5) 
j 


will leave the Lagrangian invariant. Note that it is also invariant with 
respect to U(1)4, but there is an anomaly which we will not discuss here. 
In the case of SU(2), the matrices à are Pauli matrices and wy p are 


5) doublet. Similarly, for SU(3) the 


d 
matrices \J are then the Gell-Mann matrices and the chiral projections 
involved are those obtained from the u, d, and s fields. The elements 
ae jp are the components of arbitrary constant vectors. Using the case of 


the chiral projections of the light 


SU(2) as an example, the invariance of the Lagrangian under the sym- 
metry transformations (12.5) is usually labeled chiral SU(2), SU(2)z x 
SU(2)r, or SU(2)y x SU(2)4; in the latter case, we have defined aya = 
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(ah + aj,)/2. Thus, in the case of SU(2), if chiral symmetry were real- 
ized in the conventional fashion in Nature then one would expect to have 
three time-independent vector charges and three time-independent axial 
charges. Since those charges are proportional to number operators, this 
leads to the prediction of parity doublets (owing to the transformation 
properties of y5), which are not observed. What has gone wrong? It turns 
out that this is another case where a symmetry of the Lagrangian is bro- 
ken by the ground state of the theory. As we have seen in Chapter 7, this 
leads to the appearance of Goldstone bosons. 

In the case at hand the breaking is dynamical, meaning that the Noether 
current associated with the axial sector is not divergenceless but receives 
contributions from quantum corrections. This was discussed early on by 
Adler and by Bell and Jackiw [3]. Another puzzling fact is that there is 
indeed a triplet of light particles, the pions, but these are not massless. 
This is to be understood in terms of the fact that our original assumption 
that the quarks have no bare mass is in fact incorrect. If u and d quarks 
were strictly massless, the pion would be a genuine Goldstone boson, with 
Mr = 0. To first order in the explicit symmetry breaking, the finite pion 
mass can be traced back to the u and d quark condensates [4]. 

The aim of chiral perturbation theory is to provide an effective theory 
that possesses the symmetries of the complete theory, QCD, and is appli- 
cable at low energies where the exact theory is strongly coupled. Then 
the effective theory of QCD is formulated in terms of the lightest hadron 
fields, the pions. Bearing in mind that the chiral symmetry is not manifest 
in the ground state of QCD, there is a procedure to implement a sponta- 
neously broken symmetry in a quantum field theory [5]. In the special case 
of chiral symmetry, a convenient way to collect the Goldstone fields is the 


exponential parametrization. For SU(3) it is U(¢) = exp (i Bi Aad*/P), 
Àa being a Gell-Mann matrix and F a constant. Specifically, 


aan + J nt Kr 
= 1 1 
Z `> Aad? = T =n + "8 KY (12.6) 
a=1 K- K? -ns 


Strictly speaking, the Lagrangian of the standard model is not chirally 
invariant. The chiral symmetry of the strong interactions is broken by the 
electroweak interaction owing to the quark Yukawa coupling, which gen- 
erates nonzero quark masses. The basic assumption of chiral perturbation 
theory is that the chiral limit is a viable starting point for a perturba- 
tive expansion. This expansion is in fact a double expansion, in powers 
of both the momentum and the quark masses. The Goldstone bosons will 
decouple from each other in the low-energy limit. 
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An elegant technique that enables one to calculate Green’s functions 
of quark currents is that associated with the introduction of external 
fields. Following Gasser and Leutwyler [6], the chirally invariant QCD 
Lagrangian is extended by coupling the quarks to external Hermitian 
matrix fields s(x), p(x), vy(x), and a,(x): 


L = Loep + Py" (Up + ays) b — Dls — ipy) (12.7) 


The external fields transform under parity as a scalar, a pseudoscalar, 
a vector, and an axial vector, respectively. They are color-neutral 3 x 3 
matrices, where the matrix character with respect to the flavor indices 
u, d, and s can be illustrated, for example, by the vector field 


8 
ve = ub + > Au (12.8) 
j=l 


As before, chiral fields can be defined: r, = vy + ap, lu = Up — ap- 

The usual QCD Lagrangian is recovered in the limit p = v, = a, = 0 
and s = diag(my, ma, ms). The physically relevant Green’s functions are 
functional derivatives of the usual zero-temperature generating functional 
Z(s,p,v,a). For example, 


(O|y(x)W(a)|0) = i = 


(12.9) 
p=v=a=0, s=m 
where, as in the vector example above, the subscript 0 identifies the singlet 
component. Similarly, various currents can be obtained directly from the 
Lagrangian, such as the left-handed current jk (x) derived from 0£/01/. 
Inclusion of the external fields transforms the global chiral symmetry 
to a local one. The invariance requirements are now contained in the 
following set of transformation rules. For any gg/z, in SU(3) such that 


WR — GRYR 


12.10 
WL JLYL ( ) 


the invariance is preserved if the external fields transform as gauge fields, 
Tu —> IRT uIh + igrOuGh 


lu > gLlug}, + igL Ong}, (12.11) 
s+ ip > gr(s+ ip)g} 
and if U > gRU gi. The covariant derivative which, by definition, has the 
same transformation properties as the object on which it is acting, is 
Dy = ô U =i + iUlp. 
We are now in a position to formulate the basic premises of chiral 
perturbation theory. At zero temperature, one can write a generating 
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functional of QCD as 


Z(s,p,v,a) = [leasitasitas exp (i fse) (12.12) 


For simplicity, the possible ghost fields have been omitted. At low energy, 
the propagating modes are the Goldstone modes. In the language of effec- 
tive field theory, all the heavy degrees of freedom are integrated out and 
are absorbed into the parameters of the effective action. Specifically, 


Z(s,p,v,a) = fiw) exp (i f zca) (12.13) 


One starts by constructing an effective Lagrangian in terms of derivatives 
and of the external fields. The limit where the external fields vanish is 
that of low-energy QCD. Whereas it is plausible that this procedure does 
reproduce the Green’s functions of QCD at low energy, its formal validity 
has not been proven here. This was done by Leutwyler [7]. 

Searching for an interaction that would constitute the leading-order 
term in a momentum expansion, one realizes that that there are no candi- 
dates with the required invariance properties that have no derivatives and 
no external fields. In fact, the only candidate is Tr(UU"') = 3, which is sim- 
ply a constant. The most general chirally invariant effective Lagrangian 
with the minimum number of derivatives is 

Lo = F? Tr(D,UD+UT + xXUT + xU) (12.14) 
where y = 2B(s+ip). Thus at this order there are two parameters, F 
and B. Observe that in order to reproduce the kinetic term in the free- 
pion Lagrangian, the constant F above needs to be the same as that 
in the definition of the field matrix, U(¢) (just above (12.6)). The two 
constants F and B are related to the pion decay constant and to the 
quark condensate, up to chiral corrections [6]: 


fr = F + O(my) 


(0|auld) = -F?B + O(mq) (12.15) 


Using our definition for U(¢) and setting the external scalar field s equal to 
the quark mass matrix, one can read off from £2 the pseudoscalar meson 
masses, again up to leading order in chiral corrections. For example, 


m2 = 2mB 
m? = (my + ms)B (12.16) 
mio = (Mma + ms) B 


with m = (Mu + ma). Those relations are consistent with the chiral 


counting rules, which stipulate the dimensions of the operators and of 
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the fields in the chiral expansion in terms of the momentum k: 


U: OU) 
Dy, vu, au: OUR) 
s,p: O(k?) 


With these rules, the meaning of the subscript in £2 is clear. The effective 
Lagrangian is then expanded up to order k* [6]. 

We now formulate the problem at finite temperature and calculate the 
pressure of a pion gas using chiral perturbation theory. The symmetry 
requirements will translate into exact statements for the coefficients of 
the expansion in powers of the temperature. Furthermore, we shall make 
use of the fact that pions are considerably less massive than any of their 
other SU(3) partners. Therefore these lighter degrees of freedom will be 
excited first and should play a leading role: we then restrict our discussion 
to SU(2). We can rewrite £2 in terms of the nonlinear ø model: 


Ly = 1 F?Tr[a,Uo"Ut — M?(U + U+) (12.17) 


with M? = (m, + ma)B. The effective Lagrangian to order k* is written 
down by identifying all the independent terms to this order that have 
the required symmetry properties (Lorentz invariance, P, C, and chiral 
symmetry): 


La = —1h [Tr(3 U Ut] — 1 ly Tr(,U0"U") Tr(3 U Ut) 
+ 314M? Tr(0,U04U") Tr(U + UŻ) 
— 4 (l + U)M4* Tr(U + Ut) — hM’ (12.18) 


The contact term hı is a vacuum contribution, and isospin-breaking effects 
are ignored. The evaluation of the finite-temperature contribution to the 
thermodynamic potential proceeds as in preceding chapters, only now the 
chiral effective Lagrangian is used: 


Zx Ja T exp (f dr | da (La + £a)) (12.19) 


The complete expansion in loop topologies that yield terms up to T® 
was worked out by Gerber and Leutwyler [8].A few of those diagrams are 
shown in Figure 12.1. The diagrams so obtained fall into three categories. 


1 Those that generate temperature-independent contributions. These 
only renormalize the vacuum contribution. 

2 The genuine temperature-dependent terms that will generate the ther- 
mal pressure. These are shown in Figure 12.1. 
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Fig. 12.1. Some of the diagrams that occur in the finite-temperature expansion 
of the thermodynamic potential in chiral perturbation theory, up to order T8. 
The labeling of the vertices refers to the order of the chiral Lagrangian that 
provided the vertex. 


3 Up to O(T8), the thermodynamic potential will contain some diagrams 
with vertices coming from chiral Lagrangians of order higher than 4. 
These temperature-dependent contributions renormalize the bare mass 
M in the free-gas term, in such a way that 


Ma Mı 


with 
Mt Mê 
M, = M? + sy + oa (12.20) 


where co is a constant. 


The divergences present in the zero-temperature theory are isolated using 
dimensional regularization then subtracted away by appropriate counter- 
terms. At low temperatures, the pressure will be of order exp(—m,/T). 
Using this prescription in the expansion of the pressure enables identifi- 
cation of the physical pion mass with parameters of the theory: 


6 
ope 
The constant c is a linear combination of some regularization counter- 
terms and l3. When the physical pion mass is used in the theory, the 
parametrical dependence on counterterms disappears. Also, A isolates the 


pole appearing when d — 4 in the zero-temperature part of the bare-mass 
coordinate-space propagator, D(x), when its argument vanishes: 


lim D(x) = 2M°A 


M4 
mŽ = M? + (2i3 + \) x + + O(M®) (12.21) 


i (12.22) 
A= 5 (4m) PT0 — d/2) MM 
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Putting all these ingredients together, the pressure can be written as 
[8] 


4 24 I 
P=3P+-3aT*h3 + -zT hs (8T?hs + mŽhs) (0 = =a) + O(T™) 


nS F4 
(12.23) 
The first term is the pressure of a noninteracting Bose gas of pions (the 
factor 3 arising from the three charged states of the pion) with 


4 


Py = Ths (=) (12.24) 


T 

The functions h,(m/T) are discussed in the Appendix. It is amusing to 
note that h3 is proportional to the field fluctuations of noninteracting 
bosons: 


2,  OPo(T,m) _ dki 1 T m 
ps ðm? J (2r)? w eb —1 r? hs (F) ae) 


The dimensionless function I(m,/T) in (12.23) represents a three- 
dimensional integral that must be calculated numerically. Its low- 
temperature limit is 


I(x) = 0.6271 + O(2~?) 


while the high-temperature limit is 
5 
I(x) = —3 ln x + 0.6360 + 0.12892? + O(2°) 


Some constants, such as c in (12.21), are absent in the final result as 
they are absorbed into the physical pion mass. The two constants that do 
appear explicitly in the pressure, a and b, are functions of the renormalized 
Lagrangian parameters: 


3M? be f> ue ae, 8 
(hb ee 12.2 
327 F2 12803 F? ( 1 +2l2— 7g! + z) (ae 
1 G > 29 
b= ——— | L +42- > 
1673 F4 @ + le z) 
where 
1- 1 2 1 
li = qi (a+ 39,3 i) a= p=, W= u (12.27) 


The quantity À, defined in (12.21), contains the singularity. 

It is extremely satisfying to verify that the expression for the pressure, 
derived in finite-temperature chiral perturbation theory, agrees with a 
treatment based on the virial expansion [8]. This represents an important 
consistency check. 
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12.2 Self-energy from experimental data 


At this point, it is clear that any quantum field in interaction with other 
fields will see its vacuum properties modified. A rigorous formalism for 
calculating these changes was set up in the previous chapters and, given 
an interaction Lagrangian, it mainly consists of calculating an in-medium 
self-energy. This can in turn be related to in-medium masses and decay 
widths, through the real and imaginary parts, respectively. Up to now we 
have seen that a satisfactory way of organizing the perturbation expansion 
was to follow the topology of the multiloop diagrams. However, this pro- 
cedure becomes questionable when large coupling constants are involved, 
as the very validity of the perturbation expansion is called into ques- 
tion. Owing to asymptotic freedom, QCD in its nonperturbative sector 
will involve just such large constants, and a calculation of hadronic prop- 
erties from first principles becomes prohibitively difficult. Nevertheless, 
data does exist on the scattering of the different QCD bound states 
among themselves. As those measurements carry some information on 
the underlying interaction, it should be possible to infer from them how 
the fundamental characteristics of a specific field get changed in a strongly 
interacting medium. Relying on experimental measurements to the extent 
that they are available will help to develop a procedure that is as model 
independent as possible. A method that is applicable to dilute media is 
described in what follows. 

For a particle of type a traversing a medium with a de Broglie wave- 
length less than the interparticle spacing of target particles of type b, 
there is a direct proportionality between the scattering amplitude and 
the energy. The dispersion relation of a boson is determined by 


E? =m? +p +0 (12.28) 


In the nonrelativistic limit we may wish to express the energy in terms of 
an optical potential U as 
we 


E= 
MNR 


+U (12.29) 
The optical potential will in general have both real and imaginary parts. 
This leads to real and imaginary parts of the energy: E = Ep — il /2. The 
imaginary part is related to the mean free path 1/po, where o is 
the scattering cross section and p is the density of scatterers, and to 
the velocity, as T = vpo. Using the forward scattering amplitude f and 
the optical theorem po = 4r f gives 


Im I = 2m ImU = —4rpIm f (12.30) 
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In the low-energy limit the mean potential energy of the particle is 
ReU = p | ax V(x) (12.31) 


where V is the two-body potential. In this limit the Born approximation 
gives 


Ref = -Z f da V(x) (12.32) 
20 
Hence both the real and imaginary parts fit a simple formula, 
Il = —4rpf (12.33) 


This formula has a wider range of applicability than this derivation might 
suggest; it is the leading term in a multiple-scattering expansion [9]. 

The generalization to target particles that are moving, and to relativis- 
tic kinematics, is straightforward. For meson a scattering from hadron b 
in the medium, the contribution to the self-energy is: 


> S (cm 
Tas(E,p) = —47 f ARTUR oe) 


WwW 
1 [oe] 


ee i (cm) 
E s dw ny(w) a ds ysfa (s) (12.34) 


where E and p are the energy and momentum of the particle, w? = m? + 
k?, 


s4 = E? — p +m? +2(Ew + pk) (12.35) 


np is either a Bose-Einstein or Fermi—Dirac occupation number, and fap 
is the forward scattering amplitude. The normalization of the amplitude 
corresponds to the standard form of the optical theorem, 


4T 
g = 


Im f™ (s5) (12.36) 
qem 

where qem is the momentum in the cm frame. The dispersion relation is 

determined by the poles of the propagator after summing over all target 

species and including the vacuum contribution to the self-energy: 


E? — m? — p? — IK“ (E, p) — X Hal E, p) = 0 (12.37) 
b 
The applicability of (12.34) is limited to those cases where interference 
between sequential scatterings is negligible. 
Taking various limits of (12.34) is instructive. First of all, we note that 
the cross section is invariant under longitudinal boosts. It is convenient to 
know how the scattering amplitude transforms. They are related to each 
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other as follows. 
ian frame) = ion frame) _ varem (12.38) 


In the limit that the target particles b move nonrelativistically we can 
approximate w in the first line of (12.34) by mp, in which case 


i= -4r f° rest fame) y (12.39) 


where py is the spatial density. Next consider the chiral limit when 
pions serve as the target particles, relevant for low-temperature baryon- 
free matter. From (12.38) vs fiom) = Mia fies =r mame Since g£ es} fame) 
involves two derivative couplings of the pion to the massive state a 
(Adler’s theorem) one sees from (12.34) that Har ~ T4. Finally, if the 
self-energy is evaluated in the rest frame of a it is possible to do all the 
integrations but one: 


mT a 1— exp(—w+/T) (a’s rest frame) 
Mal E, p) T T f. dw ln G _ Spa) for (w) 
(12.40) 


Here w+ = (Ew + pk)/ma. This assumes that b is a boson; a similar for- 
mula ensues if it is a fermion. 

As a specific application, we will estimate the p meson dispersion rela- 
tion for finite temperature and baryon density and for momenta up to 1 
GeV/c. This is of special interest, as vector mesons can couple directly 
to the photon [10] and therefore the in-medium modification of vector 
meson properties can in principle be inferred from the measurement of 
electromagnetic observables. This direct conversion of a vector meson to 
a photon (real or virtual) is often referred to as vector meson dominance 
(VMD). The low-energy part of the p meson scattering amplitude will 
be dominated by coupling to resonances. The physical context assumed 
here is that p mesons are formed during the last stage of the evolution 
of hadronic matter created in a heavy ion collision. The matter there is 
approximated as a weakly interacting gas of pions and nucleons. This 
stage is formed when the local temperature is of the order of 100 to 150 
MeV and when the local baryon density is of the order of the normal 
nucleon density in a nucleus. The main ingredients of the calculation are 
pr and pN forward scattering amplitudes and total cross sections. 

We will consider the momentum p to be real and evaluate the scattering 


amplitudes on-shell, that is, evaluate the self-energy at E = 4/p?° + m2. 
In this case (12.37) takes the form 


E? = mo + p° + I5" + Mpr(p) + Hon (p) (12.41) 


12.2 Self-energy from experimental data 251 


Since the self-energy has real and imaginary parts, so does E(p) = 
Er(p) — ir (p)/2. In the narrow-width approximation the dispersion rela- 
tion is determined from 


ER (p) = p? + m? + ReIpn(p) + ReIpn(p) 
T(p) = — [Im T}: + Im pn (p) + Im Hyn (p)] /Er(p) 


The width of the p meson in vacuum, TYS = —Im IT /mp, is 150 MeV. 
We can also define a mass shift and an optical potential: 


Am,(p) = ym + Re IIpr(p) + ReT,n(p) — mp 


U(p) = Er(p) — y m3 + p?’ 


These will be evaluated for temperatures of 100 and 150 MeV and nucleon 
densities of 0, 1, and 2 times the normal nuclear matter density (0.155 
nucleons per fm*). Recall that one needs a Bose-Einstein distribution 
for pions and a Fermi—Dirac distribution for nucleons. The pion chemical 
potentials are zero and the nucleon chemical potentials are 745 and 820 
MeV for densities of 1 and 2 times normal at T = 100 MeV, and 540 
and 645 MeV at T = 150 MeV. Antinucleons are not considered here. For 
a p meson scattering from a particle a and going to a resonance R, the 
forward scattering amplitude can be written in its usual nonrelativistic 
form, in the center of mass: 


(12.42) 


(12.43) 


ee) 


Z 1 R T R—pa demr” (1+ exp 
2dem R P Mr — V/s — Hil R Ars sin Tap 


gor 


(12.44) 


In familiar notation, the subscript P refers to the Pomeron, y's is the 
total cm energy and the magnitude of the cm momentum is 


dem = zog y/l — (imp + ma)?]ls — (Mp — ma)? (12.45) 


The statistical averaging factor for spin and isospin is 


R___ @sr+!) (2tr + 1) 
pa = (12.46) 
(2sp + 1)(25q + 1) (2tp + 1)(2ta + 1) 

The second part of the forward scattering amplitude is a nonresonant 
background contribution, a description of which goes beyond this text. 
See, for example, Collins [11] for a detailed discussion. It suffices here to 
state that the parameters are determined by high-energy scattering phe- 
nomenology. Also, the real and imaginary parts of the scattering ampli- 
tude are related by a dispersion relation. This constraint turns out to be 
better satisfied in the presence of the background term [12]. 
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Fig. 12.2. The vector meson mass shift as a function of momentum for various 
temperatures and nucleon densities ny (expressed in units of equilibrium nuclear 
matter density). 


For the case of pN scattering, the intermediate resonance can be one of 
several species of N* or A resonances. One then needs to know the width 
of that resonance in the channel where there is a p meson and a nucleon. 
Because of kinematical constraints, this width is often not measured, but 
the radiative decays often are. These can be related to the width one is 
after, using the VMD relationship of the scattering amplitudes: 


1 1 1 
fan = 4ra -5 foN + aN + alan (12.47) 
Ip Jo Ig 


where a is the fine structure constant. From measurements of ¢ photopro- 
duction, the last term is small and can be neglected. In the spirit of the 
quark model, one further assumes that fon ~ fọn. This assumption may 
in fact be examined more closely [13] The direct vector-meson—photon 
coupling can be deduced from V — /t/~ measurements. With these ingre- 
dients, the widths in the pN channel can be directly extracted from the 
radiative decay widths. The details of the procedure outlined here, along 
with specific parameter values and relevant references, can be found in 
Eletsky et al. [12] Note that the calculation of the real and imaginary 
parts of the in-medium self-energy of any species can proceed in the same 
way, provided that enough experimental data can map its interaction with 
other fields. The mass shift and width of the p meson, as defined in (12.43) 
and (12.42), are shown in Figures 12.2 and 12.3 for different temperatures 
and densities (ny is in units of no, the equilibrium nuclear matter den- 
sity). The width is systematically larger at larger temperatures and den- 
sities. The change in mass is numerically less important. Any interaction 
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Fig. 12.3. The vector meson width as a function of momentum for various tem- 
peratures and densities. 


Im D, (MeV~*) 


0 200 400 600 800 1000 

M (MeV) 
Fig. 12.4. The imaginary part of the vector meson propagator as a function of 
invariant mass at a momentum 300 MeV and temperature 150 MeV. 


will contribute to a larger width, but the real part of the self-energy can 
be less affected owing to cancellations between different channels. The 
information in the mass shift and in the width is also contained in a plot 
of the imaginary part of the p propagator, shown in Figure 12.4, and is 
directly related to the in-medium spectral density. Note that since the 
thermal medium constitutes a preferred rest frame (that in which tem- 
perature is defined), the self-energy in general depends on the energy and 
the momentum separately. Alternatively, one may fix the momentum at 
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a specific value (300 MeV here) and study the self-energy as a function 
of invariant mass, since E = ,/p? + M2. 

Alternatively, a method complementary to the one presented here con- 
sists of using effective hadronic Lagrangians (i.e., those whose basic sym- 
metries are consistent with that of QCD), with parameters fitted to 
measured properties [14-16]. Because they are both constrained by exper- 
imental data, the two techniques should of course yield comparable results 
unless ones deviates significantly from the on-shell condition for the vector 
field. 


12.3 Weinberg sum rules 


Spectral sum rules were in use before the advent of QCD as the theory 
of the strong interaction. Weinberg had in fact proposed two sum rules 
based on current algebra, relating moments of the spectral density of 
vector and axial-vector currents [17]. These relied on the validity of chiral 
symmetry. It is instructive to revisit these sum rules in the language 
of QCD and then to pursue a finite-temperature extension, in order to 
explore the implications of the approach to chiral symmetry restoration 
at finite temperature that follow from sum rules of the Weinberg type [1]. 
Note that the up and down quark masses are then implicitly assumed to 
be zero, so that chiral symmetry is indeed exact. 


12.3.1 Sum rules at zero temperature 


One first defines vector and axial-vector currents (using an explicit nota- 
tion for the current operators): 


Vie = yale? 720 (12.48) 
AG, = Yus (T /2)4 (12.49) 


where 7°/2 is the isospin generator. With this normalization the current 
algebra of charges obeys the equal-time commutation relations 


[#,Qb| = igg (12.50) 
[og Qh] = iga (12.51) 
[Q4 Qh] = igg (12.52) 


Each charge is the volume integral of the zeroth component of the 
corresponding current operator. We now write the vector and axial- 
vector spectral densities. They are positive definite quantities defined for 
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positive s: 
(VIVE O))0) = =a f drooe (g — FEY ov) 
(12.53) 
ab ; [by 
(0AE (e) AKOO) = -ris f dpo) e= (a -i ) oe) 


sits" | 
(12.54) 


The dimension of the spectral densities is energy-squared. Note that the 
pion contribution to the axial-vector correlator has been written out 
explicitly in the second term in (12.54). 

Imaginary time is used, so that all distances are space-like, or Euclidean: 
x? = t? — r? = —7?. In this domain the spectral representation of the cor- 
relation functions is as follows: 


ADS (T) = (OT, [Vvo — A*(x)A?(0)] 0) 


ab 
— [ ds V/s [3pv(s) — 3pa(s) — s [26(s)] Ki( v7) 
(12.55) 


and 


AD{p (7) ae ie (2)Vs (0) — Aq (x) Ap(0)] 10) 


vs [pv(s) — pa(s) —  £26(s)| 
atc + (3 +1) Kvn] (12.56) 


Notice that the integrands essentially involve the standard Feynman prop- 
agator for a particle of mass m, which, in the Euclidean domain, is 


D(m, T free scalar — ak (mr) (12.57) 


Agile 
Exponential decay of the Bessel function Ky, at large values of the argu- 
ment ensures the convergence of such integrals for any QCD correlation 
functions, except probably at T = 0. 

Each sum rule will correspond to a particular term in the small-distance 
asymptotic expansion of the correlation function. In the limit 7 — 0 the 
product of currents can be expanded according to the operator product 
expansion (OPE), a very successful means of connecting vacuum expec- 
tation values (VEVs) of quark and gluon operators with experimentally 
observable hadronic properties. We will refer the reader to the original 
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literature for a discussion of this powerful theoretical method, but a gen- 
eral description can be given as follows. Consider for example the current— 
current correlator in real time and its expansion: 


i | da eT, (x) ya), BONO) = (aude = Pow) Z Cal) Oa 
d 
(12.58) 


The Og are local operators and the C4(q°) are c-numbers called Wilson 
coefficients. The operator expansion is organized according to dimension. 
When considering a vacuum matrix element of the current—current corre- 
lator, one might simply expect all operators except the unit operator to 
have a vanishing expectation value. However, long-distance nonperturba- 
tive effects will make this expectation unrealized. In principle, all vacuum 
expectation values, often called vacuum condensates, should be calcula- 
ble in lattice gauge theory. The initial terms in this expansion were first 
computed perturbatively by Shifman, Vainshtein, and Zakharov [18]. For 
the contracted polarization tensor the result is 


Di» (T) = (0|T, [V(2)V(0)] 10) 


_ _ 36% (14 (0| (gF£,)* |0)r4 


476 3x27 
26 
2 In(jz7) (0|O,|0) + +- +) (12.59) 


where, in the argument of the logarithm, u < 1/7 is the renormalization 
scale, and ©, is a complicated four-quark operator. There is a similar 
expression for the correlator of two axial-vector currents but it has a 
different four-quark operator O,,. For our purposes we only need their 
difference, which is given below. 

Since chiral symmetry breaking is a long-wavelength phenomenon, at 
very short distances or at very high energies the difference between vector 
and axial-vector correlators should go to zero. Indeed, taking this differ- 
ence one finds that all terms except for the four-quark operators in (12.59) 
drop out. One can now look for consequences of this statement for the 
spectral density. Expanding the Bessel function in (12.55) for small values 
of T we get 


ab oe) 
ADI) =—Fy | ds lovte) ~ pals) 


1 8 VST p—1/2 2 2 
« [a+ Sin 5 e? 2) 40(%,7 Int) 


(12.60) 
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where yg is Euler’s constant. The OPE has no power divergence in 7 in 
the difference Ape . Therefore the coefficient of 1/7? in (12.60) must 
vanish. This gives the second Weinberg sum rule (see below). In the OPE 
framework it simply follows from the observation that the first covariant 
operators which are not chirality blind are four-quark ones that have 
dimension 6 or more. Similarly expanding (12.56) for small 7 and applying 
the observation of chirality blindness we get 


5 “ [ev(s) — pa(s) — s f26(s)| (<= + 5) =0 (12.61) 


The first and second terms in the last parentheses give 


l [OS lov(s)- patel = #8 (12.62) 
and 
1 f e e (12.63) 


respectively. These are Weinberg’s first and second sum rules. 

The phenomenological implications of the zero-temperature sum rules 
have been discussed numerous times in the literature and we will therefore 
not do so here. 


12.3.2 Sum rules at finite temperature 


Weinberg’s two sum rules can be extended to finite temperature using 
essentially the same methods as he used without any specific reference to 
QCD. As seen in other applications, earlier in this text, the introduction of 
a thermal medium will complicate some expressions as Lorentz invariance 
is no longer manifest. This preferred rest frame will cause functions that 
previously depended only on ys to depend separately on energy and 
momentum, and the number of Lorentz tensors will increase because there 
is a new vector available, namely, the vector u, = (1,0,0,0) that specifies 
the rest frame of the matter. 

We now define the longitudinal and transverse spectral densities for the 
vector current as 


go n 7 7 
(Ve) W (0)) = Gays d'peP?[1 + Ne(po)] (Py PE” + py Pr’) 
(12.64) 
and for the axial-vector current as 
v ga ip-x v v 
(ALGE)AKO)) = qiya | dpe? I+ Naloo)] [ORLY + PAPH] 


(12.65) 
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In these expressions the angle brackets refer to the thermal average. The 
longitudinal and transverse projection tensors were defined in Chapter 5. 
These spectral densities are the p® discussed in Section 6.2. In general 
the spectral densities depend on p? and p separately as well as on the 
temperature (and chemical potential). In the vacuum we can always go 
to the rest frame of a massive particle and in this frame there can be 
no difference between longitudinal and transverse polarizations, so that 
pL = pr = p. Since PHY + PRY = —(gt” — pp” /p?), (12.64) and (12.65) 
collapse to (12.53) and (12.54). The pion, being a massless Goldstone 
boson, is special. It contributes to the longitudinal axial spectral density 
and not to the transverse one. In fact, we could write 


Fel )p"p” = fap Elp) Pe” (12.66) 


This should not be done at finite temperature because the contribution of 
the pion to the longitudinal spectral density cannot be assumed to be a 
delta function in p?. In general the pion’s dispersion relation will be more 
complicated and will develop a width at nonzero momentum. Therefore, 
we do not try to separate out the pionic contribution but subsume it into 
the spectral density pi; without any loss of generality. 

Following Weinberg, we define a three-point function by 


-ica Map) = f d'aatye orn (7, [Atla Ab W)V(0)]) 


(12.67) 
We multiply both sides by q,. On the right-hand side we can use 
—i(q-x+p- + ð —i(q-a+p- 
que (q-atpy) — ize (q-a+p-y) (12.68) 


Both the vector and axial-vector currents are conserved. We assume that 
we can integrate by parts and that the surface term is zero. The nonzero 
contribution comes from 


Be AOL AOLAOIN 


Ox! 


= 6(2°—y®) {6(@°) [A2(x), A% (y)] VA0)+0(—2°)V(0) [AR(a), Ab(y)] } 


+ 5(2°) {0(y°)Ab(y) [AR(@), VAO] + 0y?) [AR (e), V(0)| As(u)} 
(12.69) 


From this expression we see the need for knowledge of the equal-time 
commutators. Consistently with the normalization of (12.50)—(12.52) we 
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have 


6(2°) [AS (x), AY (y)] = ican Vy (@)6(z) + SY? (x) =— (2) 


A (12.70) 


6(2°) [Aa(@), VY (y)] = icad Ag (2) Elz) + Shas) 55 52) 


Here z = x — y and the S’s denote the Schwinger terms. These terms do 
not vanish, in general, and they need to appear to guarantee the self- 
consistency of the current algebra. 

Consider now the contribution of the Schwinger terms to the thermal 
average. Generically they will be of the form 


(SF) = ZY Kel? (n]S|m)(m|J|n) (12.71) 


m,n 


where K = H — uN is the Hamiltonian minus the chemical potential 
times the conserved particle number, the states are chosen to be eigen- 
states of H, N, and isospin, and J is either the vector or the axial-vector 
current. J has isospin 1, so we get zero if either (i) S is a cnumber, or 
(ii) S is an operator with no isospin-1 component. We shall assume that 
one of these holds. Then 


2. (n [ALEAK UVA) = teasad(e — v) (R [Vi @)VA0)]) 
+ ieacaô (2) (Te |A¥(y)AR(0)] ) (12.72) 


It is now a simple matter to show that 


34. M"(q,p) = D(C + p) — DAP) (12.73) 
where the D’s are the propagators for the currents; for example, 
baD) = | atys (n [ao] (12.74) 
Similarly, one can show that 
39+ Pp), M"(q,p) = DY (a) — Di’ (p) (12.75) 


These Ward identities have exactly the same form as at zero temperature 
[17]. 
With a similar consideration of the three-point function 


icateN™*(a,p) = | die dtye torr (7, [vev vào] 


(12.76) 
one can prove two more Ward identities, 


3u N> p) = DÀ + p) — DY (v) (12.77) 
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and 


4 (q+ p) N>, p) = DY (a) — DY’ (p) (12.78) 


Multiply (12.75) by (q + p), and (12.77) by q,. Doing the same for the 
other two Ward identities, one obtains the constraints 


(q4+p)a Dòl +p) = a DYA) + prDVr(v) = aD) + pa Do) 


(12.79) 
The equation above holds for all values of q and p. This implies 
ka DYÀ(k) = ka DI (k) = Cy (12.80) 


where C”À is momentum independent (but can depend on temperature) 
and is the same for the vector and axial-vector channels. By taking the 
Fourier transform of these relations we can find the thermal averages of 
the equal-time commutators, 


5(a°)¢ [Vx (2), Vp (0)] ) = 6(@°){ [Aa (2), AG (0)] ) = bC 6(c) 
(12.81) 


The commutators above can be expressed in terms of the spectral densities 
from (12.64) and (12.65). Taking their difference one obtains the finite- 
temperature generalization of the first Weinberg sum rule, 


S2 cd) 
f aako -owp (1282) 
Here (6.44) has been used to write the integral over positive w only. Notice 
that this sum rule involves only the longitudinal spectral densities and not 
the transverse ones. At zero temperature the spectral densities depend 
only on p? = s = w? — p?. Then this equation reduces to (12.62) once we 
remember to separate out the pion part of p}, namely, sf26(s). At finite 
temperature, the spectral densities in general will depend on w and p 
separately and not just on the combination s. Then this sum rule must 
be satisfied at each value of the momentum. 

For the second sum rule, we follow a method due to Das, Mathur, and 
Okubo [19]. Omitting the index V or A the explicit expressions for the 
time-ordered propagator are 


D™(p°, p) = p*Di(p", p) (12.83) 
D” (p’, p) = pp’ Di(p", p) 7 (12.84) 
D')(p°, p) = (æ - Pr) Dr(p, p) + PE DLO, p) (12.85) 
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where 
f° dew pP (w, p) 
Dil, p) = 2 : 1+ 12.86 
vte",p) = 25 fs | EP | [b+ Now) (0286) 
° dwuw’ p(w, p) 
D! (yp, p) = zi f 1+N, 12.87 
L(P ,P) ( = ie — p? (w ms ie)? _ pe [ are B(w)| ( ) 


lore) T 
Dr(p°, p) = 2i OP) | 14 4 9g 12.88 
rp) =i [dow [AEP + Np(w)) 288) 
and for the Schwinger term they are 
Oa œ = 0 =0 C%p) = ô Ds(p) (12.89) 
where 
. [®© dww 
Ds(p) = 2i fs op) [L+ Nelo) (12.90) 


The first observation we can make concerns the thermally averaged 
generic Schwinger term C. Since it is the same for the vector and the 
axial-vector correlators, by (12.80), the factor Dg(p) must be the same 
as well. Equating them reproduces the first finite-temperature sum rule 
(12.82). 

The essence of the argument of Das, Mathur, and Okubo is that spon- 
taneous chiral symmetry breaking is a low-energy phenomenon. At very 
high energy it must disappear, at least in the limit that quark masses are 
zero and chiral symmetry is exact. Thus the difference between the vector 
and axial-vector propagators should go to zero at very high energy, 

lim [DY (Pp) — D4’ (P’,p)] = 0 (12.91) 
p®— 00, p fixed 
If we do this for the time-time or time-space components of the propaga- 
tors, that is, for the D, we again reproduce the first finite-temperature 
sum rule. Expanding to the next order in 1/ pa we obtain a finite- 
temperature generalization of the second zero-temperature sum rule, 
which is 


II-L n dww [ov (w, p) = p(w, p)| = 0 (12.92) 


Like the first, this sum rule involves only the longitudinal spectral den- 
sities, and so we call it H-L. Also like the first, it reduces to the original 
Weinberg sum rule as the temperature and/or chemical potential go to 
Zero. 

Next we consider the space-space components of the propagators. 
Examination of the Dj, in the infinite-energy limit gives us the sum rule 
II-L and nothing new. Examination of the Dr in the infinite-energy limit 
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gives us another sum rule, which we call II-T because it involves the 
transverse spectral densities, 


I-T [ dw w [pv (w, p) — pa(w,p)| = (12.93) 


The finite-temperature sum rules I-L and II-T should become degenerate 
at p = O because there ought not to be any difference between longitudinal 
and transverse excitations at rest. The sum rule II-T then reduces to the 
original second sum rule in the vacuum. 

We want to emphasize that the sum rules derived in this section, I, II-L, 
and II-T, must be satisfied for every value of the momentum. Furthermore, 
our derivation is more general than QCD; any theory that satisfies the 
assumptions we have made must obey these sum rules. 


Low-temperature behavior 


As we are taking the zero-quark-mass limit here the pion is massless below 
any critical temperature for chiral symmetry restoration and/or decon- 
finement, and thus at parametrically low temperatures the heat bath is 
dominated by pions. In [20] the so-called Dey—Eletsky—Ioffe mixing theo- 
rem was proven, which says that, to order T?, there is no change in the 
masses of vector and axial-vector mesons. What does change are the cou- 
plings to the currents. The finite-temperature correlators can be described 
by a mixing between the vector and axial-vector T = 0 correlators with a 
temperature-dependent coefficient: 


Dt? (p,T) = (1 — 6) DE (p,0) + eD! (p,0) (12.94) 
DH (p, T) = (1 — ©) DH (p,0) + «DH (p,0) (12.95) 


These are valid to first order in € = T?/6f2. This implies the same mixing 
of the spectral densities, namely, 


pv(p°,p, T) = (1 = €)pv(s, 0) L epa(s, 0) (12.96) 
palp, p, T) z (1 = €)pa(s,0) + epy (s, 0) (12.97) 


with the appropriate longitudinal and transverse subscripts. The tem- 
perature dependence of the pion decay coupling was thus proven to be 
f2(T) = (1 — e) f2 for small T, consistent with the prediction of chiral 
perturbation theory [21]. Therefore, the finite-temperature sum rules 
I (12.82), II-L (12.92), and II-T (12.93), reduce to the original zero- 
temperature sum rules but with both sides of (12.62) and (12.63) mul- 
tiplied by the factor 1 — 2e. This satisfies the Dey—Eletsky—Ioffe mixing 
theorem. 
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The approach to chiral-symmetry restoration 


Chiral transformations are rotations of the quark field with y5, and they 
may or may not have the SU(Nf) (isospin) generators. The corresponding 
U(1)4 and SU(N¢) 4 generators have different fates in QCD; the former 
is explicitly violated by the anomaly, the latter is broken spontaneously 
at low temperature and is restored at some critical temperature Te, pro- 
vided that the quark mass is strictly zero, as is assumed for the purposes 
of the current discussion. The p and a, currents are both unchanged by 
the U(1)4 transformation but are mixed under SU(N¢) 4. Therefore, if this 
symmetry is restored at high temperatures then there should be no differ- 
ence between the vector and the axial-vector correlators. In this section 
we speculate on exactly how this difference goes to zero with increasing 
temperature. Generally, one may suggest many different scenarios. Let us 
discuss the following three. 

The simplest scenario is that the 7-dependence factorizes. It means 
that the vector and axial-vector spectral densities mix, without chang- 
ing their shape, as in the low-temperature limit considered in the previ- 
ous section, only with a more general function e(T). When the mixing 
becomes maximal, e = 1/2, chiral symmetry is restored. It is interest- 
ing to see the temperature at which this occurs using the lowest-order 
formula, € = T? /6 f2 . This estimate gives Teomplete mixing = v3 fn ~ 164 
MeV, which is indeed roughly equal to the expected critical temperature 
To; 

The second scenario assumes that the p and a; mesons retain their iden- 
tities and dominate the correlation function. However, their parameters 
change with temperature. In particular, the masses may move towards 
each other [22] or go to zero [23]. At Te they become degenerate, and 
chiral symmetry is restored. 

It is instructive then to look at the sum rules. Let us assume that vector 
meson dominance is a good approximation for the spectral densities and 
not worry about the continuum contribution for the time being. We focus 
on zero momentum for the sake of simplicity. When a pole mass is defined 
at finite temperature, it is usually defined as the energy of the excitation 
at zero momentum. 

The vector spectral density is (note that there is no difference between 
the longitudinal and transverse cases at zero momentum) 


1 m4 1 


sign(w) py(w) 7 g oe er m2 — IIR (w) — iM (w) 


(12.98) 


where IIR and IIP are the real and imaginary parts of the p self- 
energy at temperature T. In the narrow-width approximation this 
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becomes 
4 
m 
sign(w) py(w) = qe lw m? TIÉ (w)) (12.99) 
Pp 


The pole mass is determined self-consistently from m2(T’) = m? + 
IIR (m,(T)). Then the spectral density can be rewritten as 


wre 2 
sign(w) pv(w) = ZT) êo" — m,(T)) (12.100) 
P 
where the temperature-dependent residue is 


d 


Z, T)= L- mu) (12.101) 
The normalization is Z,(0) = 1. Similarly 
4 
Ma. 
sign() palw) = Za(T) ZES (u? — mB (T)) + Zq(T)f3u"6(u?) 


(12.102) 


Substituting these spectral densities into the finite-temperature sum 
rules I, I-L, and I-T tells us that the p and a, residues are equal: 


Z(T) = Za(T) (12.103) 
and that the pion residue is 
m? m? 
= 12.104 
Z:(T) 2Z,(T) mŽ(T) m2, (T) ( 0 ) 


We expect that m2, (T) — m3(T) — 0 as the temperature increases. Three 
types of behavior can be distinguished: both the p and the a, masses 
decrease with T, both masses increase with T, or the p mass increases 
while the a; mass decreases with T. The sum rules do not appear to rule 
out any of these possibilities. In any case, the result is that Z,(T) — 0 
unless Z,(T’) — œ, which seems rather unphysical. 

As distinct from the previous two scenarios, it may be that particles 
are not well defined as we approach a chiral-symmetry-restoring phase 
transition. That is, the imaginary part of the self-energy may become 
larger with increasing temperature. This broadening would also decrease 
the maximum peak value of the spectral density. Picturesquely, the vector 
and axial-vector mesons melt away in a very broad distribution of strength 
in the spectral densities. 

Concluding this section, we say once more that the sum rules by them- 
selves cannot of course tell which scenario is preferable. However, they 
can be used to restrict significantly the parametrization of the spectral 
densities at nonzero temperature. 
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12.4 Linear and nonlinear o models 


The O(N) model as a quantum field theory in d+ 1 dimensions [24] is a 
basis or prototype for many interesting physical systems. The bosonic field 
® has N components. When the Lagrangian is such that the vacuum state 
exhibits spontaneous symmetry breaking, it is known as a sigma model. 
This is the case of interest to us here. In d = 3 space dimensions the linear 
sigma model has the potential 


1) (@? — f?)° 


where À is a positive coupling constant and f, is the pion decay constant. 
The model is renormalizable. In the limit å — oo the potential goes over 
to a delta-function constraint on the length of the field vector and is then 
known as a nonlinear sigma model. 

When N = 4 one has a model for the low-energy dynamics of quan- 
tum chromodynamics (QCD). More explicitly, it is essentially the unique 
description of the dynamics of very soft pions. This is basically due to 
the isomorphism between the groups O(4) and SU(2) x SU(2), the latter 
being the appropriate group for two flavors of massless quarks in QCD. 
The linear sigma model, including the nucleon, goes back to the work of 
Gell-Mann and Levy [25]. This subject has a vast literature. 

As we have seen earlier in this chapter, much work has been done 
on chiral perturbation theory that starts with the nonlinear sigma model 
and adds higher-order, nonrenormalizable, terms to the Lagrangian; these 
are determined by the dimensionality of the coefficients or field deriva- 
tives [26]. The goal is to construct an effective Lagrangian that describes 
the low-energy properties of QCD to the desired accuracy. This whole 
program owes a considerable amount to the classic works of Weinberg 
(27, 28] 

Finally, the standard model of the electroweak interactions, due to 
Weinberg, Salam, and Glashow, has an SU(2) doublet scalar Higgs field 
responsible for spontaneous symmetry breaking. If one neglects spin-1 
gauge fields then the Higgs sector is also an O(4) field theory. 

Since both linear and nonlinear o models are prototypical field theories 
in many respects, one expects that much insight on the nature of the 
chiral-restoring phase transition, for example, can be had by studying 
those at finite temperature. 


12.4.1 Linear o model at finite temperature 


The linear ø model Lagrangian is 


£=1(6,@) —1)(e? = PY (12.105) 
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where A is a positive coupling constant. The bosonic field ® has N com- 
ponents. Rather arbitrarily, we define the first N — 1 components to rep- 
resent a pion field m and the last, Nth, component to represent the sigma 
field. Since the O(N) symmetry is broken to an O(N — 1) symmetry at 
low temperatures, we immediately allow for a sigma condensate v whose 
value is temperature-dependent and yet to be determined. We write 


®;(x,t) = m(x,t i=1,...,N-1 
s(x, t) = mix, t) TE 


In terms of these fields the Lagrangian is 
L=}4 (uT)? +4 (O,0)" — FA (v? — f2 +2v0 +07 + ne)? (12.107) 
The action at finite temperature is obtained by rotating to imaginary 


time, T = it, and integrating T from 0 to 8 = 1/T. The action is defined 
as 


B 
+f ar f| Ba{s [(O.7)? — mn? + (0,0)? — m2o?| 
0 V 
+ $dv (v? — f2) o — wo(n? + 0°) — 4A? + 0”)? } 


(12.108) 
where the effective masses are 
-2 2 2 
m =\(v— fi 
J ( 5 f ) (12.109) 
Mmg =À (3v — f) 


At any temperature v is chosen such that (øo) = 0. This eliminates any 
one-particle reducible (1PR) diagrams in perturbation theory, leaving only 
one-particle irreducible (1PI) diagrams. 

At zero temperature the potential is minimized when v = f». The pion 
is massless and the ø particle has a mass of V2A f+. The Goldstone theo- 
rem is satisfied. 

Lin and Serot [29] argued that the o meson should not be identified 
with the attractive s-wave interaction in the m — m interaction, which is 
responsible for nuclear attraction. Rather, they argue that the o meson 
should have a mass which is at least 1 GeV if not more. This means that 
A is of order 50 or greater. 
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The simplest approximation at finite temperature is the mean field 
approximation. One allows for v to be temperature dependent; hence 
the effective masses are temperature dependent as well. However, inter- 
actions among the particles or collective excitations are neglected. The 
pressure includes only the contribution of the condensate and of the ther- 
mal motion of the independently moving particles. Thus 


qe 
= Z mZ = -À (2 — 02)? + P(T, mo) + (N — 1)P(T, ma) 


(12.110) 

The pressure of a free relativistic boson gas can be written in two ways: 
dp dp p? 1 

P =-T In(1 — 67%) = 12.111 

i J ap J Or 3w w l ) 


As pointed out earlier, this is a relatively simple but surprisingly power- 
ful first approximation, which allows one to gain much insight into the 
behavior of relativistic quantum field theories at high temperature. 

One expects that, as the temperature is raised, thermal fluctuations 
will tend to disorder the condensate field v, and at sufficiently high tem- 
perature it may even disappear. If there is a second-order phase transition 
then the correlation length should go to infinity, which is equivalent to 
the effective o mass going to zero. With such an expectation one may 
expand the free-boson gas pressure about zero mass to obtain 

T? mT? mT 


= — T’ 
m = 4A Ir 


(12.112) 


Since the masses are proportional to the square root of A it is generally 
inconsistent to retain the cubic term in m because there exist loop 
diagrams which are not included in the mean field approximation but 
which contribute to the same order in A. Therefore we take 


N+2 À 
P(T. Nw “pt 4 2 i ie $ 12.113 
mosni 2 (g - Tre) -At ats) 


where the pion and o masses have been expressed in terms of A, v, and 
fx. Maximizing the pressure with respect to v gives 


N+2 
=f? — a T? (12.114) 


This result is easily understood. Going back to (12.108), we can 
differentiate In Z with respect to v with the result that 


v? = f2 =Bo — (r°) (12.115) 
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Fig. 12.5. The diagrams contributing to the one-loop pion self-energy, in the lin- 
ear o model. The broken lines represent the pion whereas the solid lines represent 
the ø. The overall sign and combinatoric factors are shown. In the contributions 
involving the pion four-point vertex, the signs = and ¥ stand for cases where the 
pion loop and the external field have the same, or different, quantum numbers. 


as long as we choose (ø) = 0. For any free bosonic field ¢ with mass m, 


ny i ee oe | 
=l (12.116) 


27)’ w efv — 1 


where w = \/p? + m?. In the limit where the temperature is greater than 
the mass, (°?) — T?/12. This yields (12.114) directly. 
The condensate goes to zero at a critical temperature given by 


T? = 12 2 
Cc N+2°7 


Above this temperature thermal fluctuations are too large to allow a 
nonzero condensate. It is a straightforward exercise to show that the 
pressure and its first derivative are continuous at Tẹ but that the sec- 
ond derivative is discontinuous. This is therefore a second-order phase 
transition. 

There are two major problems with the mean field approximation as 
described. The first is that the pion has a negative mass-squared at every 
temperature greater than zero. Not only is the Goldstone theorem not sat- 
isfied, but there are tachyons as well! The sigma particle also gets a neg- 
ative mass-squared at temperatures above ,/8/(N + 2) fr < Te. Recall- 
ing the analysis in Section 7.3, this violation of basic physical principles 
is resolved by recognizing that the finite-temperature corrections to the 
squared masses are proportional to AT? and that one-loop self-energy cor- 
rections, not included in the mean field analysis, are of the same order. 
This can be understood from the following analysis. 


(12.117) 
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Fig. 12.6. The diagrams contributing to the one-loop a self-energy. 


At high temperatures, when the masses can be neglected in the loops, 
the mean field result is obtained by combining (12.110) and (12.114): 


(12.118) 


The full one-loop self-energies for pions and the o meson are shown in 
Figures 12.5 and 12.6. If one chooses (co) = 0 then there are no 1PR dia- 
grams and the tadpoles should not be included; they are already included 
in the temperature dependence of v. One may check this by fixing v = fr 
and then computing the tadpole contributions to the effective masses. 
One gets precisely (12.118). The diagrams involving the four-point ver- 
tices contribute an amount (N + 2)\T?/12 to both the pion and o meson 
self-energies. When evaluated in the high-temperature approximation and 
at low frequency and momentum the 1PI diagrams involving three-point 
vertices may be neglected. (This follows from power counting. These dia- 
grams involve two propagators instead of one, and so are only logarithmi- 
cally divergent in the ultraviolet in the vacuum. The other diagrams are 
quadratically divergent, which leads to a T? behavior at finite tempera- 
ture.) When all contributions of order \T? are included, the pole positions 
of the pion and o meson propagators move, with the result that below Te 


m=m +, =0 


7 . 
mio = me Filg =2Af, (1-7) en) 
ie 
and above Te 
N+2 
m2 = m2 = m3, = Af? + Ils = =) (T? — T2) (12.120) 
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The Goldstone theorem is satisfied, there are no tachyons, and restoration 
of the full symmetry of the Lagrangian above T, is evident. 

It must be recognized that the results (12.118)—(12.120) are valid to 
order A and cannot be extrapolated to A — oo. At low temperature, 
where pions scatter from each other sequentially and there is essentially 
no propagation off mass shell between scatterings because of the low par- 
ticle density, one may take the point of view that À is a parameter to be 
adjusted to fit r-r scattering data and it does not matter how large A 
is. This point of view cannot be taken at high temperature, where the 
pion number density is large, for then multiple scatterings will occur and 
they cannot be factorized into independent scatterings. This means that 
multiloop self-energy diagrams will be important at high temperature if 
A is not perturbatively small. 

The second major problem is that long-wavelength fluctuations very 
near the phase transition cannot be treated with perturbation theory 
because the self-interacting boson fields become massless just at the tran- 
sition. Although this is a well-known problem in the statistical mechanics 
of second-order phase transitions, exactly how it affects the critical tem- 
perature is not known for the linear ø model in 3+ 1 dimensions. The 
result presented here must be accepted for what it is: a one-loop estimate 
of the critical temperature. 


12.4.2 Nonlinear o model at finite temperature 


The nonlinear ø model may be defined by the Lagrangian 

L= } (3,8) (12.121) 
together with the constraint 

f2 = ?(x,t) (12.122) 


The partition function is 


Z= / [d®] 6( f2 — ®?) exp (f dr fèr £) (12.123) 


Because the length of the chiral field is fixed and cannot be changed by 
thermal fluctuations it is often said that on the one hand chiral symmetry- 
breaking is built into this model and therefore there can be no chiral- 
symmetry-restoring phase transition. On the other hand, the linear sigma 
model does undergo a symmetry-restoring phase transition. Taking the 
quartic coupling constant A to infinity essentially constrains the length 
of the chiral field to be fr, just as in the nonlinear model. The criti- 
cal temperature, however, is independent of À at least in the mean field 
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approximation. So it would seem that the phase transition survives. If this 
is true then one ought to be able to derive it entirely within the context 
of the nonlinear model. That is what we shall do, although it involves a 
lot more effort than the treatment of the linear model in the mean field 
approximation. Since the only parameter in the model is f+ and we are 
interested in temperatures comparable with it, we cannot make an expan- 
sion in powers of T/f,;. The only other parameter is N, the number of 
field components. This suggests an expansion in 1/N. 

We begin by representing the field-constraining delta function by an 
integral, 


Z = | (aw [db'] = dr [es [L + ib! (®? - #)}} (12.124) 


As with the linear model, we define the first N — 1 components of ® 
to be the pion field and the last component to be the sigma field. We 
allow for a zero-frequency and zero-momentum condensate of the sigma 
field, referred to as v. Following Polyakov [30] we also separate out explic- 
itly the zero-frequency and zero-momentum mode of the auxiliary field 
b’. Integrating over all the other modes will give us an effective action 
involving the constant part of the fields. We will then minimize the free 
energy with respect to these constant parts, which gives us a saddle point 
approximation. Integrating over fluctuations about the saddle point is 
a finite-volume correction and of no consequence in the thermodynamic 
limit. The Fourier expansions are 


®;(x, T) = Tix, T) = TO a el(XPt+enT) zi(p, n) 
n p 
y(x, T) =v+o(x,T) =vt+ (ey ei(XPtwnT) sion 
n p 


b'(x, T) = Zim? +b(x, T) = Zim? + Ty/ £ `> D b(p,n) 
n p 
(12.125) 


One must remember to exclude the zero-frequency and zero-momentum 
mode from the summations. The field ® must be periodic in imaginary 
time for the usual reasons, but there is no such requirement on the aux- 
iliary field b, hence we must have wp = 27nT and vn = mnT. Since the 
field b has dimensions of inverse length squared we have inserted another 
factor of T so as to make its Fourier amplitude dimensionless, as is the 
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case for the other fields. The action then becomes 


6 
s= f ar f| Bx {3 (un)? — mx? + (0,0)? — mo? 
0 V 
—ib (Quo +n? + oy} + dm? (2 — v?) BV (12.126) 


Note that terms linear in the fields integrate to zero because (7;) = (a) = 
(b) = 0. 

An effective action is derived by expanding exp(S) in powers of b and 
integrating over the pion and ø fields. The term linear in b vanishes on 
account of 6(0,0) œ (b) = 0. The term proportional to b? is nonzero and 
is exponentiated, thus summing a whole series of contributions. The term 
proportional to b? is also nonzero and it, too, may be exponentiated, 
summing an infinite series of higher-order terms left out of the order-b? 
exponentiation. After making the scaling b > b/V2N the effective action 
becomes 


Sef o i `> D (w2+p?+m?) [7(p, n) ` T(—p, =n) +õ(p, n)o(—p, —n)| 
n p 


2 v? 7 7 
1 
z5 D De (ne, Wn, 1’, m) + age =) b(p, 2n)b(—p, —2n) 


VN 


Note that only even Matsubara frequencies contribute in the b-field: 
Vn = 2nnT. This may have been anticipated. There appears the one-loop 
function 


+3m? (f2—v?) BV +0 (5) (12.127) 


d’k 1 1 
re =T 
Tp, th T,m) > fa (aw) F (p K) F m? oP PP 
(12.128) 


The effective action is an infinite series in b. The coefficients are frequency 
and momentum dependent, arising from one-loop diagrams. In addition, 
each successive term is suppressed by 1/ VN compared with the previous 
one. This is the large-N expansion. 

The propagators for the 7 and ø fields are of the usual form, 


D7 (p, wn m) = we +P +m? (12.129) 
with an effective mass m yet to be determined. The propagator for the 
b-field is more complicated: 

2 v? 


—1 = 
D, (p, Wn, m) = I(p, wn, T, m) + N w2 + p2 +m? 


(12.130) 
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The value of the condensate v is not yet determined, either. 

Keeping only the terms up to order b? in So (the rest vanish in the 
limit N — oo) allows us to obtain an explicit expression for the partition 
function and the pressure; this includes the next-to-leading order terms 
in N: 


P =F mZ = }m2(f2 - 02) 


3 
ty | or In[G? (w +p + m?)] 


ry f 2E Gv tae ow 
=i = ji w m 
2 = (27)3 Beas N w2+p?+m? 


(12.131) 


The second term in the argument of the last logarithm should and will be 
set to zero at this order. It may be needed at higher order in the large-N 
expansion to regulate infrared divergences. 

The pressure is extremized with respect to the mass parameter m. 
Therefore 0P/Om? = 0. From the initial expression for Z this is seen to 
be equivalent to the thermal average of the constraint: 


f2 = (8?) = v? + (r?) + (0°) (12.132) 


If an approximation to the exact partition function is made, such as the 
large-N expansion, this constraint should still be satisfied. It may, in fact, 
single out a preferred value of m. 

To leading order in N we may neglect the term involving II entirely. 
The pressure is then 


P= 5m? (fr —v?) + N Po(T,m) (12.133) 


The pressure must be a maximum with respect to variations in the con- 
densate v. This means that 
OP 
Ov 


which is equivalent to the condition (a) = 0. There are two possibilities. 


=-mv=0 (12.134) 


1 m=0 There exist massless particles, or Goldstone bosons, and the 
value of the condensate is determined by the thermally averaged con- 
straint. This is the symmetry-broken phase. 

2v=0 The thermally averaged constraint is satisfied by a nonzero 
temperature-dependent mass. There are no Goldstone bosons. This is 
the symmetry-restored phase. 


Evidently there is a chiral-symmetry-restoring phase transition! 
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In the leading order of the large-N approximation the particles are 
represented by free fields with a potentially temperature-dependent mass 
m. Again, we may use 


OP(T,m) 9 Bp 1 1 
ðm? = J (277)3 w e2 — 1 en) 


with w = yp? + m2. Thus extremizing the pressure with respect to m? 
is equivalent to satisfying the thermally averaged constraint 


f2 =v? + (r?) + (o’) (12.136) 


Note however that the pion and ø fields have the same mass and therefore 
(x?) = (N — 1)(o?). Consider now the two different phases. 

In the asymmetric, symmetry-broken, phase the mass is zero. The above 
constraint is satisfied by a temperature-dependent condensate: 


2 
2 
T) = ff - —— 12.137 
This condensate goes to zero at a critical temperature 


12 
T = N f? (leading-N approximation) (12.138) 


Exactly at T, the thermally averaged constraint is satisfied by the fluctu- 
ations of N massless degrees of freedom without the help of a condensate. 

In the symmetric phase the condensate is zero. The constraint is satis- 
fied by thermal fluctuations alone: 


paw fo > (12.139) 


2T)’ w efv — 1 


Thermal fluctuations decrease with increasing mass at fixed temperature. 
The constraint is only satisfied by massless excitations at one tempera- 
ture, namely, Te. At temperatures T > Te the mass must be greater than 
zero. Near the critical temperature the mass should be small, and the 
fluctuations may be expanded about m = 0 as 


1 m m? m m? 
2 2 
= NT 1 ( ) ...| (12.140 
fa 12” GaP 8927? Gat) ~ T6eT? * ( ) 
As T approaches T, from above, the mass approaches zero as follows: 
m(T) = i CF a (12.141) 


This is a second-order phase transition since there is no possibility of 
metastable supercooled or superheated states. 

The mass must grow faster than the temperature at very high tem- 
peratures in order to keep the field fluctuations fixed and equal to f2. 
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Asymptotically the particles move nonrelativistically. This allows us to 
compute the fluctuations analytically. We get 


2 ( T m —m/T 
=N Vme (12.142) 


Qn 


This is a transcendental equation for m(T). It can also be written as 


NT | mT 


Roughly, the solution behaves as follows: 
T2 
m~Tin (=) (12.144) 


It is rather amusing that, at the leading order of the large-N approxi- 
mation, the elementary excitations are massless below Te, become massive 
above Tę, and at asymptotically high temperatures move nonrelativisti- 
cally. 

The result to first order of the large-N expansion provides good insight 
into the nature of the two-phase structure of the nonlinear o model, but 
it is not quite satisfactory for two reasons. First, it predicts N massless 
Goldstone bosons in the broken-symmetry phase when in fact we know 
there ought to be only N — 1. Second, the square of the critical temper- 
ature is 12f2/N whereas it is 12f2/(N + 2) in the linear ø model in the 
mean field approximation; we expect them to be the same in the limit 
A — co. Both these problems can be rectified by inclusion of the next-to- 
leading-order term in N, which gives the contribution of the b-field. 

It is natural to expect that the b-field will contribute essentially one 
negative degree of freedom to the T4 term in the pressure so as to give 
N — 1 Goldstone bosons in the low-temperature phase. Therefore we move 
one of the N degrees of freedom and put it together with the 6-field 
contribution as 


3 
P= ir (2-07) -N-DE f SF, mA ok +p? +m?)] 


d?p 
-r5 | = In[? (we + p? + m?) TI] (12.145) 
n 
The function II(p, wn, T, m) can be reduced to a one-dimensional integral: 


1 % dkk k? + pk + A? 1 
m= l 12.14 
zz] w n (r efv —1 ( o 
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where 
(we + p?)? tAm w, 


A? = A2(p,wn,m) = 
(p,w ,m) A(w2 + p?) 


(12.147) 


but unfortunately II cannot be simplified any further. In any case, to the 
order in N to which we are working, the pressure is 


P = dm? (f? —v?) +(N — 1) P(T, m) + A(T, m) (12.148) 


The pressure can be thought of, in the low-temperature phase, as due to 
N — 1 Goldstone bosons with an interaction term P,. 

Because of the logarithm, the main contribution to the interaction pres- 
sure will come when II is very small compared to unity. This corresponds 
to very large values of the parameter A; in other words, to very high 
momentum, Matsubara frequency, or mass. In this limit, 


1 dkk? 1 T 
1 sae f = ah (= ) (12.149) 


This may be considered as a high-energy approximation, and we shall 
henceforth refer to it as such. Then 


A=iTÈ | os uy 5 In[G? (wr +p +m?) TI] 


al ha (wa + p°) (wa +p +m’) 
Df aes a eas) 0250 


with dispersion relations 


wh = p + 2m? + 2my p? + m? (12.151) 


The interaction pressure can now be determined in the usual way to be 


R= ual ap h (1 — ee?) + In(1 — eA) 
i (278 n e n e 


Ini) ner) (12.152) 


Note that h3(m/T) has no effect within this approximation. Note also that 
in the broken-symmetry phase where m = 0 the contribution of the b-field 
cancels one of the massless degrees of freedom to give N — 1 Goldstone 
bosons. 

Now we are prepared to examine the behavior of the system near the 
critical temperature with the inclusion of next-to-leading terms in N. We 
make an expansion in m/T as before. The pressure is, up to and including 
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T” på N +2 
90 24 


1 N 
P=(N-1) mT? + 5m (f2- v?) + —m3T 


(12.153) 


In the high-temperature phase, where v = 0, maximization with respect 
to m yields 


=T (2 a zm) (12.154) 


This gives the same critical temperature as in the mean field treatment 
of the linear o model. 


T2 _ 12 2 


= sub-leading-N approximation 12.155 
c N + 9 T 


The mass approaches zero from above as follows: 


o a(N+2) 


m(T) = IAT (T? — TÈ) (12.156) 


In the results obtained immediately above, an approximation for II to 
which we have referred as a high-energy approximation has been used. 
Relaxing this approximation can be done, albeit at the cost of a numer- 
ical calculation. Of course, one should also go beyond the mean field 
approximation in the linear model. 


12.4.8 Finite-temperature behavior of fr 


Consideration of correlation functions at finite temperature is more 
involved than at zero temperature. Lorentz invariance is not manifest 
because there is a preferred frame of reference, the frame in which the 
matter is at rest. Thus spectral densities and other functions may depend 
on energy and momentum separately and not just on their invariant s. 
Also, the number of Lorentz tensors is greater because there is a new vec- 
tor available, namely, the vector u, = (1, 0, 0, 0) that specifies the rest 
frame of the matter. 

In the usual fashion one may construct a Green’s function for the axial- 
vector current A‘: 


V = dw V 
erea= phi? (wa) (12.157) 
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where the spectral density tensor is 


; 1 
pa (wa) = Z N (27) (w — Em + En)6(q — Pm + Pn) 


? (a - e-En/T) (n| A” (0)|m) (m| AK (0)|n) (12.158) 


The summation is over a complete set of energy eigenstates. 
Owing to current conservation the spectral density tensor can be decom- 
posed into longitudinal and transverse terms: 


phe (a) = bab [04l PE” + pala) Pr’ | (12.159) 


In general the spectral densities depend on q? and q separately as well as 
on the temperature. In the vacuum we can always go to the rest frame of 
a massive particle and in that frame there can be no difference between 
longitudinal and transverse polarizations, so that pp = pr = p. We also 
observe that PË” + PLY = —(g"” — qq” /q?). The pion, being a massless 
Goldstone boson, is special. It contributes to the longitudinal axial spec- 
tral density and not to the transverse one. In vacuum, 


l) = (E£ = w) pal) + f25(q*)q"q” (12.160) 


This may be taken to be the definition of the pion decay constant at zero 
temperature. In fact, one can write the pion’s contribution as 

Fel) = Fel) Pe” (12.161) 
This cannot be taken as the definition of the pion decay constant at finite 
temperature because the contribution of the pion to the longitudinal spec- 
tral density cannot be assumed to be a delta function in q?. In general, as 
mentioned previously, the pion’s dispersion relation will be more compli- 
cated and will develop a width at nonzero momentum. This smears out 
the delta function into something like a relativistic Breit-Wigner distri- 
bution. Fortunately, the Goldstone theorem [31] requires that there be a 
zero-frequency excitation when the momentum is zero (see Chapter 7). 
This implies that the width must go to zero at q = 0, which results in a 
delta function at zero frequency. Explicit calculations support this asser- 
tion [32, 33]. Therefore it would seem to make sense to define 


€ 2 

(7) =2lim | S h(g, q=0) (12.162) 
«0 Jo qô 

Physically this means that the pion decay constant at finite temperature 

measures the strength of the coupling of the Goldstone boson to the lon- 

gitudinal part of the retarded axial-vector response function in the limit 

of zero momentum. 
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We shall first study the pion’s contribution to the spectral density at 
temperatures small compared with f». We shall study both the nonlinear 
and linear o models. At low temperatures the ø meson’s contribution 
as a material degree of freedom is frozen out and one might expect the 
same dynamics to be operative in both models; in other words, one might 
expect the result to be the same and so independent of A. 


The nonlinear o model 


The nonlinear ø model was defined at the beginning of subsection 
12.4.2. One can make a nonlinear redefinition of the field without chang- 
ing the physical content of the theory. Various redefinitions may be found 
in the literature. First we will list the most common ones and then we 
will compute f,(T) for each of them, thereby illustrating that one always 
gets the same result. It is interesting to see how this comes about; it is 
also reassuring that it does. 

A convenient way to express the sigma and pion fields that explicitly 
contains the constraint is 


o = fr cos(¢/fr) 
n= fr sin(o/fr) 


where ¢ = || and b= b/d. The Lagrangian may then be expressed in 
terms of the fields of choice: 


(12.163) 


lz 5 um: ONT + 5 Ono Wo 
(T: Our) (T: Or) 


B-r 


_1 sain? (2) ao roti hi- Bsn (2) ] aoo c2asy 


Another representation to consider is due to Weinberg [27], who makes 


the definition 
ie T? 
p=255 (1-1-3 )" (12.165) 


= tôn- n+ i 


| 

| 

| 
n 
5 


or inversely 
„n2 P _ 
1+ p sete 
In terms of Weinberg’s field definition the Lagrangian is very compact: 
o1 ð p -O"p 
2 (1+p/4f2) 


(12.166) 


(12.167) 
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The (0,7) representation is cumbersome because of the constraint, 
although it can be handled by the Lagrange multiplier method of subsec- 
tion 12.4.2. However, it is inconvenient for exposing the physical particle 
content and for doing perturbation theory in terms of physical particles. 
Among the three physical representations we choose to work with here, 
it is interesting to note the range of allowed values of the fields. The 
magnitude of the p-field can range from zero to infinity, the magnitude 
of the zw-field can range from 0 to f,, and the magnitude of the @-field 
can range from 0 to mfr. This distinction is important when dealing with 
nonperturbative large-amplitude motion; whether it makes any difference 
in low orders of perturbation theory is not known. 

The first step in our quest to extract the temperature dependence of fr 
from the theory is to obtain the form of the axial-vector current in terms 
of the chosen fields. Starting from 


Ay = -7 uT + T Oo (12.168) 


one directly computes 


Oy 
-o (oum per) 
_ 2 r 20 fi fr i 2¢ ii 
- -2 in (F) a-r j- Fe sin (eag 


1 1 1 1 
~ Fe (1+ 2/4 p22 (2 4” z) 9p + zp (P-2,0)| 
(12.169) 


Au 


Every form of the axial-vector current is an odd function of the pion field. 

Obviously it is not possible to compute the axial-vector correlation func- 
tion exactly. We will restrict our attention to low temperatures. Roughly 
speaking, a loop expansion of the correlation function is an expansion in 
powers of T?/f?, each additional loop contributing one more such factor. 
To one-loop order, we need the axial-vector current to third order in the 
pion field: 


2 


1 
Ay = -fr Om + yOu = T (Oy) 
2¢7 
-fr ub + Fe Oud ~ 5 OO 0,0) 
3p" a z a 12.170 
—f,0 uP + uP zp PIP: uP) (12.170) 
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We will also need the Lagrangian to fourth order in the pion field: 


Li= ý (7 - uT) (T: T) 
~ 6 ap [(b aup) (H: H) -p aup: p] 
= -7p ?” Op - O"p 


(12.171) 


The correlation function (Af (x) Az(y)) will have a zero-loop contribu- 
tion from the 7-7 correlation function (0,7°(x) 0,7) (y)), a one-loop 
self-energy correction to the same m-r correlation function, and a one- 
loop contribution from the correlation function involving four pions, 
(ur (a) m (y) (y)A7"(y)). 

The contribution of the bare-pion propagator Do to the longitudinal 
spectral density is easily found to be 


loa) = fz 9° 6 l?) (12.172) 


At zero temperature this is just the definition of the pion decay constant. 
The one-loop pion self-energy may be computed by standard diagram- 
matic or functional integral techniques. The results are: 


T2 
Ir (q) = Tape! 
T2 
IIp(q) = (N - 1) F2 q (12.173) 
1 2 
Ugla) = 3 Hr (4) + 3 Up(a) 


These are rather dependent on the definition of the pion field! Neverthe- 
less, it is worth noting that the Goldstone theorem is satisfied on account 
of the fact that the self-energy is always proportional to q?. 

The final contribution comes from the correlation function for a pion 
at point x with three pions at point y. Again, standard diagrammatic 
or functional integral techniques may be used. To express the answers, 
we gather together the contributions from the bare propagator, from 
the one-loop self-energy, and from this correlation function and quote 
the coefficient of the term f?q?6 (a°) in the longitudinal part of the 
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axial-vector spectral density: 


m (1 oz) wa 


12 f2 127? 
T? T? 
pi (140 aa (x =) SP (12.174) 
T? T? 
T (140 2) (N- 55 


In all three cases the results are the same and amount to a temperature 
dependence of 


fO)=f (1 E =) (12.175) 


This agrees with the analysis of Gasser and Leutwyler [21] for the only 
case where they can be compared, Ne =N=4., 


The linear o model 


It is now not surprising to discover that the linear ø model gives the 
same result for f,;(Z) at low temperatures as the nonlinear sigma model. 
The reason is that the o meson is very heavy at low temperatures and 
cannot contribute materially in the way that the pions do. However, the 
way in which the linear ø model works out is very different. 

Let us go back to the axial-vector current before shifting the sigma 
field: 


Ay = —0 uT + T Oo (12.176) 
After making the shift o — v + o the current takes the form 
Ay = V OT — 0 On +T Op (12.177) 


By maximizing the pressure (which is equivalent to minimizing the 
effective potential) with respect to v at each temperature we effectively 
sum all tadpole diagrams, leaving only 1PI diagrams in any subsequent 
perturbative treatment. If this is done, one’s inclination is to identify v(T) 
with f(T). This is wrong; f(T) has additional contributions, as we shall 
now see. 

The first contribution to f2(T) does come from v?(T) since it involves 
the cross term of 0,7°(a) with O,7°(y). Following the analysis of subsec- 
tion 12.4.1, but at low temperature rather than high, we simply leave out 
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the contribution of the heavy o meson. This gives 


P(T,v) = (N-1) 


ene 
re (4 T r?) ay! (12.178) 


Maximizing with respect to v gives 


N-1 
7 (12.179) 


2 — £2 
v(T) = fi- 12 


There is another, nonlocal, contribution to the vertex, corresponding to 
the emission and absorption of a virtual o meson. One might think that 
it would be suppressed by the large o mass, mŽ = 2 F, but in fact this is 
compensated by the coupling constant A in the extra vertex. Evaluation 
of this diagram gives a contribution to f2(T) of T?/6f?. 

Finally there is a contribution coming from the dressed pion propagator 
analogous to that in the nonlinear ø model. The full one-loop 1PI pion 
self-energy diagrams have been shown already in Figure 12.5. We know 
that the sum of the momentum-independent terms is zero on account of 
Goldstone’s theorem. We just need the contribution that is quadratic in 
the energy and momentum of the pion. This can arise only from the so- 
called exchange diagram involving two on7 vertices. In imaginary time 
(Euclidean space) it is 

2 2 Bk 1 1 
Tlex(Wn, q) = —4° fi yf Ge Y G4 Gta eteP tne 
(12.180) 
Since T «K mg, it is easy to extract the part that is quadratic in the 
momentum. Analytically continuing to Minkowski space (wn > igo), it 
is q?T?/12 f2. 
The residue of the pion pole in the axial-vector correlation function can 


now be obtained by adding the vacuum contribution, the pion self-energy 
correction, and the tadpole and nonlocal vertex corrections as follows: 


Ie NAT gl 
12 {2 12 f? 6r 


The final result, 


N -2 T? 
(12.181) 


2 _ £2 


is identical to that of the nonlinear ø model. We remark that this cannot 
be used to compute the critical temperature since it was obtained under 
the condition that T < fr- 
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The approach to chiral-symmetry restoration 


Calculation of f(T) as T — Te is more involved than in the low- 
temperature limit. It was done for the nonlinear model by Jeon and 
Kapusta [34]. Here we just quote the result: 
N+2 

R(T) = f2- = (12.182) 
It goes to zero at the correct critical temperature. Notice that the coef- 
ficient of the T? term is different from that in the low-temperature 
limit. A relatively simple Padé approximation may be used to extrap- 
olate smoothly from low temperatures to the critical temperature: 


i). E 
f2 i 4 T i Te 
(N + 2) T2 T2 


12.4.4 Finite-temperature scalar condensate 


(12.183) 


The scalar condensate is defined as |(®)|. Our convention has been to 
allow the last, Nth, component of the field to condense, and to refer to 
this as either v, if the field is shifted, or (ø) if the field is not shifted. In 
this section we use the latter convention. 

It is interesting to ask what happens to this condensate as a function 
of temperature in the nonlinear model. The constraint as an operator 
equation is f2 = ®? and as a thermal average is f2 = (®7); it is not 
fr = |(®)|. The condensate can indeed change with temperature. In fact 
we can quite easily compute it to two-loop order. Before doing so, we 
first discuss the connection of this condensate with the quark condensate 
(Ge). 

In two-flavor QCD one often associates the sigma and pion fields with 
certain bilinear forms of the quark fields: 


py ~ o 

PTY ~ T 
This association is made because the quark bilinear forms transform in 
the same way under SU(2) x SU(2) as the corresponding meson fields. 
The dimensions do not match, so there must be some dimensional coeff- 
cient relating them; this coefficient could even be a function of the group 
invariant o? + m? ~ (bw)? — (pysty). Does this particular combination 
of four-quark condensates change with temperature? The temperature 
dependence of the four-quark condensates at low temperatures was first 
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calculated in [35] with the help of the fluctuation—dissipation theorem. 
The contribution of pions alone was later discussed in [36] using soft-pion 
techniques. From [35, 36] one can state the two condensates separately: 


(w?) = (1- a) |(be)?|0) — Bak bystb)?|0) (12.184) 
and 
(asru?) = (1- Fa) Olaru?) - Fy (Ollo) 02185) 


Therefore there is no correction to this group invariant to order T?/ f2 
inclusive: 


(de)? — (ysrd)?) = (0| (bw)? — (srh)? (12.186) 


This result is consistent with our analysis of the nonlinear ø model in 
previous sections. 

Now let us return to the business of computing the temperature depen- 
dence of the scalar condensate to one- and two-loop order. In terms of the 
three representations used in the discussion of the nonlinear o model in 
Section 12.4.3 the o field is given by 


kI po) apt ape 
“(eB)” (oR) or BeBe 


2f? 16 fe Af? 2f? BSa 
$ p (p 
= cos (2) =1 +O (12.187) 


To second order in the pion field all three representations are the same. 
Using the free-field expression for the thermal average of the field squared 


we get 
_ 2 
2 si = z (Sa) gere (12.188) 


For N = 4, the only value for that we can quantitatively compare with 
QCD, this agrees with the result of Gasser and Leutwyler [21]. 

The coefficient of the term that is fourth order in the pion field differs 
in sign and magnitude among the three representations. It would be a 
miracle if the thermal average of 4/1 — m?/ f2, cos(ġ/fr), and the Wein- 
berg expression were all the same! But regarding the order (T? /12 f2)? we 
must recognize that the term that is second order in the pion field gets 
modified owing to a one-loop self-energy. This was computed for each 
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representation in Section 12.4.3 and the results were listed in (12.173). 
The term that is fourth order in the pion field can be evaluated using free 
fields. The result is 


2\ 2 
(PP) = (N? - 1) (5) (12.189) 


and is obviously representation independent. The contributions for each 
representation are 


ae oe, ee Pare sy 
gi 2 (a)l (sa) 8 (ap) 


(12.190) 


where the second term in each line comes from the square of the pion field 
and the last term comes from the pion field in fourth order. The sum of 
all terms is identical in all three representations; it is 


lo) T? (NaN 8) 6 PV 
C =1-—(N-1) (a) 5 69 +-+ (12.191) 


The miracle happens. It is a consequence of the fact that physical quan- 
tities must be independent of field redefinition. What is more, for N = 
4 it agrees with the previously obtained result of Gasser and Leutwyler. 
However, we emphasize once more that this expression should not be 
used to infer a critical temperature because it has been derived under the 
assumption that the temperature is small compared with fr. 

A calculation of the scalar condensate in the nonlinear model near the 
critical temperature was made by Jeon and Kapusta [34]. The result is 
exactly the same as in the linear model, (12.114), namely 


N +2 
lo}? =v? (T) = f- 1 (12.192) 
This expression has corrections of order v?(T)/N and T?/N in the large-N 
expansion. 
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12.5 Exercises 


12.1 Use the exponential representation of the pseudoscalar fields (just 
above (12.6)) in the leading-order chiral Lagrangian £2 to calculate 
the four-pion interaction. 

12.2 Use the four-pion interaction calculated in the first exercise to calcu- 

late the two-loop contribution to the pressure of a pion gas. Compare 

with (12.23). 

12.3 Use the chiral Lagrangian £2 to compute the m-r scattering ampli- 
tude. Use it to calculate the pion self-energy as in Section 12.2. Com- 
pare your result with (12.173). 

12.4 Read the paper by Dey, Eletsky, and Ioffe and rederive the mixing 
rule for vector and axial-vector correlators at finite temperature. 

12.5 Derive (12.116). 

12.6 Construct a Padé approximation for (o) = v(T) to extrapolate from 
Te f toT T: 

12.7 Do the linear and nonlinear o models satisfy the Weinberg sum rules 
at finite temperature? Explain your answer. 

12.8 How are conditions (12.103) and (12.104) modified if the p and a, 
spectral densities are taken to be relativistic Breit-Wigner distri- 
butions with momentum-independent but temperature-dependent 
widths instead of delta functions? 
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13 


Nucleation theory 


The dynamics of first-order phase transitions has fascinated scientists at 
least since the time of Maxwell and Van der Waals. Much work on the 
classical theory of the nucleation of gases and liquids was carried out 
in the early part of the 1900s, culminating in the theory of Becker and 
Döring [1]. There were and still are many important applications, such 
as cloud and bubble chambers, the freezing of liquids, and precipitation 
in the atmosphere. The modern theory of nucleation was pioneered by 
Langer [2]. Langer’s theory is based in a more fundamental way on the 
microscopic interactions of atoms and molecules. It can also be applied 
close to a critical point. Nucleation theory has been extended to relativis- 
tic quantum field theory by Coleman and Callan [3] for zero temperature 
and by Affleck [4] and Linde [5] for finite temperature. A coarse-grained 
relativistic field theory description was developed by Csernai and Kapusta 
[6] for finite temperature and extended to finite density by Venugopalan 
and Vischer [7]. Langer’s results are recovered in the nonrelativistic limit. 
Applications here are to elementary particle phase transitions in the early 
universe, heavy ion collisions, and even the nucleation of black holes. 
The goal of nucleation theory is to compute the probability that a 
bubble or droplet of the A-phase appears in a system initially in the 
B-phase near the critical temperature. Homogeneous nucleation theory 
applies when the system is pure; inhomogeneous nucleation theory applies 
when impurities cause the formation of bubbles or droplets. For the appli- 
cations we have in mind, namely the early universe and very-high-energy 
nuclear collisions, it seems that homogeneous nucleation theory is appro- 
priate. In the everyday world it is usually the opposite; dust or ions in the 
atmosphere are much more efficient in producing precipitation. Nucleation 
theory is applicable for first-order phase transitions when the matter is 
not dramatically supercooled or superheated. If substantial supercooling 
or superheating is present, or if the phase transition is second-order, then 
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Fig. 13.1. A potential with two nondegenerate minima. 


the relevant dynamics is spinodal decomposition. In this chapter we con- 
cern ourselves only with homogeneous nucleation theory. 


13.1 Quantum nucleation 


A relativistic quantum field theory approach has been worked out by 
Coleman and Callan [3] for nucleation from one vacuum to another. This 
is essentially a straightforward extension of the semiclassical formula for 
tunneling through a barrier in quantum mechanics, generalizing from one 
degree of freedom to many degrees of freedom and then to an infinite 
number — a field theory. This approach will be illustrated for a single 
scalar field. 
The Lagrangian is 


L = 40,00" — U ($) (13.0) 


Suppose that U has a local minimum at ¢ 1 and a global minimum at 
g_, with U(¢_) < U(¢4), as illustrated in Figure 13.1. If the system is 
at $4, the false vacuum, it can tunnel through the barrier to enter the 
region near the true vacuum, @_. In nonrelativistic quantum mechanics, 
the tunneling probability amplitude is dominated by the exponential of 
minus the action of a trajectory which goes from one side of the barrier 
to the other. The probability itself is proportional to the exponential of 
minus the action for a trajectory which begins near ¢,, goes through the 
barrier, and returns to its starting point (on account of time reversal). 
In the path integral approach to quantum mechanics, this corresponds to 
the motion of a point particle in imaginary time, as opposed to real time, 
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or equivalently to the motion of a particle in the inverted potential. The 
process of starting near the false vacuum, going through the barrier, and 
returning to the starting point was called a “bounce” by Coleman. 

Although we are interested in the vacuum tunneling rate we can still 
use the formalism of finite-temperature field theory, taking the zero tem- 
perature, or 8 — ov, limit in the end. In Euclidean space the classical 
equation of motion is 


ro 2 / 
F849 =U") (13.2) 
The boundary conditions we impose are 
(x, 0) = O(x, 8) = ¢ (13.3 
| ne (x, T) = Gy. (13.4 
a Nii (13.5) 
OT 


The first of these means that the bounce begins and ends at the false 
vacuum. The second means that the bounce is localized, being surrounded 
by false vacuum. The third means that the field has zero velocity at the 
time To, the time at which the field penetrates the barrier: U(¢(x, 7)) = 
U(@ ). Solutions to the classical field equation will be dominant in the 
classical (ñ — 0) limit since they have minimal values of the action. 

One should expect that the vacuum tunneling solution with the small- 
est action has O(4) invariance, from the symmetry of the problem. 
The bounce solution, referred to as ¢, depends only on the variable 
p=vrT2+x?. Rather than taking 0 < 7 < @ one may just as well take 
—B/2<7 < 8/2. Then the equation of motion simplifies to 


o 3dọ s 
we + 3 U) (13.6) 
The boundary conditions are 
Jim 40) = 44 (13.7) 
ð, 
ape = 0 (13.8) 


The last of these is needed to avoid a singularity at the origin. The action 
is then computed from 


S = 2r? I dp p? E ei + U(¢) (13.9) 
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Let us refer to S evaluated with the bounce solution ¢ as Sp. Since the 
bounce is a solution to the equation of motion and is localized, it will 
have finite action. 

At zero temperature the system would sit at ¢_, where the potential 
energy is a minimum. Of course there will be quantum corrections to the 
energy density. The most important of these will arise from fluctuations 
about ¢_. From Chapter 2 we know that we can express the quadratic 
fluctuations to the partition function around this minimum as 


-1/2 


N {det|—0? — V? + U"(¢_)]} (13.10) 


where N is a normalization constant. The bounce solution, together with 
the quadratic fluctuations about it, will contribute 


-1/2 


NBV exp(— Sp) {det [—d? — V? + U"(¢)] } (13.11) 


where N is the same normalization. This expression neglects complica- 
tions due to any zero eigenvalues when performing the functional inte- 
gral. The factor of spacetime volume (GV arises from integration over the 
position of the center of the bounce: it may be centered anywhere, not 
necessarily at T = 0, x = 0 as assumed above. The vacuum energy density 
is computed in the limit 8 — oo from the formula Eo = —ô ln Zp /OG. In 
this semiclassical approximation, 


In Zo = In { N[-8? - V? + U” (4) P} 
det[—dF — Mn We 
+1n + deto — = = ee exp(—Sp) ? (13.12) 


Notice that the normalization N drops out from the second logarithm. 

The operator —0? — V? + U” (¢) has four zero eigenvalues owing to the 
invariance of the bounce solution under translation of its center. Thus, if ¢ 
is a solution to the classical equation of motion then so are the ¢,, = bd,.d, 
where 6 is a constant. The normalization b can be determined as follows. 
First, since ¢ is a solution to the classical equation of motion, the action is 
stationary under general variations, in particular under the infinitesimal 
scale transformation 


56 = £, 0, (13.13) 


Evaluating the action with ¢+ 6¢ and setting the first-order variation of 
it to zero, we get 


f daaa / ds £(6) = 48p (13.14) 
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Requiring that each ¢,, be normalized to unity determines the factor b = 
a) 

The functions 0,,¢ all have one node, hence none of them represents the 
lowest state. There must be at least one mode with a negative eigenvalue. 
Owing to the power 1/2 in (13.12), the bounce solution contributes an 
imaginary part to the vacuum energy density. This means that the bounce 
solution is actually a saddle point of the action, not a local minimum. 

If we somehow prepare the system in a state at or near @+ then it will 
decay by quantum tunneling, and this is reflected in the imaginary part 
of the energy. If the bounce solution is left out of the sum over states 
in the partition function then the energy density is real, as it must be if 
we explicitly sum over the energy eigenstates of the Hamiltonian. If the 
bounce solution is kept, its contribution should be isolated and identified 
as an instability of a state that does not belong to the spectrum of the 
Hamiltonian. 

Putting Planck’s constant back into our formulae for the moment, we 
realize that in the semiclassical limit the bounce solution is exponentially 
suppressed via the factor exp(—Sp/h). To lowest order in this small quan- 
tity, the imaginary part of the energy density is 


= (3) 
2a 

where the prime means that the four zero eigenvalues are omitted from the 
determinant. The first factor arises from the integration over the four zero 
modes. The factor involving the ratio of determinants has the dimension 
1/length* since four eigenvalues are deleted from one of the operators, 
yielding an I with the proper dimensions of the number of tunnelings 
per unit time per unit volume. The exponential is the dominant factor in 
the tunneling, and is analogous to the Boltzmann factor in producing a 
critical-sized droplet in the classical nucleation rate. 

Generally the classical equation of motion must be solved numerically 
to obtain the bounce solution, which is then used to compute the bounce 
action and the tower of eigenvalues of the fluctuation operator. However, 
in some circumstances one can make a thin-wall approximation to obtain 
the bounce solution, the action, and the negative eigenvalue. For example, 
consider the potential 


-1/2 


det/[—0? — V? + U"(9)| exp(—Sp) (13.15) 


det[-02 — V? + U" (¢-)] 


U(¢) =A (8-a) + 54 (0-9) (13.16) 


where e€ is a small quantity that represents the breaking of the reflection 
symmetry of the potential. To lowest order in this quantity, ġ+ = +a. 
The bounce solution has the behavior that it equals —a for p< R and a 
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for p >> R, and crosses zero at p = R. This defines the four-dimensional 
radius of the bounce R. The approximate solution is 


—a p<R 

= -R 

lp) = < atanh (S) p=R (13.17) 
a p>R 


Here € =1/V8,a is the correlation length. This ought to be a good 
approximation when the wall thickness, characterized by €, is much less 
than the radius R. Substitution into the action yields 


R? (13.18) 


which displays the competition between the four-dimensional volume 
energy and the three-dimensional surface energy. The radius is determined 
by minimization: 


1 


Rg 
For self-consistency, we must therefore require « < 1/(8A€4). The result- 
ing action is 


r2 
Sg = yE (13.20) 


The semiclassical calculation ought to be valid when Sp > 1. A detailed 
calculation proves that there is one and only one negative eigenvalue, 
which is —3/(2R3). 


13.2 Classical nucleation 


The classical theory of nucleation culminated in the work of Becker and 
Döring [1]; it was nicely reviewed by McDonald [8]. This theory was devel- 
oped to describe the nucleation of a liquid droplet in a dilute yet super- 
saturated vapor. 

The classical expression for the nucleation of a droplet of dense liquid 
in a dilute gas is 


roog (PEEN meo (AEE) aan 


where AF (i+) is the formation energy of a critical sized droplet consisting 
of i, molecules, a prime denotes differentiation with respect to the number 
of molecules 7, T is the temperature, nı is the density of single molecules, 
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and a(i,) is the accretion rate of single molecules on a critical droplet. 
Usually the accretion rate is taken to be 
a(ix) = $n, 040 R2s (13.22) 
which is the flux of particles (U is the mean speed of gas molecules) strik- 
ing the surface of the critical droplet times a “sticking fraction” s less 
than unity. The first term in the nucleation rate is a dynamical factor 
influencing the growth rate, the second term characterizes fluctuations 
about the critical droplet, and the product of the third and fourth terms 
gives the quasi-equilibrium number density of critical-sized droplets. The 
energy is measured with respect to the gas molecules, so that AE(1) = 0. 
To extend the classical expression to the nucleation of a droplet in a 
somewhat denser gas, the first thing to do is to multiply the Boltzmann 
factor by the number of states available to the hot droplet: 


eee ae re (13.23) 


Owing to the thermodynamic identities S = —dF/dT and F = E—TS, 
this modifies the Boltzmann factor to e~4//7, 

The size of the droplet can be characterized not by the number of 
molecules it contains but by its radius. Then integration over quadratic 
fluctuations about the mean size will give the prefactor 


1 1/2 
(Arren aay 


The accretion rate must be multiplied by the increase in radius per particle 
absorbed to compensate for this change of variable. Upon absorption of 
one more particle, the droplet free energy changes by 


AF = AF'(R,)6R + SAF" (Rx) (6R) (13.25) 


The derivatives are evaluated at R,, where the first derivative vanishes. 
The (Gibbs) free energy added by one gas molecule is just minus the 
pressure of the gas molecules divided by their number density. Therefore 
the accretion rate is multiplied by the factor 


P, 1/2 
R = (-—aFha) (13.26) 


Putting everything together we arrive at 


i P\?  (-AF, 
I = 2nstvR2n? (5) exp T (13.27) 
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Generalizing to different species of molecules we write 


—AF, Pp, \'P? 
I= 2n Rm exp ( T ) J 8j0jN; (=) (13.28) 
j 
j 


where P; is the partial pressure of the jth species, nj; is their density, 
etc. The quasi-equilibrium density of critical droplets is normalized to 
the density of the lightest species of particles, nı. Note especially the 
appearance of R? in the prefactor. This arises from the fact that the 
absorption rate is proportional to the surface area. In contrast, when the 
growth rate is dominated by dissipation, as will be the case in Sections 
13.3 and 13.4, the prefactor has only one power of Ry. 


13.3 Nonrelativistic thermal nucleation 


The theory of nucleation developed by Langer [2] starts with the intro- 
duction of a set of variables n;, i= 1,...,N, that describe N collective 
degrees of freedom of the system. We introduce a distribution function 
p({n},t) that is a probability density for the configurations {7} as a func- 
tion of time t. We assume that p({n}, t) satisfies a continuity equation of 
the form 


N 
Op OJ; 
a Op == 13.29 
at tP >, Oni ( ) 
where the probability current is given by 
N 
OF Op 
Ji=-— » Mi; (Z, rst) 13.30 
2 7 \ ðn; On, pen 


Here M is a generalized mobility matrix and F’{7} is a coarse-grained free 
energy. Both of these quantities will be discussed in more detail below. 
Note that (13.29)—(13.30) can be derived via standard statistical tech- 
niques by adding a suitable Langevin force to the Hamiltonian equations 
of motion 


ani = Sg (13.31) 


where A is an antisymmetric matrix with entries 0 or 1. 

The choice of variables 7; will depend on the problem. Generally one 
chooses the smallest set that describes the system to sufficient accuracy 
yet allows for a tractable analysis. The equilibrium configurations, for 
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which p = 0, have a probability distribution of the form 


Peq{n} % exp (=) (13.32) 


Such configurations represent either the initial metastable point in the 
n-space denoted by {no}, or the final state. The phase transition starts 
from a metastable point {no} and moves to the vicinity of a stable point, 
a point where F has its minimum. In this process the system is likely to 
pass a saddle point. The configuration at the saddle point, {7}, is close to 
{no} except for the presence of one critical-sized droplet of the new phase. 
At the saddle point we assume stationary flow, p = 0, and calculate the 
current across this saddle. The rate of probability flow, {7}, determines 
the droplet-formation rate in the system. This rate is 


—AF 
I = Ipexp (=) (13.33) 


It gives the number of critical-sized droplets created in unit volume in 
unit time. The activation energy AF is given by 


AF = F{q} — F{no} (13.34) 
The prefactor Jp in (13.33) is the product of two terms: 
K 
Io = —Q 13. 
0 = 5 Mo (13.35) 


Here the dynamical prefactor is x (with dimension inverse time) and the 
statistical prefactor is Qo (with dimension inverse volume). Langer showed 
that the statistical prefactor can be written as 


/2 
nT \ V2 a TN Vv? 2 yO) i 
Crea ee i a 
=v (TF) IG) L (oer en 


Here V is the volume of 7-space available for the flux of probability flow 
and {7} and {no} are the eigenvalues of the matrix 


OF {n} 
ONO; 


evaluated at the points {7} and {no}. We will evaluate Qo in the next 
section. 

Since {70} is a minimum of F, all the 0) must be positive. Because 
{7} resides at the highest point along the path of lowest energy leading 
away from {no}, there is only one eigenvalue Àa that is negative. This is 
the eigenvalue denoted by A in (13.36). If F{n} has translational symme- 
try in three-space then there will be at least three other eigenvalues Aq, 
which are zero. These correspond to the three independent translations 
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of the position of the symmetry-breaking fluctuation (bubble or droplet) 
described by {7}. The product of \’s appearing in (13.36) starts with 
a = ao + 2, where ao is the total number of symmetries of F which are 
broken by {7}. The integration over these ag degrees of freedom defines 
the factor V in (13.36). 

The dynamical factor « is the exponential growth rate of the unstable 
mode {7}. To compute «K, we linearize (13.31) about ni = mi: 


N 
OF 
OW; = — ) Ai; 13.37 
t = J OnjOm l ( ) 


t 


where vi = 7; — m. Then, setting v x e*’, we identify « as the positive 


eigenvalue of the matrix 


OF 
= > Ao on (13.38) 


j=l 


In the nucleation problem the instability described by « is the initial 
growth rate of a bubble or droplet that has just exceeded the critical size. 

The dynamical prefactor has been calculated by Langer and Turski 
(9, 10] and by Kawasaki [11] for a liquid—gas phase transition near the 
critical point, where the gas is not dilute, to be 


2rA0T 
k= Pro RB (13.39) 
This involves the thermal conductivity À, the surface free energy o, the 
latent heat per molecule @, and the density of molecules in the liquid 
phase ne. The interesting physics in this expression is the appearance 
of the thermal conductivity. In order for the droplet to grow beyond the 
critical size, latent heat must be conducted away from the surface into the 
gas. For a relativistic system of particles or quantum fields that has no 
net conserved charge, such as baryon number, the thermal conductivity 
vanishes. The reason is that there is no rest frame defined by the baryon 
density to refer to heat transport. Hence this formula obviously cannot 
be applied to such systems. 


13.4 Relativistic thermal nucleation 


The relativistic quantum field theory approach for nucleation from one 
vacuum to another as worked out in Section 13.1 was extended by 
Affleck [4] and Linde [5] to finite temperature. In the limit where thermal 
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fluctuations dominate quantum fluctuations the rate is 


B w S3 3/2 det'[-V? + U"(¢,T)| —1/2 -S 
= EJ (=) { det[—V2 + U"(0, T)| } exp (=) (13.40) 


where S3 is the three-dimensional action associated with the formation 
of a critical-sized bubble or droplet. This follows from the assumption 
that the radius of the bubble is much larger than the inverse temperature 
6. It is assumed that the bounce solution depends on three-dimensional 
r instead of four-dimensional p, namely, ¢(p) > ¢(r). Integration over T 
in the action just produces an overall factor 8 = 1/T. The factor w_ is 
the frequency of the unstable mode. The ratio of determinants is almost 
never evaluated because it would have to be done numerically. Usually 
dimensional analysis is invoked to approximate this pre-exponential factor 
by Tt or by T4, so that 


TeTte S/T oœ I= The 58/7 (13.41) 


The expression (13.40) is very similar to the nucleation rate given by 
Langer for nonrelativistic systems, which itself is a generalization from the 
classical nucleation rate. It is our goal here to derive an expression that is 
fully relativistic, has Langer’s rate formula as a nonrelativistic limit, and 
is expressed in terms of physically measurable observables such as surface 
energy, latent heat, transport coefficients, and so on. This involves the 
use of collective coordinates and coarse-graining. 

The model of nucleation adopted here will be defined by the choice 
of the statistical variables, n;, and the corresponding coarse-grained free 
energy F'{n}. The conventional formulation of classical many-body sta- 
tistical mechanics in terms of particle positions and momenta is not very 
convenient for the present purpose. Nucleation is characterized by semi- 
macroscopic fluctuations involving large numbers of particles. Therefore 
hydrodynamic-type collective variables are more appropriate to describe 
the formation of bubbles or droplets. 

Hydrodynamics can be derived from microscopic kinetic theory by a 
coarse-graining or cellular method. That is, one divides up the macro- 
scopic system into semimacroscopic cells of a given volume and assigns 
specific densities and flows to each of these cells. The free energy com- 
puted by performing a partition sum subject to the cellular constraints 
is the coarse-grained F that we are talking about. There is no problem, 
in principle, in summing over the cellular densities and flows to obtain 
the true equilibrium free energy. Moreover, as long as each cell comes to 
local thermal equilibrium rapidly compared with the times required for 
the hydrodynamic processes that one wants to consider, then one can 
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use the coarse-grained F for computing nonequilibrium properties of the 
system. 

The question that arises at this point is, what is a suitable size for the 
coarse-graining cells? In order for the hydrodynamic description to make 
sense, the cell volume must be much larger than the average volume per 
molecule. However, the cells cannot have linear dimensions appreciably 
larger than a correlation length. If the cells are chosen to be too large, 
phase separation will occur within single cells and the interesting details of 
the condensation mechanism will be lost in the process of taking cellular 
averages. To put this another way, we expect F as a function of the 
average energy density € to be a nonconvex function with distinct minima 
corresponding to the two phases. But, if the cell size is large enough for 
well-defined phase separation to occur within a cell then F must approach 
its convex envelope and cannot possibly have the above property. We 
conclude that the cell size can be neither much larger nor much smaller 
than a correlation length. 


13.4.1 Relativistic fluid dynamics 


The equations of motion of relativistic fluid dynamics, 0,7”" = 0, can be 
given in terms of E = T% and M’ = T”, that is, E = (e + Pv’)? and 
M = (e + P)y?v, where € is the energy density and P is the pressure; see 
Section 6.9. The low-speed limit of relativistic fluid dynamics (y? ~ 1 and 
Pv? < c, but P not assumed small compared to €) is given by 


Oe = -V-M (13.42) 


and 
1 
OM = —V - (im @ M) =- VP (13.43) 


Here w = e + P is the enthalpy density, and we have assumed that the 
relativistic energy density is E = (e + Pv?)y? ~ e and that the relativistic 
momentum density is M = wy2v ~ wv. The low-speed limit of relativis- 
tic fluid dynamics finds applications not only in cosmology and astro- 
physics but also in terrestrial environments dominated by radiation pro- 
cesses, such as nuclear detonations, high-energy shock waves, and rocket 
engines. 

With the above-mentioned restrictions in mind we will try to find a 
suitable form for the coarse-grained free energy F. This is not a trivial 
problem. We choose as our basic variables the local energy density and 
momentum density fields, e(x,t) and M(x, t). The free energy F must 
consist of a kinetic energy Fk and an interaction term Fy. The kinetic 
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1 3 M? 
Fx(e,M) = 5 [ez wv ? = fèr — (13.44) 


We shall assume that Fy is a functional of e only and that it can be written 
in the form 


Peol = f #e(Sx(ve? + #9) (13.45) 


where f(e) is the Helmholtz free energy density and iK (Ve)? is the usual 

gradient energy. The quantity K is a constant to be determined. Note 

that in this discussion we assume that the temperature T is constant. 
Using the above F with the mobility matrix 


M: 
Mij = O;(Mi) + (M:)ð; — z (2w) 
Mio = 0e (13.46) 
Moo = 0 


Moi = (iw) + wd; 


the equations of motion for € and M are obtained as the low-speed limit 
of relativistic fluid dynamics. The equation for energy conservation is 


a ee es a V- M(x) (13.47) 


de = (Vw) R A SM) 


and the equation for momentum conservation, the Euler equation, is 


7 M Fk OF 
OM = — lym +m V- Ve] : SMG) + i 
1 2 of 
=-V- „M QM ]| — K(V*.e)Vet+ De VE (13.48) 


In the limit where we have a uniform system in equilibrium it is clear, from 
(13.43) and (13.48), that we must identify the last term on the right-hand 
side with the gradient of the pressure, 

of 

Be VE =Vf— -VP (13.49) 

€ 

Note that when e(x) is varying so slowly that the gradient energy can be 
neglected, (13.45) is consistent with 


fle) =«-Ts=-P (13.50) 


302 Nucleation theory 


13.4.2 Parametrization of the free energy 


Imagine having two phases in equilibrium with each other at tempera- 
ture T and, furthermore, that there is an interface separating them. This 
interface cannot be perfectly sharp. It must have a finite thickness of 
the order of a correlation length. In a local-density picture the energy 
density € should vary smoothly from one phase to the other. Since first- 
order phase transitions have a latent heat, this means that we need to 
know the free energy density f(e) for values of the energy density ranging 
between one phase and the other. To be specific, in what follows the low- 
temperature low-energy-density phase will be denoted by the subscript 
L, and the high-temperature high-energy-density phase will be denoted 
by the subscript H. In addition to the need to know f(e) for ep < € < eq 
we will also encounter situations where we need to know f(e) for a range 
of values about ey, and eq. Statistical fluctuations about local thermal 
equilibrium would require such knowledge, for example. 

For a range of temperatures about T., f (€) should have minima located 
at eL(T) and ey(T). There should also be a barrier between these two 
minima located at some e€9(T'). We require that 


f(a(T)) = — PLT) 
f(en(1)) = — Pa(T) 


Therefore, at fixed T we shall parametrize f(¢) by a fourth-order polyno- 
mial in e. Owing to the pinning of the two local minima shown above, f(e) 
will have its global minimum at eq(T) when T > Te and its global mini- 
mum at eL(T) when T < Te. At the critical temperature the two minima 
of f(€) are equal. Our parametrization is 


(13.51) 


g(e— eo)? (en ten — 2€0) fo 
2 3(eL — €o) (eH — €0) 


I 


0 4 
4(eL — €o) (€H — €0) (e=) (13.52) 


where eL(T), eu (T), PL(T) and Py(T) are specified functions of T and fi 
is the curvature of f at the top of the barrier located at €o (ff < 0). Let us 
define Ac = eg — eL > 0 and AP = P, — Pu. In terms of these variables, 


i 1/2 
(4 oar + ea (13.53) 


f(e) = fo + €o)? 


o eate JEA 
~ g 12A P 


12A P 4 


where + (—) corresponds to AP > 0 (AP < 0) and 


fo (ea — co) (en — 2er + €) 


= —P 
fo HT To EL — €0 


(13.54) 
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Fig. 13.2. Free-energy functional for extrapolating states away from equilib- 
rium. 


The first derivative of f is 


ıma . OF _ fol(e—eo)(e— eL) (€ — en) 
a aCe (13.55) 


Thus, if the location of the two minima and their depths are given for 
fixed T then only one free parameter, fi, remains. In particular, this 
parameter determines the barrier height, position, and curvature at all 
energy densities: 


I 


Figs ? 


(eL = €o) (eH = €0) 
x [(€ — eg) (e€ — eL) + (€ — co) (e€ — en) + (e — eL) (e — eu)] (13.56) 


See Figure 13.2 for illustrations of f(e) when T is greater than, equal to, 
or less than T}. Unless we can extract this free-energy function from the 
Lagrangian in a more fundamental way we shall be content to use this 
parametrization in the following analyses. 


13.4.3 Surface profile 


We restrict ourselves to the case of idealized bubbles or droplets. That is, 
we consider only the limit in which the nucleating fluctuation described 
by {7} is, indeed, a well-defined sphere of the L-phase with radius R 
large compared with the interface thickness or the correlation length £ (to 
be defined below). In principle we need not make this restriction in the 
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present theory. As we shall see, however, it is the appropriate one in the 
cases of interest here. By going to this limit we can do all our calculations 
analytically instead of having to resort to numerical methods. 

The stationary point {7} is given by v(x) = 0 and e(x) = €(x), where 
€ satisfies 
of 


oF s 
=—K = 
Flr) Wet a. =0 (13.57) 


Given a spherical bubble of L-phase surrounded by H-phase at T < Te 
the energy density € depends only on the distance r from the center of 
the bubble. Deep inside the bubble the energy density will be eL; far away 
from the bubble the energy density will be ey. The energy density profile 
e(r) then describes a smooth transition from one phase to the other. As 
discussed above, we will assume that the surface is located at a distance 
R from the center that is much greater than the surface thickness. 
Using our parametrization of f(e) the static profile equation becomes 


a 2d\_ „(E €o) (E eL) (E en) _ 
= & i r 2) E+ fo (e — eo)(em— eo) i anes 


We introduce a correlation length defined at the top of the barrier by 
E? = —K/fi. Then 
de 7 2dée (€—e)(€—e,)(E— en) 
dr? rdr AGI — €9)(€H — €0) 


Let us find the behavior of the solution in each of three regions. 


=0 (13.59) 


(i) In the interior of the bubble € = eg + gi(r); gi(r) is a small deviation 
from the equilibrium L-phase energy density satisfying 


Pg 2dg > 
weg aA en 
where 
eH — € 
& = GS (13.61) 


defines the correlation length in the L-phase. The solution of this equation 
is 


A B 
g(r) = “> sinh ( -) + —* cosh (ż) (13.62) 


From the requirement that the solution be finite at the origin we get 
Bı = 0. In order to match onto the interface region, A; must be very 
small, proportional to e~®/&., Then g(r) œ% e, throughout most of the 
interior. 
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(ii) Near R we can write € = €9 + go(r). Linearizing in g2 leads to 


d’g2 , 2dg2 
dr? r dr 


+E g2 =0 (13.63) 


The general solution is 


g(r) = E sin (=) + 2 cos (=) (13.64) 


We require that go(R) = 0, which is equivalent to defining the location 
of the surface by the equation €(R) = €9. Thus the solution for € in the 
vicinity of the bubble’s surface is 


A =R 
E 2 sin (7 " ) (13.65) 


and A» > 0. 


(iii) The exterior solution has the same functional form as in the interior 
except that g3(r — co) = 0 is required by the boundary condition. The 
exterior solution is therefore 


A 
fae - e7”/&n (13.66) 
where 
2 2€0 — EL 
= 13.67 
= G2 (13.67) 


defines the correlation length in the H-phase and A3 > 0. 


At the critical temperature f(e,) = f(e). Then the free energy 
becomes symmetric, €o = (eL + en)/2, and £7, = €? = 2/2. In this case 
the interfacial profile has a nice analytical solution in the planar (R — oo) 
limit: 

_ 1 x 
E(x) = = |e, + ey + Actanh (=) (13.68) 
2 26H 
Here the surface is located at x = 0 with L-phase on the left and H-phase 
on the right. 

Suppose that an L-phase bubble has formed in the H-phase at T < T, 
because of statistical fluctuations. The change in free energy of the system 
is 


4 
AF = (fi — fa) R? +40 R20 (13.69) 


where o is the surface free energy. For baryon free matter, 


AF = FPT) — PL(T)| R? + 4r R°o (13.70) 
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The hadronic droplet is stationary if Og AF’ = 0, which leads to Laplace’s 
formula 


20 
P(T) — Pa(T) = 13.71 
Thus the activation energy, in our approximation, is 
4 
AF= gro (13.72) 


The surface free energy can be calculated from our parametrization of 
Fy. For a planar interface or for a sphere whose radius is much greater 
than its surface thickness the formula was given by Cahn and Hilliard 


[12]: 
pak L m (4) (13.73) 


Inserting the solution for the planar interface at Te, this integral takes 


the form 
Dev? 1 ø” il K (Ae)? 
= K| =) — d = 13.74 
i 2 ) 2€H J. “cosh? z 6SH ( ) 


The correlation length and the surface free energy determine the param- 
eters — ff and K in the coarse-grained free energy. In principle these 
parameters are temperature dependent. Their temperature dependence 


is, however, generally difficult to obtain. 


13.4.4 The prefactor 


The prefactor is a product of two terms: the statistical prefactor and 
the dynamical prefactor. The statistical prefactor, Qo, is a measure of 
both the available phase space as the system goes over the saddle and 
of statistical fluctuations at the saddle relative to the equilibrium states. 
The dynamical prefactor, K, is the exponential growth rate of the bubble 
or droplet at the saddle point. This is the more difficult to calculate. We 
shall evaluate it using techniques exactly analogous to those employed by 
Turski and Langer [9, 10]. 

The general expression for the statistical prefactor was given in (13.36). 
To evaluate it, we first consider the eigenvalues of the matrix of second 


derivatives of F, the Ag. The 0) are eigenvalues of the operator 
6? Fi of 


be(x)be(x!) = |— 24s x- x f 
5e(x)5e(x’) ( AVE ) 5( ) (13.75) 


E=EH 
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Here by 0?f/0e?, we mean the second derivative of f with respect to 
c at fixed temperature evaluated in the equilibrium H-phase. This is a 
measure of the fluctuations in the system and cannot be determined from 
knowledge of the equation of state alone. Since the right-hand side of 
(13.75) depends on x only through V?, its eigenfunctions are plane waves, 
with wave vectors q and eigenvalues 


of 


No) = Kq 2 ga 
g de? 


(13.76) 


There is also a set of eigenvalues, formally to be included among the 
aw, which come from the kinetic term Fx. In Langer and Turski [10] 
it was concluded that these eigenvalues are spurious; that is, they do 
not describe physically relevant fluctuations but only bulk motion of the 
system. Hence they do not appear in the final formula for any nucleation 
quantity. 

At the saddle point, e(x) = é€(r), the operator 
ð f 


2 (-xv? J = Ce (13.77) 


6’ Fi 
6e(x)de(x ’) 


e=e(r) 


is no longer translationally invariant because of the r-dependence of €. 
As was discussed by Langer [13], the resulting spherically symmetric 
Schrédinger-like eigenvalue equation has an s-wave ground state with a 
radial eigenfunction proportional to dé/dr and a negative eigenvalue 


This eigenstate is associated with the instability of the critical bubble 
against uniform expansion or contraction. The next states are the three 
p-waves, with eigenvalues \ = 0, which occur because of the broken trans- 
lational symmetry. Then there are higher-order partial waves with posi- 
tive À corresponding to volume-conserving deformations of the shape of 
the droplet. Finally, there is a continuum of nonlocalized eigenfunctions 
starting at \ = 0? f/ Jez. These eigenfunctions are similar to the states 
associated with the A) in that they describe fluctuations in the bulk 
plasma but here these fluctuations are perturbed by the presence of the 
bubble. As before, the eigenvalues associated with the kinetic part of F 
are spurious and can be disregarded. 

We can recognize the products over a in (13.36) as representing fluc- 
tuation corrections to the mean field excess free energy of the bubble. 
If we were to evaluate AF using measured values of the surface energy 
and thermodynamic potential, it would be inconsistent to include fluc- 
tuation corrections to AF in the prefactor Qo. Strictly speaking, the 
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nucleation formula used here requires that AF be first evaluated at the 
stationary point obtained from (13.57), and then corrected by the fluc- 
tuation terms in Q 9. But this procedure would imply that the radius 
of the critical droplet is determined by the expression for o given in 
(13.73), which is not necessarily the same as the experimental surface 
free energy because of the fluctuation corrections. What we shall do, 
instead, is to delete the explicit fluctuation terms in Qo and interpret 
o everywhere as the true surface energy; we shall make a similar assump- 
tion concerning other thermodynamic quantities that appear. Possibly 
this procedure can be justified by going beyond the Gaussian approxima- 
tions for 7-space integrations which were used in deriving (13.36); that is, 
by constructing a renormalized perturbation expansion in the neighbor- 
hood of {7}. If this program can be carried out, we might also be able 
to compute systematically curvature corrections to the surface energy. 
These corrections will be omitted here, and we shall focus our attention 
on other ingredients of the nucleation formula, particularly the dynamical 
prefactor. 


Note that there are aj + 1 = 4 more terms in the product over the a 


than in the product over the Aa in (13.36). This means that the logarithm 
of the combined products is not precisely a free-energy difference. To see 
what is happening here, it is useful to think in terms of a one-to-one 
pairing between the x and the àa. At the top of the spectra (large pos- 


itive \ and A) both kinds of eigenvalue correspond to short-wavelength 
fluctuations that extend throughout the volume of the system V. We can 
pair these eigenvalues so that their contributions cancel each other to 
the extent that the droplet volume is negligible compared with the total 
volume of the system. At the bottom of the continuum a finite set of 
A values, which correspond to localized deformations of the bubble, fall 
appreciably below their associated A) values. Thus, by pairing the A’s as 
described, the correction to AF remains of order R? in the limit V — oo, 
as it must. This procedure leaves four unpaired \)’s at the bottom of the 
spectrum that are not accounted for by the revised AF’. Specifically, we 
have 


1/2 


4 0) 1 æf 2 
i B = A 
ae -+ \ 2T &. a) co 


remaining as the sole explicit contribution from the complicated products 
over the a. 

Having written down the value for 1, we need only evaluate the factor 
Y to complete the calculation of Qo. The formula for YV was given by 
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Langer [2, 13]: 


B 1 =~ 3/2 _ Ant R?o aG 
v =v [5 [eva | =v |= (13.80) 


Here we have made use of the fact that dé/dr is appreciable only in a 
narrow region near r = R, where R is the radius of the bubble. 
The resulting expression for Qo is 


4 2 3/2 TR2 1/2 1 82 2 
Te C l emi (13.81) 
3K K 2nT oef 
Identifying the correlation length £y in the H-phase by 
10°f 1 
— = S 13.82 
Ka g LSE 


we can write (13.81) in the form 


2 fo\3/2(R\4 
% = 5 (=) (=) V (13.83) 
If one considers the nucleation rate to be per unit volume then the volume 
V should be divided out of the above expression. Usually we do mean the 
rate per unit volume and so Qọ will not include the factor V in subsequent 
discussion. 

The dynamical prefactor « should be obtained as the positive eigenvalue 
of the matrix given in (13.38). Using the mobility matrix and the fact that 
the bubble solution is spherically symmetric and satisfies (13.57), one finds 
that « = 0. This means that the bubble does not grow. The reason was 
discussed by Langer and Turski [10]. In order for a bubble (or droplet) to 
grow, latent heat must be transported away from the surface region: for 
the nonrelativistic systems they were considering, they discovered that 
heat conduction was necessary to allow for growth. This eventually led to 
(13.39), which says that « is proportional to the thermal conductivity À. 
It is clear that to get our bubble to grow we must include the effects of 
dissipation in the dynamics. 

We now want to determine the equations of motion of dissipative fluid 
dynamics (Section 6.9) for small deviations about the stationary config- 
uration e(x, t) = €(r), v(x, t) = 0. To that end we write e = e(r) + v(x, t) 
and v = v(x, t) and linearize the full equations of motion, including the 
gradient term Fx, in terms of v and v: 


ðw = -V-M=-V- (wv) (13.84) 
(wv) = VE |-K V7v + f"v] + V[(¢+4n/3)V-v] (13.85) 
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Hereafter when we write f, f’, or f” we intend that they be evaluated at 
the stationary configuration, so that they are complicated functions of r. 
To determine « we look for radial perturbations of the form 


v(x, t) = v(r)e* (13.86) 
v(x, t) = v(r)fe* (13.87) 
These radial deviations are governed by the equations of motion 
TF Ad E 
kv(r) = =r [r?wu(r)| (13.88) 


and 


sui k | K (4 aie =) +1" V(r) 


r dr 


(Eiin) o 


Eliminating v(r) using the first equation we obtain a linear third-order 
differential equation for the velocity profile: 


A= “ [x (i $ =] r'| {oq u(r} 
aplega) osm 


Self-consistent solutions of this equation, together with the boundary con- 
ditions, should provide us with the allowed values of «. Unfortunately, it is 
not a trivial equation to solve. Therefore we will first analyze the behavior 
of the solution in three regions: the interior of the bubble, the exterior of 
the bubble, and the surface region. We first note a constraint that follows 
from (13.88) and the conditions that v(r) vanishes at the origin and at 
infinity, namely 


f dr 4rr?°v(r) = 0 (13.91) 
0 


In the interior region, from the origin to within a few correlation lengths 
of the surface, recall that € ~ constant. Then the first term on the right- 
hand side of (13.90) vanishes, and the equation for v(r) reduces to 


ry! +2rv' — (aèr? + 2)v =0 (13.92) 


where a? = kwL(& + 4m. /3)~!. The general solution of this differential 
equation is 


1 1 
vir) =A (= — =) er FB (= + s) eo (13.93) 
rT F 
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where A and B are constants. We must require that v and v’ vanish at 
r = 0. Consequently both A and B are zero, so that the velocity vanishes 
in the interior of the bubble. This is true to the extent that € = constant 
in this region. 

In the exterior region, far outside the surface, the energy and enthalpy 
densities approach their equilibrium values in the bulk H-phase, € — ey 
and w— wy. Then the first term on the right-hand side of (13.90) can 
again be neglected as a first approximation. The solution with the correct 
large-r behavior is 


u(r) =C (= it =) ena? (13.94) 


where C is a constant and aĝ = Kwa(¢a + 44/3) 1. 

In the region of the surface, r ~ R, the stationary configuration é(r) 
is varying rapidly and dé/dr is nonzero. Therefore, unlike in the deep 
interior or the exterior of the bubble, the first term on the right-hand side 
of (13.90) cannot be dropped. In fact, as we shall see, x is proportional to 
the viscosity, which we assume to be very small. Then the other two terms 
in the equation are of second order in the viscosity, and we shall ignore 
them. Thus, to good approximation, in the surface region v(r) satisfies 


(-KV? + f”) u(r) =0 (13.95) 


Given that g(r) satisfies (13.57) and that v(r) must go to zero at the 
origin and at infinity, the solution to the above equation is 


V(r) ~ a (13.96) 
dr 
Together with (13.88) this implies that in the surface region 
D i l2 dE 
= = 13.97 
u(r) har) f drr T ( ) 


where D is a constant. For distances r which exceed the bubble radius 
R by more than a few correlation lengths but which are less than 2R, 
(13.97) can be integrated to give 


a (13.98) 


Remember that, as always, we are assuming weak to moderate supercool- 
ing, so that R > €. 

It is necessary to distinguish between the actual radius of the bubble, R, 
and the radius of the bubble in the stationary or metastable configuration, 
R,, determined by Laplace’s formula. If the stationary bubble is perturbed 
only slightly then the energy-density profile will change by only a minute 
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amount. The transport of heat away from the surface will be a very slow 
process because of the assumed smallness of the viscosity. As the bubble 
slowly begins to expand, the energy-density profile will not change much, 
but the profile moves out a small distance dR in a time dt. The energy flux 
density (the energy per unit area per unit time) that must be transported 
outwards is Aw dR/dt. Here we do not distinguish between the difference 
in energy densities and the difference in enthalpy densities of the two bulk 
phases because the pressure difference is small compared with the energy- 
density differences; we shall refer to them interchangeably as the latent 
heat. This energy flux must be balanced by that due to dissipation, which 
is —(¢ + 4n/3)vdu/dr. We will evaluate the flow velocity just outside 
the surface of the bubble. According to (13.98) the derivative is du/dr ~ 
—2v/R. Therefore energy balance gives us the relation 


2 
Aw =2 (<u J tm) A (13.99) 

The outward momentum flux density (the momentum per unit area 
per unit time) is Awv?. (This neglects a small contribution from viscous 
terms that can be considered to be a higher-order effect.) The momentum 
flux density must be equated to the force per unit area, which comes from 
the Laplace formula 


Aw v? = 20 (+ = z) (13.100) 


Again, the velocity is to be evaluated just outside the surface. 
Using both energy and momentum conservation we can eliminate the 
velocity and solve for dR/dt: 


dR _ (G+ 4u /3)o(R = Re) 


= (Aw)? RR, (13.101) 


This is a differential equation for R(t), from which we can read off the 
value of «. It is 


_ 40(Ca + 47/3) 


= 13.102 
= (Au RS cade 
This may be considered the principal result of this section. 
Putting it all together gives the nucleation rate 
4 a \3/2 o(¢y + 47H /3)R. —AF/T 
= 13.103 
T (a) Elw)? i ( ) 


where AF = 4ro R?/3 and R, is given by the Laplace formula (13.71). 
This is the probability per unit volume per unit time of nucleating an L- 
phase bubble out of the H-phase. If one considers nucleating an H-phase 
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droplet in the L-phase instead, one just needs to evaluate the correlation 
length and the viscosities in the L-phase rather than the H-phase. At 
the critical temperature, R, — co, and the rate vanishes because of the 
exponential. The system must supercool a minute amount at least in order 
that the rate attain a finite value. Note that at the critical temperature the 
pre-exponential factor is linearly divergent in R,, which is qualitatively 
unlike the simple dimensionless estimate of a constant Ip. 

Venugopalan and Vischer [7] extended the calculation of « to incorpo- 
rate a net baryon number and therefore the effect of thermal conduction. 
The result is 

_ 2o[AnT + 2(u + 47/3) 


K= (Aw)? BB (13.104) 


This is proportional to a linear combination of the three dissipation coef- 
ficients. It reduces to the expression derived above when thermal conduc- 
tion can be neglected and to the expression of Langer and Turski in the 
nonrelativistic limit and when shear and bulk viscosities are small. 

This completes our calculation and analysis of the thermal nucleation 
rate for systems with zero or negligibly small baryon number. In a sub- 
sequent chapter we shall use it in a set of rate equations for the time 
evolution of phase transitions in the early universe and in ultrarelativistic 
nuclear collisions. 


13.5 Black hole nucleation 


In a beautiful and original work Gross, Perry, and Yaffe [14] calculated 
the nucleation rate for black holes in a thermal bath of gravitons. Their 


result is 
Mo \ 212/45 pp \3 ese 
T=1.752T | 2 (=) SLA 13.105 
( T ) dn) PP \ 16927? ( ) 


where mp = G~!/? is the Planck mass and G is Newton’s constant. The 
quantity Mo is a regulator mass, undetermined in the pure Einstein theory 
but supposed to be of the order of mp in a more complete quantum theory 
of gravitation. Physically the reason for this instability of flat space is 
that statistical fluctuations will produce small black holes. According to 
Hawking [15] the effective temperature of a black hole is m2 /8rM where 
M is its mass. If the mass is too large then the black hole temperature 
will be smaller than that of its surroundings and it will accrete matter. If 
the mass is too small, the black hole temperature will be greater than its 
surroundings and it will evaporate and eventually explode. The critical 
mass for this unstable equilibrium is M, = m /87T. 
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The calculation of the nucleation rate by Gross, Perry, and Yaffe is 
based upon small fluctuations about a Schwarzschild instanton in a path- 
integral formulation of Einstein’s theory. There is one negative eigenvalue, 
which gives rise to the instability of flat space. The calculation is at the 
same time elegant and lengthy. However, the main features of the result 
can be obtained from the classical theory of nucleation [16]. 

Consider a volume V with gravitons at temperature T. The probability 
that a fluctuation will produce a black hole of critical mass is exp(—AF), 
where AF is the change in free energy of the system with T and V held 
fixed. Now AF = F, — Fy, where F, is the free energy of the black hole 
and Fy, is the free energy of the thermal gravitons displaced by the black 
hole. The black hole free energy F} is related to M, by 


dF, 
M, =F, —T IT (13.106) 
or 
pr, — Ma "o (13.107) 
2 167T 
whereas F, is given by 
2 
F, = oo 3 (13.108) 


where r is of the order of or slightly greater than the Scharzschild radius. 
Thus F,,/T is of the order of 107? to 107° and will be neglected. 

Knowing the probability for one statistical fluctuation, we can esti- 
mate the density for fluctuations to occur. Consider quantum density 
fluctuations on the smallest scale possible, namely, the Planck wavelength 
Ap = 27/mp. Imagine a cube with fluctuations spaced Ap/2 apart. The 
quantum density of fluctuations necessary to produce a black hole of crit- 
ical mass is then estimated to be 


mp \3 =m? 
qs (2 13.1 
i ( T ) exp (= | pet) 
The rate of change of n, can be calculated as 
m 


dny 1 | dM, 


d Ta 


= P 


The rate of increase in the black hole mass may be estimated by the rate 
at which gravitons cross the Schwarzschild radius Rs: 


dM, dp p T 
= axarR | = 
dt : hemisphere (27)? exp(p/T) =1 120 


T? (13.111) 
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Putting everything together we get 
8a mp \3 —m2 
= (=) p 13.112 
15 Nin) IP (ee ee 


Comparing (13.105) and (13.112) we see that in the former there still 
remains a factor (M)/T)?!?/*> to interpret. The origin of this term is a 
quantum correction to the free energy of the black hole [17]: 


oe 106 M, 
= yIn ( 2) (13.113) 


T 45 


The factor y is a topological invariant of the space, being 2 for the 
Schwarzschild metric and 0 for flat space. The final formula derived heuris- 


tically is 
8T Mo ala mp\3 m? 
[= —T | — (=) —— 13.114 
15 ( T ) dn) PP \IorT? eae) 


It is remarkable that not only the functional dependence on T and mp 
is reproduced, but also the absolute normalization is very close. This is 
more than could reasonably be expected. 


13.6 Exercises 


13.1 Show that the functions ¢, = bd. are solutions to the equation of 
motion given in Section 13.1 and that they have one node. 

13.2 Write down the false vacuum decay rate including explicitly Planck’s 
constant. 

13.3 Make a numerical estimate of the nucleation rate for a critical-sized 
water droplet in an atmosphere that is oversaturated by 10% at 10 
degrees C. 

13.4 Derive (13.40) along the same lines used to derive the vacuum decay 
rate. 

13.5 Derive (13.88)—(13.90) and from them patch together an approxi- 
mate solution for u(r) valid from r = 0 to r = oo. 

13.6 Calculate the black hole formation rate with the inclusion of Nr 
massless spin-1/2 fermions and Np massless spin-0 bosons. 
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Heavy ion collisions 


The only practical way of creating and studying hot and dense strongly 
interacting matter in the laboratory is by colliding heavy nuclei at high 
energies. Some of the pioneering studies have used nuclear emulsion 
data of highly energetic cosmic ray events. However, a serious handi- 
cap there is the lack of control over the physical beam characteristics. 
For a few decades now, there has existed a vibrant experimental program 
seeking to explore the physics of nuclear collisions in different energy 
regimes and with different combinations of beam and target nuclei. The 
pioneering experiments at the Lawrence Berkeley National Laboratory 
(Berkeley, USA) have been followed by several other experimental ven- 
tures. It is impossible to enumerate all the facilities, but some important 
efforts at the high end of the energy spectrum have been pursued at 
the GSI (Darmstadt, Germany), CERN (Geneva, Switzerland), and at 
Brookhaven National Laboratory (Upton, USA). The Relativistic Heavy 
Ion Collider (RHIC) is located at BNL, and the Large Hadron Collider 
(LHC) has a heavy ion program expected to begin at CERN around 2007. 
A healthy experimental program in high energy nuclear collisions requires 
a basis in nucleon—nucleon and nucleon—nucleus collisions. These in fact 
constitute a crucial category of control experiments for the more com- 
plex nucleus-nucleus events. The study of strongly interacting matter at 
high temperature and density enjoys an active and fruitful collaboration 
between the experimental and theoretical communities. 

In relativistic nuclear collisions, multiple scatterings involving both the 
primary constituents (the original nucleons) and the secondary particles 
(mostly created pions) can, in principle, drive the system towards a state 
of local thermodynamic equilibrium. The reason for this originates in 
the phenomenology of hadronic collisions. From those studies it is known 
that, at energies relevant for the applications considered in this chapter, 
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the large inelastic part of the nucleon-nucleon cross section will cause 
considerable energy loss of the colliding constituents. This energy loss 
ultimately translates into the creation of a large number of light mesons, 
mostly appearing in the central rapidity region, which is midway between 
the projectile and target fragmentation regions. The identity of the pri- 
mordial fields first materializing at mid-rapidity (partons or composites) 
is not completely clear but should depend on the initial energy density. 
The key issue, however, is the following: because of the large particle 
multiplicities involved, the relativistic collisions of heavy nuclei will cre- 
ate zones of short mean free paths. This condition will pave the way to the 
statistical treatment of heavy ion collisions that we shall discuss in this 
chapter. We have seen that QCD predicts a transition from hot hadronic 
matter to quark-gluon plasma, provided that the energy density is large 
enough. We also will review some of the probes that have been proposed 
to study hot and dense systems and to determine whether a new state of 
matter has been created. 


14.1 Bjorken model 


Fermi was the first to apply statistical techniques to hadronic particle 
production in p-p collisions [1]. Shortly thereafter, the first application 
of relativistic hydrodynamics to a strongly—interacting system was made 
by Landau [2]. The power, elegance, and simplicity of hydrodynamics 
is essentially contained in the statement that the entire system can be 
described by a few macroscopic thermodynamic fields. The conditions nec- 
essary for this to be so are that any modification of the state of the system 
is reflected instantaneously in the fields. Quantitatively, this statement 
identifies any relaxation time as shorter than any other time scale in the 
system under scrutiny. Local thermal equilibrium is therefore assumed. 
We also assume that the net baryon number and electric charge are zero. 
Not only does this simplify the analysis but it is a very good approxi- 
mation in high energy collisions because of the large number of particles 
produced. 

We have already seen, in Chapter 6, that the energy-momentum tensor 
may be written as 


TH = —Pg’ + (e+ P)ubu’ (14.1) 


where P is the pressure, € is the energy density, and u” = (y, yv) is the 
local flow velocity relative to some fixed reference frame. In a frame in 
which the fluid is locally at rest, u” = (1,0,0,0), T° = e, TY = P6,;, and 
T° = 0. The conservation of energy and momentum is expressed as 


0,7 =0 (14.2) 
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This vector equation, (14.2), represents a set of four scalar equations. 
However, there are five unknown quantities: the three independent com- 
ponents of the flow velocity u/ (the normalization condition u? = 1 defines 
three independent and one dependent component), the energy density, 
and the pressure. To close this system, another equation must be sup- 
plied, and this is the equation of state. This set of equations can always 
be solved numerically. However, their solution is a complicated task in 
three spatial dimensions unless simplifying assumptions are placed on the 
symmetry of the system. There is a wide body of literature devoted to 
the techniques used in numerical simulations using relativistic hydrody- 
namics. 

Insight can be gained by considering some simple limits. Motivated by 
empirical observations, Bjorken [3] was led to explore the consequences 
of the existence of a central plateau structure in the inclusive particle 
production as a function of the spacetime rapidity y, defined as 


y= smn =) (14.3) 


t-z 


where the zaxis is oriented along the beam direction. Theoretically, the 
existence of this plateau implies that the initial conditions, viewed at the 
same proper time after the beginning of the nuclear collision, are invariant 
with respect to Lorentz transformations along the longitudinal (or beam) 
direction. 

Another assumption of the Bjorken scenario is that essentially all the 
baryon number is carried by the receding Lorentz-contracted nuclei that 
have just collided. The produced particles then occupy the central rapidity 
region and the high multiplicity will ensure rapid thermalization followed 
by hydrodynamic evolution. At this point it is appropriate to note that 
this approach is really a conceptual idealization. In actual practice, the 
manifest success of the hydrodynamic model in relativistic nuclear colli- 
sions at RHIC energies suggests a very early thermalization, even though 
the microscopic mechanisms that would drive it currently remain unclear. 

In keeping with Bjorken’s line of thought, we shall be interested in the 
early stages of the hydrodynamic development of the central collision of 
high-energy nuclei. There the flow can be assumed one dimensional, owing 
largely to the initial symmetry of the colliding system. At slightly later 
times, larger than those associated with the size of the nucleus (t > 
1.2A1/3 fm/c), the rarefaction wave coming in from the nuclear surface will 
be fully formed and a three-dimensional expansion will set in. Therefore, 
the early solution will be independent of the rapidity, and nothing in the 
time evolution will spoil this symmetry. One may write the general solu- 
tions as e(r), P(r), T(r), u“(r), with proper time 7 = Vt? — z?. Solving 
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for t and z in terms of 7 and y yields 


t= Tcoshy z=Tsinhy (14.4) 
Then 
dx" ; 
w= ae (cosh y, 0, 0, sinh 7) (14.5) 


and indeed, uu, = 1. One may then write 


o o 30 
ul = 4° > +u’ s- = cosh? y — sinh? y = 1 
and 
OT y 
— = — 14.6 
Ox T ( ) 
The equation for the conservation of energy and momentum is 
OT’ (e+ P) ðr ðu” 
uV = LV SH pU 
Owl” = amn ar pa” +(e+ P)” 
Ou” OP OF 
P\u” ai = 14. 
EEREN dat I Ər Our j oat 
With the help of (14.6), this reduces to 
P 
See a (14.8) 
OT T 


Defining an entropy density s = S/V = (e + P)/T and using the facts that 
u40/Ox" = d/dr and that at constant volume de = Tds, we may rewrite 
the above equation as 


ee (14.9) 


aoe 


the solution of which clearly satisfies 


= — 14.1 
(70) T oa 
Also implied by (14.9) is 
o (suf 


Entropy is therefore a conserved quantity. Furthermore, since a volume 
element in this geometry is dV = d?°x | rdy, (14.10) also means that the 
entropy per unit rapidity, dS/dy, is a constant with respect to proper 
time. 

Let us now study the time evolution implicit in the formalism we have 
just written down. We start by considering the case of a first-order phase 
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transition. Our pragmatic approach will be to describe the quark—gluon 
plasma as a noninteracting gas of eight massless gluons and two flavors 
(u, d) of massless quarks. Note that massive strange quarks could also 
be included self-consistently. A bag constant B [4] is used to simulate 
the effect of confinement in the hadron phase, which is described as a 
noninteracting gas of massless pions. Thus the pressure, energy density, 
and entropy density in each of the two phases are 


P,=37aT*—-B  e«g=11laT*+B 5 = 148aT? 


7 i 3 (14.12) 
P, = 3aT €n = 9aT Sp = 12aT 


where a = 17/90. The critical temperature is determined by pressure bal- 


ance to be 
p N14 


Thus B may be eliminated in favor of Te. The latent heat necessary to 
liberate the color degrees of freedom is 4B. 
We may write 
de dedPdT sT 
dr dPdTdr r 
where (14.8) has been used. Note that dP = sdT at constant volume. The 
sound velocity is 


(14.14) 


P 
v = as (14.15) 
de 
Putting all this together, 
1 dT v2 
Ss 14.1 
T dt T ( G 
which yields 
T=T (2)" (14.17) 
T 


For the equations of state in (14.12), v2 = 1/3 except at Ty. At Te it is 
necessary to specify in addition the volume fraction f of the quark-gluon 
phase. The entropy density is 


s(f, Te) = 8q(Te) f + sh(T)( — f) (14.18) 


and similarly for the energy density. 

We assume now that the nucleus-nucleus collision produces a quark- 
gluon plasma with initial entropy density sp > są(Te). The temperature 
evolves according to (14.17) until T drops to Te. This occurs in the proper 
time interval 7 < T < 7 = (Tp/T.)?7. Assuming that the nucleation of 
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the hadron phase is fast, the system then enters the mixed phase. In the 
mixed phase the entropy density decreases, not by decreasing T but by 
converting quark—gluon plasma to hadron matter at lower entropy density 
but still at Te. The fraction f(T) is easily derived to be 


f(r) = — (r= -1) (14.19) 


where r = 37/3 is the ratio of number of degrees of freedom in the two 
phases. Thus 1 > f >0 for | <T < To = rri. The mixed phase termi- 
nates at 72 whereupon the temperature begins to fall again according 
to 


T(r) =T: (2) a (14.20) 
for T > T2. The expansion continues until the pions can no longer maintain 
thermal contact. One can take this as a final breakup temperature Tp, also 
called the freezeout temperature. In totally dynamical simulations of the 
nuclear collision this sharp cutoff is avoided. 

In the case s¢(T-) > so > sh(Te) we assume that the matter is initially 
formed in the mixed phase, with volume fraction fo determined by 


s = sq(Te) fo + 8n(Te)(1 — fo) (14.21) 
It follows that 


Hae fn +(r-1)fo] 2 E 1} (14.22) 


= p—l 


The system evolves in the mixed phase until 72 = [1 + (r — 1) fo|70. The 
evolution then follows (14.17) in the hadron phase. 

Let us now suppose that the equation of state leads to a second-order 
phase transition. We parametrize the effective number of massless bosonic 
degrees of freedom in each of the two phases as 


N p(T) =3 + beT) N (T) =37— ceT7T)/4 (14.23) 


It is straightforward to verify that this leads to a second-order phase 
transition (P and s continuous but ds/dT discontinuous) provided that 
b+ c= 34, b > 0, 6417. Consistently with our discussion of the Wein- 
berg sum rules in Chapter 12, let us require the p and a, mesons to 
become effectively massless at Tọ. Then b = 18. Setting c = 16 produces 
21 massless bosonic degrees of freedom at Te, corresponding to the up and 
down quarks. The missing 16 degrees of freedom correspond to the eight 
massless gluons, which may not be readily available at Tę. The entropy 
is 4aT N (T), and the evolution can easily be charted using (14.10). The 
parameter d controls the degree-of-freedom conversion rate. For the sake 
of illustration we choose d = 0.034 Ty. 
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Fig. 14.1. The number of degrees of freedom as a function of the temperature 
for equations of state producing phase transitions of the first order (solid line) 
and of the second order (broken line). The effect of a rapid crossover (dotted 
line) is also shown. 


A rapid-crossover scenario is produced by the parametrization 


T-T. 
N(T) = 20 + 17 tanh ( F ) (14.24) 


The transitions from one set of degrees of freedom to another are shown 
in Figure 14.1, for the different schemes we have considered: a first-order 
phase transition, a second-order transition, and a rapid crossover. Simi- 
larly, the temperature evolution associated with each of these is shown in 
Figure 14.2. 

Another powerful feature of the Bjorken model is the particle produc- 
tion. Since the entropy density of a gas of massless pions is proportional 
to the pion number density, it follows that the entropy can be determined 
by measuring the charged-particle multiplicity Nen. Considering a head-on 
collision of equal-mass nuclei, one finds approximately 


dNon 
dy 


where R is the nuclear radius, fo = 0 if To < Te, 0 < fo < 1 if To = Te, and 
fo = 1 if To > Te. Those arguments are not significantly altered even if 
the rather large latent heat is shrunk to zero so that the first-order phase 
transition turns into a second-order one, or even if there is no proper 
phase transition at all. The essential requirement is that the number of 
degrees of freedom should increase by a factor r in a small temperature 
interval AT ~ d. The conservation of entropy density enables one to relate 


T= 
= Ç + a ) 3nR? TR (14.25) 
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Fig. 14.2. The temperature evolution in the Bjorken model. Note that the 
plateau in T starts and ends at T= 7, and T2, respectively. See the text for 
details. 


measurements in the final state to parameters that determine the initial 
conditions for thermal equilibrium and hydrodynamic flow. 

In this section, we have used a simple dynamical model for ultrarel- 
ativistic nucleus-nucleus collisions, and simple parametrizations of the 
equation of state to give a flavor of this branch of high-energy nuclear 
physics. For more sophisticated discussions, the reader is referred to the 
literature cited at the end of the chapter. 


14.2 The statistical model of particle production 


As mentioned previously, Fermi’s seminal paper was instrumental to the 
development of statistical techniques for particle production in strongly 
interacting systems |1]. Fermi’s original application was to proton-proton 
collisions. Our discussion will concentrate on nucleus-nucleus collisions, 
where the applicability of the model is arguably maximal, but the statis- 
tical model has even been applied in the case of e*e~ collisions [5]. 

If we assume that the approach to equilibrium can be modeled by a 
transport equation of the Boltzmann type for the phase-space density 
f(z,p), we may write 


m Oxt 


(= ae re] f(z, p) = CIP (14.26) 


where F is a generalized force term and C[f] is a collision term that 
ensures entropy growth. At equilibrium, detailed balance makes the right- 
hand side of this equation vanish, and thermal distributions functions are 
recovered. In fact, in high-energy nuclear collisions a statistical approach 
is natural, as the high multiplicity will provide a physical environment 
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appropriate for realization of equipartition. Specifically, A ~ 1/an, where 
g is a total cross-section, À is a mean free path, and n ~ f dp f(a, p). 
Thus as the multiplicities increase, the mean free path will decrease. Fur- 
thermore, the relevance of statistical arguments should improve in high- 
temperature environments, owing to the same arguments. 

The fundamental quantity that regulates the thermal composition of 
particle species is the partition function. We will work in the grand canon- 
ical ensemble. We have already encountered this quantity in Chapter 1; it 
is given by Z = Tr f, where /, the statistical density matrix, is given by 
(1.1). In a system that we are modeling as a gas of relativistic hadrons 
(stable and unstable), the quantum numbers we choose to be conserved 
are electric charge, baryon number, and strangeness. The grand canonical 
partition function can then be written as a sum of partition functions for 
individual hadrons and resonances: 


ln Z(V,T, uQ, WB, us) = X_n Z(V,T, wa, pB us) (14.27) 


l 


where 


V OO 
ln Z;(V,T, uQ, HB, us) = (2s; + 1)5a | dp p* In[1 + à; exp(— Bw ,)] 
0 
(14.28) 


The + or — sign is for fermions or bosons, 2s; + 1 is the spin degeneracy 
factor, wi = 4/p? +m?, B =1/T, and the fugacity is 
A(T, uQ, HB, Ms) = exp [B(uQQi + UBB + HsSi)] (14.29) 


The coordinate-space density of species 7 is then 


N; T & (+1) ; o 
ni(T, HQ, MB, Ms) = 7 = (281+ 55 >; g Aimi Kalmi) 
f=1 


(14.30) 


where K2(x) is a modified Bessel function. In actual comparisons with 
experiment, it is especially important to account for resonances decaying 
into lighter hadrons; then we get a net number 


k 


where Bk—œi+x is the branching ratio for the decay k — i + X. At high 
temperatures (around and above the pion mass) the yield of the light 
mesons is indeed dominated by feed-down from the higher-lying reso- 
nances. 

In practical applications to measured particle numbers and, especially, 
ratios, the temperature T and the baryon chemical potential ug are the 
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two main parameters of the model. Note that there is no quantum number 
associated with the conservation of meson number, unlike baryons. Also, 
overall strangeness conservation fixes us. Note that this would actually 
be rigorously true if measurements covered all the phase space, so that all 
fragments were measured. For measurements performed at mid-rapidity, 
however, the strangeness entering one region in rapidity is approximately 
canceled by that leaving. Therefore, even in experiments with a limited 
phase-space coverage, the strangeness chemical potential can be taken to 
vanish. In addition, charge conservation requirements have a small influ- 
ence at RHIC energies and above. Finally, the volume V drops out in 
analyses of particle number ratios. It can actually be fixed by measuring 
the total pion multiplicity and requiring agreement between the theoret- 
ical expression and the empirical value. 

Putting these ingredients together, one may further assume chemical 
equilibrium and thus verify how far this assumption will hold. Chemical 
equilibrium implies that if c = a +b then we = Ha + py. Therefore, the 
chemical potential of a given resonance is fixed by its decay systematics 
and can be written in terms of upg. In the final analysis, decay cascades 
(where several generations of particle decays contribute) are also included. 
Also of practical concern is whether to use only data at mid-rapidity or 
data that is integrated over the full phase space. A popular and pragmatic 
choice is to restrict the analysis to a slice at mid-rapidity centered at zero 
with a total width of 2 units of rapidity [6]. From CERN experiments, 
the ratios of particle abundances were fitted at fixed-target bombarding 
energies of 40 and 158 GeV per nucleon, for collisions of Pb on Pb. At 
RHIC energies (v/s = 130 and 200 GeV in the nucleon-nucleon center-of- 
mass frame), Au + Au collisions were analyzed. At 40 GeV per nucleon, 
11 particle ratios were included in the fit while that number was 24 at 158 
GeV per nucleon. The lower RHIC energy included 13 species, while the 
higher energy included five particle ratios; these numbers are continuously 
updated as the experimental analyses continue. Weak-decay systematics 
are extremely important: those species that are unstable against the weak 
interaction will eventually decay and their products will be measured by 
the experimental detectors. The goodness of fit was evaluated via the 
minimization of 


a — T 2 

2 i i 

= 14.32 
y=) 2 (14.32) 


i (3 


where R; is the fraction of particles of species 7 in the total number of 
particles of all species and o; is its experimental uncertainty. The set of 
(T, upg) values that minimize the above relation is plotted in Figure 14.3. 
The values of x? attained are about 1 per degree of freedom [6]. 
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Fig. 14.3. The chemical freezeout temperature against baryon chemical poten- 
tial as extracted from several fits to measured particle ratios at different energies. 
The solid line is a curve for which the average energy per hadron (£)/(N) = 1 
GeV [7]. The data have been collected from experiments performed at the GSI 
[8], the AGS at BNL [9], CERN [10, 6], and RHIC [11]. 


There have been efforts [12] to improve the fits to hadron-yield ratios 
by invoking a departure from chemical equilibrium and looking for evi- 
dence of this deviation in the data. For example, the density of pions is 
parametrized by generalizing the thermal distribution function to 


Ny d?p 1 
Nr _ 3 | on ley (14.33) 


where y, is a parameter that regulates the absolute chemical equilibrium 
and is therefore unity in that limit. Values of yr # 1 would constitute, in 
this interpretation, a signature of nonequilibrium. We will not pursue this 
further here, but it is a topic of current investigation. 

The fitted values from Figure 14.3 can be reconciled with a global pic- 
ture that emerged from years of heavy ion phenomenology at CERN’s 
SPS, which we now very briefly summarize. The intuitive picture is as 
follows. The nuclear system is first heated and compressed. This is fol- 
lowed by a phase of decompression where both the temperature and the 
density drop. Note here the use of the word temperature, which stems 
again from years of phenomenological analysis. Two freezeout tempera- 
tures may be identified. As the hot, interacting system cools, it eventually 
breaks apart and its constituents begin free-streaming towards the detec- 
tors to be measured individually. A criterion for this to happen is that the 
mean free path, as defined earlier by the inverse of the product of density 
and cross section, becomes comparable with the spatial dimensions of the 
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system: 


ee (14.34) 
no 

The particle population will be dominated by pions, as they are the light- 
est species. Some insight on the behavior of the system may then be had 
by considering chiral perturbation theory. For temperatures below the 
pion mass, the elastic cross section essentially saturates the total cross 
section: the inelastic channels manifest themselves at higher powers of 
the chiral expansion [13]. This means that number-changing interactions 
will cease before purely elastic interactions do, as the system expands and 
cools. Another way of thinking about this is related to the fact that inelas- 
tic reactions have energy thresholds, whereas elastic interactions do not. 
Therefore, there will exist a region where Tkin < T < Tehem. Here Tin is 
the kinetic freezeout temperature (where transverse-momentum spectra 
cease to evolve) and Tehem is the temperature below which the particle 
numbers do not change. 

The fact that the curve corresponding to an average energy per par- 
ticle of 1 GeV traces the path laid out by the thermal-model fit is very 
suggestive of a critical phenomenon. However, numerical simulations of 
relativistic nuclear collisions have correlated the energy per particle value 
of 1 GeV with the onset of inelastic thresholds [14], at least at beam ener- 
gies that correspond to those spanned in the experimental fits shown in 
Figure 14.3. It is very suggestive that the low-up chemical freezeout tem- 
peratures found in the thermal analysis of experimental nucleus-nucleus 
data are consistent with the critical temperature extracted from the lattice 
simulation of QCD, as mentioned in Section 10.5. This would be the case 
if the chemical composition of the hadrons being measured were estab- 
lished during the hadronization of the quark—gluon plasma. Note also the 
similarity between Figures 14.3 and 10.9. Although very suggestive, these 
connections remain the source of much current research. 


14.3 The emission of electromagnetic radiation 


In theoretical studies of hot and dense strongly interacting systems, elec- 
tromagnetic radiation constitutes a class of penetrating probes. This is 
essentially a reflection of the near absence of final-state interactions for 
photons (real and virtual) that are produced in relativistic nuclear colli- 
sions. More quantitatively, at scales relevant for hadronic phenomenology, 
a/as ~ 0.002 <1. This means that electromagnetic radiation, once cre- 
ated, will leave the system unscathed. In line with the rest of this chap- 
ter, we assume that nuclear collisions at high energies form a thermal- 
ized system. As mentioned previously, this assertion receives considerable 
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empirical support. We will now proceed to derive the rate of emission of 
electromagnetic radiation from a thermal, strongly interacting, medium. 
As in any hadronic collision, there will always be emission of electro- 
magnetic radiation from the very first interactions, those involving cold 
matter. In nucleon—nucleus and in nucleus-nucleus events, this primordial 
photon and lepton pair emission is usually treated (up to aspects like the 
Cronin effect, which we do not discuss here) as an additive superposi- 
tion of nucleon-nucleon contributions, calculated using the techniques of 
perturbative QCD. The details of this are outside the scope of this book. 

Consider generic hadronic states |i) and |f) and a transition between 
them that involves the absorption or emission of a photon with four- 
momentum k” = (w, k) and polarization e”. To make things more definite 
we shall concentrate on the case of real photons here, and extend our 
analysis to lepton pair production later. The transition rate between the 


two states is 
|S pal? 
eo Ee 14.35 
fi iV ( ) 


tV being the proper four-volume. To leading order in the interaction 
Hamiltonian (or equivalently, in the one-photon approximation), the S- 
matrix element is 


= (f| fdz] ,(z)A"(x)li) (14.36) 


J u(x) being the hadronic electromagnetic current operator. Considering 
a free vector field 


(cit + eit) (14.37) 


and, invoking translation invariance for the matrix element 


(Fla) = PFa) 


one may write 


Rfii=-— a L (on)! [o(pi + k — pf) + ô(pi — k — pf) 


x (fla (0)li) (il OIF) (14.38) 


One delta function corresponds to the absorption process and the other to 
emission. The differential thermal emission rate is obtained by keeping the 
appropriate delta function, summing over final states, and averaging over 
initial states with a Boltzmann weight e~°*:/Z, where Z = a e BK: 
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and K = H— uN: 
ËR _ gt” V 1 _ pk, E 
Pk wV Q7) Z ae Ln) 5(pi — pf — k) 
x (jl Ol (i ZL OF) (14.39) 


Defining, as in Section 6.2, spectral functions associated respectively 
with absorption and emission, 


fé(k) = £5 Se PR: (20)35(p; — py + k) 
if 


x (f|Fu(0)|4) (| 7.(0)|f) (14.40) 
one may use the identity relating them, fiir) = —e fru (k), to write 


ËR g” z 

“Bk = Or)? TE uv (14.41) 
Note that the symbol used here (f) is different from that used in Chapter 
6 (p), to make clear the fact that here the correlation functions involve 
the current operator. One relates the current—current correlators to those 
involving the fields through the equation of motion 0”0,,A,(x) = J,(2), 
written here in the Feynman gauge. Doing this, and using the fact that 
the spectral density p}, (k) is proportional to the imaginary part of the 
retarded propagator, (6.33), one obtains 

dR gt” 


Bk ~ aap Im IDR (w, k) (14.42) 


Here the finite-temperature retarded improper self-energy, m, is defined 
through the appropriate Schwinger-Dyson equation, D = D° — DÌ DO. 
Therefore, to leading order in the electromagnetic interaction but to all 
orders in the strong interaction, 


PR o a” 


“Pk (2m3 


Im M} (w, k) (14.43) 


where TR, is the finite-temperature retarded photon self-energy. 
Repeating this derivation, but for a virtual photon that converts to a 
lepton pair, we are led to 


d°R 2e 1 : 
ag Bp,@p_ (2n)6 kt [pkp + p4p — g” (p+: p- +me)| 


x IR (w, k) (14.44) 


ef — 1 
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where the invariant mass of the virtual photon is M? = k? = (p4 + p_)?, 
p+ and p_ are the momenta of the lepton pair components, and my is the 
lepton mass. 


14.4 Photon production in high-energy heavy ion collisions 


The formation and observation of quark—gluon plasma in ultrarelativistic 
collisions between heavy nuclei is an important goal of modern nuclear 
physics. Among the proposed probes of the plasma are the directly 
produced real photons [15-21]. Microscopically, these could come from 
the annihilation process qq— gy and from the QCD Compton pro- 
cess gg > q7, qg — qy. These photons interact only electromagnetically, 
unlike pions, and so their mean free paths are typically much larger than 
the transverse size of the region of hot matter created in any nuclear col- 
lision. As a result, high-energy photons produced in the interior of the 
plasma usually pass through the surrounding matter without interact- 
ing, carrying information directly from wherever they were formed to the 
detector. This makes them an interesting object of study to both theorists 
and experimenters. 

Here we concern ourselves with the following questions. What is the 
spectral emissivity of quark—gluon plasma? What is the spectral emissiv- 
ity of hot hadronic matter? How do they compare at the same tempera- 
ture? These are important questions. Suppose we put hadron gas in one 
box and quark-gluon plasma in another and maintain them at the same 
temperature T. Can we tell which box contains the quark—gluon plasma 
by looking through a small window and measuring the photon spectrum? 
If we wait long enough the answer is clearly no: even if we do not put 
any photons into the boxes at the beginning, the matter will eventually 
come to equilibrium under the electromagnetic interactions; to a good 
approximation the final photon distribution will be just the Planck distri- 
bution at temperature T. Fortunately, in conditions more appropriate to 
a nuclear collision the answer is yes. A closer analog to a nuclear collision 
is to make the boxes smaller than the photon mean free path and to make 
the walls transparent to photons, so that the photons always escape and 
the photon distribution stays far from equilibrium. The spectral emissiv- 
ity then directly reflects the dynamics of real photon-producing reactions 
in the matter, which may be different for the two phases. The thermal 
production rates in the two phases are important in another sense. Sup- 
pose that quark—gluon plasma is formed in a collision. It will expand and 
eventually hadronize in a first- or second-order phase transition or rapid 
crossover. The hadrons themselves may maintain local thermal equilib- 
rium for a while, also producing photons. The total yield is a sum of 
the yields from both phases. To make the method clear, we shall mainly 
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Fig. 14.4. One- and two-loop contributions to the photon self-energy in QCD. 


concentrate here on the radiation from the partonic phase of QCD, and 
follow the treatment in [21]. 

In an expansion in diagram topologies, the one- and two-loop contri- 
butions to II,,,, are shown in Figure 14.4. The imaginary part is obtained 
by cutting the diagrams. Cutting the one-loop diagram gives zero when 
the photon is on the mass shell since gq — y has no phase space. Certain 
cuts of the two-loop diagrams give order-g? corrections to the nonexistent 
reaction gq — y, while other cuts correspond to the reactions qq > gy, 
qg —> qy and gg — qy. Let M; represent the amplitude for one of these. 
The contribution to the rate in relativistic kinetic theory for a photon- 
producing reaction 1 +2 — 3+ 7 is 


d a? 

Á =N f F T EDET Sp + ph =p pt — p’) 
3 

x M a PL fal Ba) (14.45) 


E3(27)3 2E (27) 


where N is a degeneracy factor, the f’s are the Fermi—Dirac or Bose- 
Einstein distribution functions as appropriate, and there is either a Bose- 
enhancement or a Pauli-suppression of the strongly interacting particle in 
the final state. (Another example of the connection between the imaginary 
part of the finite-temperature retarded self-energy and relativistic kinetic 
theory can be found in Section 16.6.) 

This rate can be simplified. Define s = (pı + p2)? and t= (pı — p)?. 
Insert integrations over s and t with a delta function for each of these 
identities. This is a natural thing to do because the invariant amplitude 
depends only on these two variables. Converting the total rate to a differ- 
ential one, all but four of the integrations can be done without approxi- 
mation: 


AR; N 1 
dp (an)? ie | ose Mis) f am imc, 
x 


(1+ f(E + Ey — E)J0(E1 + E2 — E)(aE? + bE, + 07"? 
(14.46) 
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where 
a= —(s +t)? 
b = 2(s + t)(Es — Eat) (14.47) 
c= st(s + t) — (Es + Ezt)? 


At present we are interested in the case where the photon energy is large, 
Ei + E > E> T. In this limit it is a good approximation to make the 
replacement 


fi( Bi) fo(B2) > e7 7t) (14.48) 


Even though E1 or E2 separately need not be large, phase space is unfavor- 
able for it. This approximation can be checked numerically (see Exercise 
14.4). Then the integrals over Æ and FE, can be done, with the relatively 
simple result 
3 Ri T ds 4 
A Ta E Scape” | a ead ae Me) 
(14.49) 


The upper sign is to be taken when particle 3 is a fermion, the lower sign 
when it is a boson. 

For massless particles the amplitude is related to the differential cross 
section by 


do |M}? 
u nF (14.50) 
For the annihilation diagram, 
24. 42 
do _ 8raas uu" +t (14.51) 


dt 9s? ut 
where u and t are Mandelstam variables, and M = 20 when summing over 
the up and down quarks. For the Compton reaction, 


do | —Tads u? + s? 

dt — 38s us 
and M = 320/3. The integral over t just gives the total cross section. 
But the total cross section involving the exchange of a massless particle 
is infinite: the differential cross sections have a pole at t and/or u = 0. 
Many-body effects are necessary to screen this divergence. We will show 
how this works. For now we delete the region of phase space causing the 
divergence. We integrate over 


(14.52) 


-=s +k? < t< k? 


14.53 
Dh? < s < œ ( ) 
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where ke is an infrared cutoff and T? > k2 > 0. This way of regulating 
the divergence treats u and t symmetrically and maintains the identity 
s+t+u= 0 that is appropriate for all massless particles. 

In the limit k2 — 0 we find 


q8 je 5 aas 4ET 
pR = 28 p2 —E/T l C 14.54 
To 96m © 202 aa E 

d8 ena 5 aa / 4ET 
per =) Oar 2 -E/T |; C 14.55 
dp 93m ° i k Ee l 

where 
1 ieee (1)? 
CF = 5 YE m2 z mn 

= 0.0460... (14.56) 


6x l 
Cr = 
B 1- = oy 72 lnn 
n=2 
= 2 1472... (14.57) 


and yg is Euler’s constant. These expressions use the full Fermi—Dirac or 
Bose-Einstein distribution functions in the final state. Although E >T, 
it is not necessarily the case that E3 > T. Taking this into account, one 
gets slightly different results if one uses the Boltzmann distribution in the 
final state instead: 


d8 Rompres 5 9 i 4ET 1 
g _5 a [m ( ) as E ve| (14.58) 


Bp 9 r kee 
d8 ae 5 2ads AET 
EB a5 peer [in ( ) -1-— ve| (14.59) 
d3p 9 nt k2 


Corrections to these formulae vanish in the limit ke —> 0. 

The essential factors in these rates are easy to understand. There is a 
factor 5/9 from the sum of the squares of the electric charges of the u 
and d quarks, a factor aa, coming from the topological structure of the 
diagrams, a factor T? from phase space, which gives the overall dimension 
to the rate, the ubiquitous Boltzmann factor e~”/7 for photons of energy 
E, and a logarithm due to the infrared behavior. 

The infrared divergence in the photon production rate discussed above 
is caused by a diverging differential cross section when the momen- 
tum transfer goes to zero. Often, long-range forces can be screened by 
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Fig. 14.5. HTL-corrected photon self-energy, in QCD. 


many-body effects at finite temperature. In fact, we have already seen 
concrete examples of this mechanism in Chapter 9. From the hard ther- 
mal loops (HTL) analysis, we know that a propagator must be dressed 
if the momentum flowing through it is soft, on a scale set by the tem- 
perature T. For the present application we would begin by replacing the 
bare propagators and vertices in the one-loop diagram of Figure 14.4 by 
effective propagators and vertices. The reason is that the propagation 
of soft momenta is connected with infrared divergences in loops; if we 
do not dress these propagators we get infinite answers, so the correc- 
tions due to the dressing of the propagators are also infinite and therefore 
necessary. Thus, the results with soft propagators dressed are really the 
lowest-order finite results. In our case it is necessary to dress one of the 
quark propagators because our results diverge otherwise. It is not nec- 
essary to dress both, nor is it necessary to dress either of the vertices, 
because these produce only finite corrections that are of higher order in 
g. We are thus led to evaluate the diagram shown in Figure 14.5. Some 
insight can be gained by expanding the diagram as a power series in g?. 
The zeroth-order term reproduces the one-loop diagram of Figure 14.4. 
The order-g? term reproduces one of the two-loop diagrams of Figure 
14.4, with the recognition that the quark self-energy is not the exact 
one-loop self-energy but is approximated by its high-temperature limit. 
Clearly this is a summation of an infinite set of diagrams that is pur- 
posely designed to regulate infrared problems of the type encountered 
here. 

Starting with Figure 14.5, and summing over u and d quarks, we 
find 


' 5 Oko, ; 
II” (p) = —6 x 57D | Sai PIS (Hy'G(e— Ky") (14.60) 


where 


_—k. k. 
G*(k) = G3 (k) DS ke G* (k) Ptk y 


2 2 
is the dressed propagator for a quark with four-momentum k, already 
encountered in Section 9.4, and 


(14.61) 


G(q) = 9+(q) 94 + g_(q) VTA (14.62) 
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is the bare propagator for a quark with four-momentum q = p — k. The 
propagator G*(k) was defined in (9.37), and 


ga.(q) = (0 +q)* (14.63) 


Using these expressions for the quark propagators, and evaluating the 
traces, we obtain 


mp) = Derr TE fey SOl 9+(q) (1—k-q) + g-(@) (1+k-@)] 


+ G*(k) [o+(q) (L+k-q) + 9-(q)(1—-k-q)]} (14.64) 


That the self-energy is retarded means that pp has a small positive imag- 
inary part, as is appropriate in linear response analysis. 

We then follow Braaten, Pisarski, and Yuan [22] in computing the imag- 
inary part in the following elegant way: 


InT)> F\ (ko) F2(po — ko) 
ko 


iL : 
== Disc > F(ko) F2(po — ko) 


+00 +00 
ptt eh?) I iu I dus! Nel No 


x6(E — w — w') pi (w) p(w’) 


(14.65) 


Here Np is the Fermi-Dirac occupation number and pı and p2 are the 
spectral densities for the two chosen functions Fy and Fs. Specifically, 
these are related by 


Fo) = S o (14.66) 


-œo W— ko-— ic 


We need the spectral density functions p4 and r4 for the dressed and bare 


propagators, respectively. The latter can be obtained in a straightforward 
fashion, and the former were given in Chapter 9. Putting this information 
together we obtain 


2 3k +00 +00 
Im TR = -ET ee" —1) J d TD aw f du’ 6(E — w — w”) 


x Np(w)Np(w’) [01 + a Ppr) 
+(1-q:k) (r+ + pir_)] (14.67) 


with r4(w',q) = 6(w’ F |q|). In these expressions př. and p* (9.39) are 
evaluated at (w, k). 
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In the kinetic theory calculation we were forced to put a cutoff k? on the 
four-momentum transfer t (and on u) to avoid an infrared divergence. This 
cutoff removes only the small region of phase space left out by (14.53). 
Anything else must necessarily be higher order in g. Inspection of Figure 
14.4 shows that the exchanged quark must be dressed and must satisfy 


—k2 <w?-k* <0. (14.68) 


This means that the delta functions (representing poles) in the spectral 
densities do not contribute to this order, but only the functions 6+ (rep- 
resenting branch cuts); see (9.40). 

The energy-conserving delta function, together with the mass-shell 
delta functions of r+, can be used to evaluate the integral over w’ and 
the integral over the angle between k and q in (14.67). Then, making use 
of the inequalities E > T and 0 < keg = k2 K TZ, we get 


2. 
mm = a (62/7 = 1) eee 
T 


|k| 
«fare dw [(|k| — w)84(w,k) + (|| + w)3-(w,k)] 
0 —|kj 
(14.69) 


The integral involving G_ is the same as the integral involving 64, so 
we only need to determine the latter and multiply by 2. Furthermore 
it is convenient to make the change of variables |k| = tcoshy and w = 
rTsinh n. Then we have for the above double integral 


O a — w) By (wk) 


om Ta {in (Ctre +1) 
a on @7+1 


—20 |tan™'(© + yc cosh?7) — tan~'(0)| } (14.70) 
where 
o- 2 Qo(sinh 7) — Qı (sinh n) (14.71) 
T 1 — tanh n 
and 
2 
paii (14.72) 
mm 


The quantities Qo(z) and Q(z) are Legendre functions. 
We still have some freedom in choosing the cutoff ke. Since g is supposed 
to be perturbatively small for this whole analysis to make sense let us 
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choose ke to lie somewhere in the interval 
Mm K ke <T (14.73) 


Then we are allowed to take the limit ye >> 1 in (14.70). Doing so, and 
dropping terms that vanish in the limit ye — oo, we find that the right- 
hand side becomes 


ke m? f> dn 4 cosh*n T 
2] É s / l 20 tan '@ 
ee (53) i 4 J- cosh?n P r202 +1 - ae ) 
(14.74) 


This remaining integral is a pure number and is evaluated as —41n2. 

Now we have all the items we need in order to write down the contri- 
bution to the rate coming from the infrared-sensitive (IR) part of phase 
space: 


MRR 5aa k2 
E = LET E/T In | 1 14.75 
Bp 92n2 ° = 2m? ( ) 
where 
22 
2_ 9 T 
amg = = (14.76) 


Adding the contributions from both the hard momentum transfers, 
(14.54) and (14.55), and the soft momentum transfers, (14.75), we get 


the net rate 
ËR 5 aag 2.912 E 
7 Tee E/T In | SO 14. 
ep 9272 © : g T rn 


This is independent of the cutoff ke! The HTL resummation method works 
beautifully to screen the infrared divergence. (Inclusion of the exact Bose- 
Einstein and Fermi—Dirac distributions in the initial state instead of the 
Boltzmann limit (14.48) leads to a replacement of the numerical factor 
2.912 in the logarithm by 3.739. See Exercise 14.4.) 

It is apparent that our asymptotic formula breaks down when E < 
g°T /2.9 because the logarithm goes negative. For photon energies that 
are small on a scale set by the the temperature, a complete calculation 
should include bremsstrahlung processes. Also, the effective cutoff was 
determined under the assumption that the photon energy was large. If it 
is not, then all propagators and vertices in Figure 14.5 must be dressed. 

The rate for photon emission described above was computed by taking 
the imaginary part of Figure 14.5. In a Feynman diagram representation, 
the HTL correction induces a thermal mass which screens the singular- 
ity that would appear when the intermediate-quark propagator goes on- 
shell. Moving on to a higher topology in the number of loops and taking 
the imaginary part gives contributions like those of Figure 14.6. These 
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Fig. 14.6. Two photon-producing processes that appear to be of higher order 
in ag than the Compton and annihilation contributions. 
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Fig. 14.7. The two Feynman diagrams that contribute to the p self-energy. The 
wavy lines are a neutral p, whereas the broken lines represent charged pions. 


bremsstrahlung and pair-annihilation plus scattering contributions to the 
photon emission are superficially of higher order in a, (they appear to be 
O(a?)) than the ones we have discussed previously [23]. If the virtuality of 
the off-shell quark going into the vertex where the photon is being emitted 
is very small, there is an enhancement in the net thermal emission rate. 
This can be seen in the prefactor: a2T?/ me ~ as. Those diagrams, naively 
of higher order in the strong coupling, contribute parametrically at the 
same order as the previous ones for low energy photons! The resolution of 
this apparent paradox was provided by a systematic identification of all 
processes contributing, to the leading order in as, to photon and lepton 
pair production [24]. 

For the evaluation of the emissivity of hot matter in the confined, 
hadronic sector, calculations have mainly followed the techniques out- 
lined in this section. In particular, most practitioners have used relativistic 
kinetic theory and considered the contributing processes, such as 7p — TY 
and am — py, channel by channel. This closely parallels the first part of 
this section, where the annihilation and Compton contributions to the 
photon spectrum in hot QCD were considered. Many authors have con- 
tributed to this line of study. An early analysis was that given in reference 
[21]. A recent assessment of this issue can be found in [25]. 


14.5 Dilepton production 


The calculation of dilepton radiation from a medium of strongly inter- 
acting partons follows steps very similar to those used for the calculation 


340 Heavy ion collisions 


of real-photon emission. The first calculation using the HTL resumma- 
tion technique was performed by Braaten, Pisarski, and Yuan [22]. The 
dilepton sector has also profited from a reappraisal of the electromagnetic 
emissivities, complete to leading order in ag [26]. Instead of concentrating 
on the techniques that are appropriate for QCD again, we choose to con- 
sider radiation from a hot gas of mesons. This is more representative of 
conditions existing at temperatures below that of the phase transition, or 
just before the strongly interacting system freezes out. In a similar way, 
this discussion will illustrate the use of effective interactions to calcu- 
late the in-medium vector spectral density, as alluded to in Section 12.2. 
Conversely, we shall see that the methods in that chapter for inferring 
the spectral density from experimental data can be used to evaluate the 
emission of electromagnetic radiation. 

This discussion closely follows that of Gale and Kapusta [27]. We start 
with the interaction between a vector meson and a conserved current. 
This is known to be renormalizable even if the vector meson is massive. 
For the case at hand, charged pions interact with a neutral p meson via 
the Lagrangian 


L= |D,.8|? = m3l®l? = Pup” + imap" (14.78) 


where ® is the complex charged pion field, py, = ppv — Ov py is the p field 
strength, and D, = O, + igpPy is the covariant derivative. The one-loop p 
self-energy in a gas of pions is represented by the two diagrams of Figure 
14.7. In Euclidean space, 


wih (2p + k)#(2p + k)” 
re =i | p FRE 


p ft 35 zoe (14.79) 


Here, p4 or k4 = 27T x an integer. The zero-temperature part of the self- 
energy may be evaluated using dimensional regularization. The vacuum 
part is then 


1/gp\2 
pv = HLY _ L.2cpv P 
IIH? (k) = (kk — k28 13 ) 


| ( 4m 2 i J1+4m2/k2 +1 8m2 
+C 
k? V1 +4m2/k2 —1 
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where C is a renormalization constant. The contribution from T > 0 is 


2 love) 2 2 2 a 

g dpp 1 4w? — k 2ik4w 
ih) =- | = | 2j 4 lnb 
-n T o w Oe 1\ ak ttt a 


(14.81) 

: kik’ 
Tima (k) = a elk) (14.82) 
I (k) = A6 pee 14.83 
aail ) — + k2 ( a ) 


The scalar functions A and B are given by 


sia [weet 1 (a 2ikw (ki +k?) ap 
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2 \2r w ev —] k? p\k|? 
Dig 2s Ay Ad 2/12 2 472 
q Kilka 4w“) +k (k + 2ky — 4p es 
2p|k|* 
(14.84) 
pa 1 (ey f° dpp? 1 4(k? — 3k?) 7 2ikaw(3k2 +k’), 7 
© 2\27/ Jo w e®æ-—1 k? plk\3 
2 2 be 2 2a 2 k2 
pi Ski (dw? — kå) + k? (4p? — 2k - k?) a 
2p|k|* 
(14.85) 
with 


k2 +k? — 2p|k|)? + 4w?k? 
k2 + k? + Qp|kl)? + 42k? 
ky 


+k2)* — 4 (p|k| + ikaw)? 
k2 +2)? — 4 (p|k| — ikqw)? 


(14.86) 
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„1 
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and w = ,/p? + m2. Switching back to Minkowski space, we may write as 
in (5.46) 


1” = FPH” + GPH (14.87) 


/L 
Using the relation between the self-energy and the full and bare 


where Pi are the transverse and longitudinal projection operators. 
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propagators, 
I” = (DH — (Dg (14.88) 


and (14.87), we obtain 


praz P Pr ad (14.89) 
k? — m? — F k? -m2 -G mek? ` 


For any linear response analysis and for lepton pair production rates 
we need the retarded p propagator. Therefore we will analytically con- 
tinue the Matsubara frequency, k4 = 2mnT, to ik4 = ko = E + ie, where 
e — 0*. The scalar functions F and G acquire an imaginary part when a 
or b are negative. This happens when the variable of integration, p, lies 
in the interval 


levi dm? /M? — k| <2p< Ey1—4m2/M? + |k| (14.90) 


Here M = vk? is the invariant mass of the p and E = VM? +k? is the 
total energy in the rest frame of the pion gas. 

At zero temperature, dimensional regularization and renormalization 
yield equal longitudinal and transverse self-energies, which are finite: 


F, vac = Gyas 


2 
= 2 maf a- andar? 


48T? 


= 2 2 
(| 4m? [M2 + 1 


V1 = 4m2/M?, M? 
(14.91) 
The bare and renormalized fields and masses are related by 
p = Zou Zo = (mem) (14.92) 
and the coupling constants are related by 
zayn =2 "9, (14.93) 


We may choose Zp = Z for convenience. Finally, for the physical mass to 
be mp, we choose C in such a way that Re Ue Oa = m2) = 0. 
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Finally, at T > 0, F = Fyac + Finat and G = Gyac + Gmat, where 


Fo. OP M? T dpp 1 
mat dr? k? Jy w e®-—1 
4w? + E? 2wE | 
ln la| — inâ) — 4+ ln [b] + irA 14.94 
[SFE hll- iA) -4+ E ia) (1494) 
2 po 2 2i k2 2 
Ip dpp 1 2(E*+k*) EwM , 
mat = In |b 
Gmnat eal w ev —] | k2 plk]? IA p aes) 
k? (4p? — k? + 2E?) — E? (FE? 2 
+ (4p ii ) Oba (In Ja] — iTA) 
Ap|k|° 
(14.95) 


where a and b are given in (14.86) and 


asi if |E VT = 42 /NP — |k\| < 2p < E 1 — 4m? /M? + |k| 
0 otherwise 
(14.96) 


We have shown (14.44) that the dilepton emission rate is related to 
the imaginary part of the retarded photon self-energy, at finite tempera- 
ture. The vector meson dominance model (VMD) states that the hadronic 
electromagnetic current operator is given by the current-—field identity 

e e e 

d= gore i Mwy ggu (14.97) 
The VMD is nonperturbative in the strong interaction and has had an 
impressive phenomenological success [29]. See also Exercise 14.7. We have 
encountered VMD before, in Section 12.2. The current—field identity turns 
the current—current correlation function into a field—field correlation func- 
tion. Therefore to order e? but to all orders in the strong coupling, the 
dilepton emission rate can be written in terms of the in-medium vec- 
tor spectral density, which is itself calculated with the effective hadronic 
Lagrangian: 


d®R 
i. a 
+ Bp, Bp_ 
2 ef ms A 1 
~ nog? MA (pip? + ppt — g” p+ -p_) Im Dilo k) -a 
(14.98) 


To make the longitudinal and transverse contributions manifest, we may 
use k” = ph. +p" and q” = ph. —p to write the expression in terms of 
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Fig. 14.8. The dispersion relations for a p meson in its longitudinal and trans- 
verse polarization states. The curves are for T = 0 (lower) and 150 MeV (upper). 


the real and imaginary parts of F = FR + iF}, and G = Gr + iGi: 


dR 

EE ——— 

T- Bpydp 
= qa —(q-k 

aman ( (M? — m? — FR)’ + F? 

~\ 2 -GI 1 
+ |2M? —q*+(q-k | (14.99) 
| ( (M2 — m2 — Gr)” +G? on id 


This treatment may be generalized and extended to other mesons [30, 31]. 
This is necessary for a realistic treatment including chiral symmetry. 

Finally, the effects of the interactions on the p meson may be quantified 
further by considering the longitudinal and transverse dispersion relations, 
which are found by locating the poles in the p propagator. They are 
generated by obtaining the self-consistent solutions of 


(w)! = k? + m? + Fr(w", lkl, T) 


(14.100) 
(W?)T = k? + m? + Gp(w", Ik], T) 


The longitudinal and transverse dispersion relations are plotted in Fig- 
ure 14.8. Observe that the in-medium energy asymptotically goes over to 
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the free energy, with increasing momentum. This behavior is characteris- 
tic of a many-body effect. 


14.6 J/~w suppression 


In the search for the quark—gluon plasma, the experimental signature of 
this new state of matter that enjoys the most popularity is that associ- 
ated with the suppression of the J/ vector meson. The main ingredients 
of this simple and elegant idea [32] can briefly be summarized as follows. 
As the temperature increases, so will the effect of color Debye screening, 
which will ultimately cause the dissociation of the charmonium bound 
states. Suppression of the J/~ was predicted before its experimental 
observation! 

In nonrelativistic charmonium models, the interaction potential is most 
simply modeled as 


Qeff 
T 


V(r) =or—- 


(14.101) 


where ø is the string tension and Qeg is an effective Coulombic interaction 
coupling. The energy of the lowest bound state can be roughly estimated 
in a semiclassical approximation [32]. We start by writing 


E(r) =2m+ 5 +V(r) (14.102) 


where m is the c quark rest mass. The second term is obtained by invoking 
the uncertainty relation to write the kinetic term involving the reduced 
mass in coordinate space. The lowest bound state is found by minimizing 
the energy with respect to r. Taking aeg ~ 1/2, m ~ 1.5 GeV, and o = 
0.19 GeV? one obtains r J/~ % 0.3 fm. This value is in qualitative agree- 
ment with that obtained through more sophisticated approaches and also 
confirms that, at T = 0, the size of the J/ẹ is largely set by the confining 
part of the potential. 

Now consider the high-temperature plasma phase. If the transition 
is first order, this is tantamount to choosing T > Te. Since the quark- 
antiquark pair is heavy, it makes sense to use a static potential for their 
mutual interaction. We have discussed this already in Chapters 8 and 10. 
At leading order in the coupling, the interaction is modeled by one-gluon 
exchange, and at small momenta the gluon propagator develops an elec- 
tric mass related to IIg9(k). In pure SU(N) gauge theory, one calculates 
the real part of the finite-temperature one-loop gluon self-energy. 

The Debye-screened color Coulomb potential is 
N? — 1 g? af 


exp(—m,r) (14.103) 
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with m2, = Ng’T?/3. The coupling alf obtained above T, is generally 
different from that used in the zero-temperature potential (14.101). Using 
[33] 


24T? 


01) = Tin (19.2T/Axs) oe) 


one may get an estimate for T ~ Ayg, which implies that af ~ 0.3. 

An interesting phenomenon, revealed by keeping the first powers in the 
momentum expansion of loo, is that of Friedel oscillations in QCD [33]. 
To see this, it is useful to recall that F = —IIo9 = Fuac + Finat. A low- 
momentum expansion for Fmat(0, k) has been performed in the temporal 
axial gauge and is [34] 


1 1 
Fmat(0, k) = 39 NT = J9 NTIk| 


11 
A812 


g9? Nk? |In k + 2 + 2(yp — In 4r) 
T. 33 
(14.105) 


The first term in this expansion is the electric mass, which is gauge invari- 
ant. The second term, linear in k, is also gauge invariant. It is the same in 
the temporal-axial, Coulomb, and all covariant gauges. The reason is that 
this term modifies the plasmon effect in the thermodynamic potential; see 
Section 8.3. The next term has the same coefficient as that of the vacuum 
term, as it must in order to produce a temperature-dependent coupling 
constant. Keeping the terms that are subleading in the low-momentum 
expansion produces 


V(r) =— (14.106) 


N? —197(T) [ z sin Z% 
2N 2r?r Jo *P—dz+1 


where z = Mar and t = 3Mma/8T. A contour integration puts the integral 
into the form 


VS ae a (14.107) 


The dimensionless screening function is 


to, P 
sin ta | exp (-z v1l- P) 
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(14.108) 
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Fig. 14.9. The screening function S(x, t) for different values of t = 3ma/8T. 


S(x, t) has the following asymptotic expansion. For fixed x and small t (the 
high-temperature limit), S — e~*, the Debye-screening result. For fixed t 
and z — oo (the long-distance limit), S — 8t/mx?. At very large distances 
the potential is repulsive and falls as a power, not as an exponential: 


vír) 9 p= 1 


“43 | N2 | Tar 


The screening function is derived under the assumption that x > 1; that is, 
the low-momentum expansion of F(0,k) has been used. This expression 
cannot be written in terms of elementary functions. The integration in 
(14.108) must be done numerically, and the results are plotted in Figure 
14.9. We see that in general the inclusion of the momentum dependence of 
the gluon self-energy increases the screening for 1 < x < 3 (or between one 
and three Debye lengths) but decreases the screening at greater distances. 
In fact, for large distances there is a slight antiscreening: the potential is 
repulsive instead of attractive. 

Going back to the low-momentum expansion, we keep only the lead- 
ing term. Inserting (14.103) into (14.102) and minimizing produces a 
value for rj/,. All the temperature dependence is now contained in the 
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value of ma. After minimization, the algebraic equation to be solved is 


TOS ele eae (14.109) 
MQeff 

where x = rme. Notice that the left-hand side increases linearly with tem- 

perature (the variation of aeg with T is only logarithmic). The right-hand 

side has a maximum at 1.62. At that point we have (me1)max = 0.81mae", 

Extracting the logarithmic dependence, and using the definition of the 

electric mass, yields the equation 


T= 0.81 
37 


Using Aygg = 220 MeV, the above turns into a nonlinear equation for the 
maximum temperature at which the J/7 exists. Solving it, one obtains 
Tmax ~ 200 MeV. Should the J/w disappear because of the mechanism 
discussed here, the higher-lying excitations of the charmonium bound 
states will already have dissolved. Remember that the J/w is an n= 1, 
L= 0 state, whereas the lesser-bound states are 7/(n = 2, l = 0) and 
x(t =2,2=1), 

The whole analysis in terms of potential models can only give a gen- 
eral idea of the dissociation pheomenon. First, the heavy quark potential 
should be determined directly using lattice QCD simulations at finite 
temperature. The nonperturbative studies could allow the study of the 
evolution of the gap between the charmonium bound-state mass and the 
open charm threshold, among other things. It has recently become possi- 
ble to study directly the finite-temperature charmonium spectral density 
on the lattice [35]. All such studies are currently based on quenched lat- 
tices: they do not include quark loops, thermal or otherwise. This obvious 
shortcoming will have to be addressed in order to extract any quantita- 
tive result. Furthermore, one needs to reconstruct the thermal spectral 
densities from the thermal correlators: recent progress on this has been 
made possible by the use of Bayesian techniques in lattice analysis [36]. 
This topic is one for specialists. See Chapter 10 for the basic notions of 
QCD lattice gauge theory. 

Any analysis of the charmonium spectrum in nuclear collisions will be 
incomplete unless supplemented by knowledge of what happens to those 
states in cold nuclear matter and in hot hadronic systems. These are all 
environments that are liable of influencing the measured J/w yields as 
well as those of the higher-lying states. There is at present considerable 
uncertainty, because the J/w sits at an energy scale that is not high 
enough for perturbative QCD to be totally reliable and because there 
is no direct experimental data on J/y~—hadron cross sections. However, 
the yields of charmonium bound states as a function of the muon pair 


mg(T) (14.110) 
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Fig. 14.10. The average of two data sets showing the J/w to Drell-Yan ratio 
(multiplied by the branching ratio into a dimuon pair) as a function of the 
transverse energy, in the invariant mass region 2.9 GeV/c? < M < 4.5 GeV/c?. 
The solid line shows the effect of nuclear absorption with an absorption cross 
section that is extracted from proton—nucleus data. This plot is from [37], with 
kind permission of Springer Science and Business Media. 


transverse energy (and hence of event-centrality) in proton—nucleus col- 
lisions can reveal the features that are germane to absorption in cold 
nuclear matter. In fact, proton—nucleus analyses provide an important 
class of control experiments, as plasma formation is not expected to occur 
there. Drell-Yan muon pairs serve as a background estimator, as they 
constitute the dominant source of continuum dileptons at the invariant 
masses of interest here. The ratios of cross sections for proton—nucleus col- 
lisions are then fitted to a Glauber prescription of normal nuclear matter 
absorption; this procedure leads to a value Cabs = 4.18 + 0.35 mb [37]. The 
extra absorption in nucleus-nucleus events, shown in Figure 14.10, is then 
deemed anomalous. Owing to the large multiplicities that are common in 
heavy ion collision environments, the interaction of the newly formed J/w 
with this hot hadronic matter also has to be considered. At the present 
time, many hadronic approaches claim to reproduce the anomalous SPS 
J/w absorption data with various degrees of success, thereby making the 
arguments claiming a a new state of matter considerably less compelling. 
This topic is still under investigation and will continue to be so in exper- 
imental measurements at RHIC and at the LHC. 


350 Heavy ion collisions 


Fig. 14.11. Tree-level diagrams for the processes gg — s5, and qq — s5. 


14.7 Strangeness production 


Another signature of the presence of a nascent quark—gluon plasma cre- 
ated in high-energy nuclear collisions is that of strangeness production 
[38]. Strange quarks and antiquarks are absent in cold nuclear matter. 
They are found only in the parton distribution functions of the sea quarks, 
probed by deep inelastic scattering experiments. As a consequence their 
abundances are typical of those of quantum fluctuations. In a hot par- 
tonic system, however, the situation is different. High initial temperatures, 
greater than the strange quark mass, imply an abundance comparable 
with that of the lighter up and down quarks. The loss of confinement 
suggests comparable rates of production of up, down, and strange quarks. 

Starting with no strange quarks (or antiquarks), estimates for the pro- 
duction of s5 pairs can be obtained from lowest-order perturbative QCD. 
The contributing channels are those of gluon fusion and light gq annihi- 
lation. The relevant Feynman diagrams are shown in Figure 14.11. The 
invariant matrix elements have been calculated by several groups of work- 
ers to leading order in the strong coupling constant [39]. Labeling the 
processes in Figure 14.11 by a, b, c and d, respectively (going from left to 
right, starting from the top), the squared matrix elements summed over 
initial color, spin, and flavor states are 


(m? — t)(m? — u) 


D |Ma 2 = 16 x 6(mas)? a 
= 2 (m? — t)(m? —u)— 2m?(m? +t) 
Lap = 16% 6(mas) 5 ue - t)? (14.111) 
m? = m2 == m2 m2 ü : 
uM = 18% O(n) z . (m? : aE — 
S |Ma]? = Nj 62( ma)? (m? — t)? + (m? — u)? + 2més 


81 s2 
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the interference terms being 


~ MaMy = 16x see = t)(m? = 2 +m 2(u — t) 


12s(m? — t) 
2 
Fihi niar eee (=) 44419) 


m?(s — 4m?) 

108(m? — u)(m? — t) 
Here s, t, and u are the usual Mandelstam variables, Ns is the number of 
fermion flavors, and m is the strange quark mass. In the equations above, 
the numerical prefactors correspond to products of the degeneracy factors 
(spin x color) for the gluons (2 x 8) and quarks (2 x 3). For the processes 
under consideration a scale appropriate for the evaluation of the strong 
coupling yields a,(s). 

Given the above, the cross sections averaged over initial states are eval- 
uated to be 


_ 2ra? 4m? mt 7T 3lm 
Tau = TA (1 + Fa + z) tanh™t w(s) — G += Bs =) w(9) 


8702 2m? 
Hees (1+ Z ) ws) (14.113) 


X AM = 16 x 6 (Tas)? 


where w(s) = \/1 — 4m? /s. The rate for pair production can then be cal- 
culated using the usual formalism of relativistic kinetic theory. Quite 
generally, one may write a rate for the reaction a; + a2 —> X, in the 
independent-particle limit, as 


1 dki dko 
Ratan D= Ta | el age ata v 
(14.114) 
with 
L2 m4 
ga e l (14.115) 


Ei Ea 


In the case where the initial-state fields are massless, vye} = s/(2E1 E2) 
with s = (ky + kp). 

The invariant rate (the number of reactions per unit time per unit 
volume) is then 


O dN 1f” » f dk Pkg 
ee a / (27) E f Or) E 
1 
x (5 folks) fa la)Bag s5) + Ne f(s) fla) 9-08) ) 
(14.116) 
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Note that the distribution functions here contain the appropriate degen- 
eracy factor, 


1 
fa(k) = 16 eflkl —1 


so that the gluon density is 


Ëk 
Ng = a -| ry” 


and similarly for the quarks and antiquarks. 

Inserting the appropriate Bose-Einstein or Fermi-Dirac distribution 
functions, the net rate may be computed numerically. Doing this with the 
quark chemical potential set to zero, one finds that the gluon contribution 
dominates the contribution with the qq initial state. For the gluon fusion 
rate, expanding the Bose-Einstein distribution functions for T << m 


yields 
4T v kls 
R= 73 - © dss! "aya D a“ T ) 
k,l= | Wie 
7 ae 51T 
~ gaw mT*e ami (1 Taare +) (14.117) 


One may divide out the temperature dependence and plot a dimen- 
sionless rate, R/asT*, against m/T, where m is the strange quark 
mass. A parametrization of these results over the temperature range 
considered here is perhaps useful for modeling purposes. An excellent 
parametrization for the range of m/T plotted is provided by R/a2T* = 
(a + bx”) exp(—cx), with x = m/T, a = 0.937, b = 0.958, and c = 2.715. 
The fit is shown, together with the result of the numerical rate calculation, 
in Figure 14.12. 

When the density of s5 pairs increases, their annihilation will start 
to deplete the population of strange quarks. This depletion rate will be 
proportional to the square of the strange quark density. Then the rate 
equation for a static (nonexpanding) system is 


i= (ae) | (14.118) 


Ns 


dns(t) 
dt 


=R 


For small departures from equilibrium, such that n(t) = n°4 + 6n(t) where 
|6n(t)| << n°1, we may linearize (14.118): 
déns(t) — dns(t) fis 


= —— 14.11 
dt Teg Teq 2R ( a 


Therefore, a large rate means a short equilibration time. 
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Fig. 14.12. The dimensionless rate for emission of s5 pairs from a sum of all 
tree-level partonic processes with u and d quarks, as a function of the ratio of the 
strange quark mass to the temperature (solid line). Here ag = 0.6 and m = 150 
MeV. The parametrization discussed in the text corresponds to the dotted line. 


We now consider the fate of the strange hadrons in the portion of the 
system’s spacetime trajectory that is in the confined sector. Let us assume 
that the system has zero net baryon number and that the species present 
are light pseudoscalars only. Anticipating the effect of high temperatures, 
we approximate the distribution functions to be of the Boltzmann type 
with vanishing chemical potentials. Then all integrals but one can be 
performed in (14.114), to yield 

T oo 
R(aı + a2 > X) = taf o(E)z?(z* — 422) Ki(z) dz (14.120) 
Zo 
where z= E/T, E is the center-of-mass energy, and Za = Ma/T. For 
the annihilation process, zo = 2za. If ay + ag —> b + c and 2Ma < Mp + Me 
then zo = (mp + me)/T. The reader is invited to verify that this expres- 
sion agrees with the leading term (k = £ = 1) in (14.117). 

There is not much data on strangeness production in mesonic annihi- 
lation. Some estimates exist of the cross section for the process m” 
K* K~ from measurements of tp —> K+ K~n [40]. These estimates find 
that the cross section is roughly constant as a function of energy, with a 
mean value of co = 5/3 mb. With a total of three isospin channels, the 
total cross section is thus 309 = 5 mb. Then 
Rrr — KK) 

_ 300T® + 9) 2 2 2 2 

Sa] [z0(20 — 424 + 8) Ko(z0) + 4z0(26 — 225 + 4)Kı(z0)] (14.121) 


In this case, 29 = 2mg/T and za = m,/T. 
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Fig. 14.13. The time constant Teq for chemical equilibration as a function of 
temperature for different processes: solid curve, Teq for the partonic reactions 
gg — s5 and qq— s3 (with q= u, d); broken curve, Teq for mm > KK; bro- 
ken and dotted curve, the equilibration time for the KK annihilation pro- 
cesses. The parameters used here are as = 0.6 and m (strange quark mass) = 
150 MeV. 


Another useful reaction for evaluating the population of strangeness- 
carrying hadrons is K+K- — nonstrange hadrons. Its magnitude may be 
estimated from that of pp — charged hadrons [41]: 


B' 
o(pp — charged hadrons) = A’ + Jan od (14.122) 


with A’ = 38.25 mb and B’ = 36 mb. Since K+ K- has four valence quarks 
whereas pp has six, a simple estimate may then be obtained by multiplying 
A! and B' by (2/3)? and replacing Mp by mx. Finally, bear in mind that 
a K` can equally annihilate on a K? or a K+. Putting all this together 
we arrive at 


R(KK annihilation) = 2(R4 + Rp) 
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where 
AT® 
Ra = g7 20K (20) 
(14.123) 
Bre 2\ .—z 
Rp zo(3 + 320 + 2)e ” 


~ 6403 


with zo = 2mg/T, A=17 mb, and B= 16 mb. It is revealing to plot 
the relevant strangeness-equilibration time constants, as evaluated from 
(14.119). The rates were integrated numerically in the Boltzmann limit 
for the distribution functions and were used to obtain the various relax- 
ation times. These are shown in Figure 14.13. Of course, not all processes 
operate over the complete temperature range shown there. 

This figure is revealing in many aspects. First, note the strong 
temperature-dependence. Second, this plot shows why strangeness- 
enhancement is considered a promising probe for the formation of the 
quark-gluon plasma. The smallness of Teq for the partonic contributions 
indicates that gluons and light quarks will reach equilibrium during the 
early stages of the plasma phase. However, note that the time constant 
for s5 in the plasma phase is within a factor 2 of that for KK anni- 
hilation in the hadron phase for the interesting temperature interval of 
150 < T < 250 MeV. This suggests that strangeness production and anni- 
hilation in the hadronic phase will be comparable in magnitude with that 
in the plasma phase. This also means that the actual usefulness of this 
observable will depend on the details of the evolution scenario. Finally, 
the relationship between the rates for rr —> KK and for KK annihilation 
is as it should be. If the latter pairs could only annihilate into a pair of 
pions, the two rates would be equal by detailed balance. However, two 
kaons may annihilate into a many-pion (more than two) final state, and 
this will increase the net rate and decrease the related time constant. 

In order to calculate how the strangeness density evolves in time, the 
spacetime evolution is needed. An increase in volume will cause a pro- 
portionate decrease in density even in the absence of interactions. This 
means that (14.118) needs to be supplemented by a dilution term: 


1 ns(t) í 
ne? 

In the Bjorken model, the volume grows linearly with time because the 

entropy density drops inversely with time, (14.10). Therefore in this case 


1 (=g ) l as (14.125) 


dns(t) 


aoe 


(14.124) 


dns(t) 
dt 


= R(T) 
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The initial condition, ns(to), needs to be chosen. Three possibilities 
include: (i) no strange quarks; (ii) strange quarks in chemical equilibrium; 
(iii) a strange quark abundance determined by proton—proton collisions at 
the same energy. If the equilibration rate is high enough compared with 
the expansion rate, strange quarks will come to equilibrium no matter 
what the initial condition. 

The equation above is valid in the plasma phase. Once the plasma 
begins to convert into hadrons, the rate equation for kaons is 


dnx-(t) aca 
aO _ RT) (: J (sm) 


> (14.126) 


where f(t) = 1 — f(t) is the volume fraction in the plasma phase and R is 
the rate in the hadron phase. The dilution term is slightly different from its 
previous version. The last term given the gain from strangeness conversion 
into the hadron phase from the plasma phase. The factor 1/2 accounts 
for the fact that a given s quark is equally likely to end up in a K®. 

The strangeness content as a function of time is given by integration of 
the differential equations presented in this section. It is clear how to adapt 
this rate equation to the evolution in the purely hadronic phase. When 
comparing with actual measurements, perhaps a more realistic estimate 
will need to include multistrange baryons and strange antibaryons, as 
well as to consider the effect of different and more sophisticated spacetime 
evolution scenarios. The interested reader is invited to consult the research 
literature for the current status of strangeness as a probe of heavy ion 
collisions. 


14.8 Exercises 


14.1 Construct the pressure and energy density as functions of temper- 
ature for the three equations of state presented in Section 14.1. 

14.2 A simple way to model the effect of the transition from 
one-dimensional to three-dimensional expansion is to replace 
the formula s(T) = s(79)70/7 in the Bjorken model by s(r) = 
[s(7)T0R?|/[7(7? + R?)], where R is the nuclear radius. This takes 
into account the time delay for the rarefaction wave from the 
surface to reach the center of the hot matter. Calculate the 
temperature as a function of proper time for the three equations 
of state of Section 14.1, and plot the result similarly to Figure 
14.2. 


14.3 


14.4 


14.5 
14.6 


14.7 


14.8 
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Derive the expression for the photon production rate in relativistic 
kinetic theory (14.46). 

Consider the rates for photon emission through the Comp- 
ton and annihilation processes, (14.54) and (14.55). These were 
evaluated assuming that the initial-state distribution functions 
could be approximated by their Maxwell—Boltzmann form. Show 
that, keeping the quantum distribution functions in the initial 
state, the rates from the Compton and annihilation processes 
become [42] 


PREP aes 1 AET 
| aie 2% _ [m (=) + ci 


dp 9 4r? eE/T +1 z 
where 
1 8s, (2n+1) 
Cp =— PERE ln < 
F YE + 5 z 2 Onyi 
and 
3 p annihilation 
1 4ET 
p E gli O. 
d°p 9 4r2 eE/T +1 k2 
where 


(2n + 1) 
== 2 (Qn + 1)2 


Prove (14.65). 

Derive the expressions (14.94) and (14.95) for the scalar functions 
F and G at finite temperature. 

Show that the pion electromagnetic form factor in the vector 
meson dominance model (VMD) is predicted to be 


m2 + Frac(0) 


F,(M) = 
Mt) m2 + Fyac(M) — M? 


and show that this reproduces the Gounaris—Sakurai formula [28]. 


Construct the grand canonical partition function for a gas of 
hadrons containing all light mesons, baryons, and resonances, up 
to a mass of 2 GeV. Use the Particle Data Table [43]. For several 
combinations of temperature and chemical potential (say T = 100, 
150, and 200 MeV; upg = 250 and 550 MeV), evaluate the density 
of positively charged pions (including the resonance-decay contri- 
bution) divided by that of the thermal pions. 


358 


Heavy ion collisions 


14.9 Calculate numerically the rate in (14.116), and show that the 


contribution from quark-antiquark annihilation is negligible with 
respect to the gluon fusion rate. You should plot the two rates for 
100 < T < 300 MeV. 


14.10 Assuming a first-order phase transition, obtain the behavior of the 


AeA UUN 


10. 
Li 


strangeness density as a function of time in the Bjorken model. 
Do the calculation for two initial temperatures, To = 250 and 500 
MeV. Plot ng(t)/ns* as a function of time, and compare with the 
results shown in [44]. 
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Weak interactions 


In the 1960s and early 1970s a theory was developed by Glashow [1], 
Weinberg [2], Salam [3], ’t Hooft [4], and others that unified the weak and 
electromagnetic interactions. This theory is presently in accord with all 
experimental information. It is not our purpose here to go into a detailed 
exposition of the model or the history of weak interaction physics. Rather, 
we want to show that the spontaneously broken gauge symmetry that is 
the cornerstone of the theory can be restored in a phase transition at a 
critical temperature of order 100 GeV. The existence and order of this 
transition depend on details that we shall discuss in this chapter. 


15.1 Glashow—Weinberg—Salam model 


We begin with a theory involving bosons only. The essence of the model 
can be found without the inclusion of fermions: they will be added later. 
The Lagrangian is 


2 2 
L=(D,®)' (D!) + edt — A (sts) 
E Eg” gw = - a de (15.1) 


This Lagrangian has an SU(2) x U(1) symmetry. There is an SU(2) gauge 
field Aj, and a U(1) gauge field B,,. The field strengths are 


fa, = 3 Ag — O, At — ge” AP AS (15.2) 
Inv = ô Bv = ðv By (15 3 


There is a covariant derivative 
D, = ð, + ZigAir® + 5ig/ By (15.4) 
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which acts on a complex SU(2) field 


_ 1 (bi +ib2 
° = & i aoe) 


Note that, according to (15.1), Av, and B, are massless spin-1 bosons and, 
if c? > 0, ® is a tachyon. Thus we should expect spontaneous symmetry 
breaking. Altogether, there are apparently 12 spin degrees of freedom. 

Owing to the gauge symmetry we may choose, without loss of generality, 
the vacuum expectation value 


(6) = = (°) (15.6) 


where v is a real constant. Then, for arbitrary ®, we write 


© = ZO EA (15.7) 


where ¢(x,t) and 7(x,t) are the independent fields and 


U(¢) = exp (= =) (15.8) 


This is the so-called unitary, or U, gauge. It is a useful gauge since it 
makes the particle content of the theory manifest. 
Now let 


hes ee 
b> =U(Ö? = V AA (15.9) 


This is just a particular SU (2) gauge transformation, such that 
Bu Bu, 


TAr >T: A, = U(¢) (7 -Ay— “0-(6)a,0(0)) u-1(¢) (15.10) 


After some algebra, the Lagrangian is expressed in terms of the indepen- 
dent fields as 


L= $(Oun)(O"n) + Plu +)? — FA(v + n)4 
+ 40 (9'B, + gT- A,)(g BY + gt - AX) &! 
— 59" gw — AS fe, (15.11) 


This can be written as the sum of a classical part, Le, a part quadratic in 
the fields, Lquaa, and a part giving rise to interactions that is cubic and 
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quartic in the fields, £1; 
La = 


Lauad = 


ev? — Fv" (15.12) 


+ $o? [(g' By — gA3)? + 9?( Aj)? + 9?(A2)?] (15.13) 


We define new fields 


Wt = (Al +iA?) /V2 


Z, = (Bu = gA3) [VI +g"? (15.14) 
Ay = (gBu + 9'A3) [V 9? + 9? 


The masses are 


n 
ma =O 
1 (15.15) 
mw = 539v 


The tachyon is avoided as long as v? > c?/3X. In fact, from (15.12) we see 
that the classical minimum occurs at v? = v2 = c?/A, so that indeed the 
model shows spontaneous symmetry breaking. 

After addition of the fermions, it becomes possible to identify the fields 
and parameters described above: A,, is the photon, W~ and Z are the 
weak interaction bosons, and 7 is the as yet unobserved Higgs boson. 
Since all these are massive except for the photon, the total number of 
spin degrees of freedom is 12, the same as before, since the WF and Z 
each acquirie one degree of freedom from the ® field. The electric charge 


is 


/ 
—— e (15.16) 


and the Weinberg angle is defined by 


`~ 


Q 


tan Ow = (15.17) 


© | 


Experimentally, it is found that e = 0.3028... and sin? @w = 0.226+ 
0.004. This leads to g = 0.637 and g’ = 0.344. It turns out that the vac- 
uum field vo is related directly to the Fermi constant: vå = (/2Gp)7! = 
(246 GeV). The predicted masses of the gauge bosons in the tree 
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approximation are then my = 78.4 GeV and mz = 89.0 GeV. (Radia- 
tive corrections increase these by several GeV.) These are consistent with 
observation. Only the combination c?/ is known, so there remains one 
undetermined parameter. It may be taken to be the Higgs mass. The the- 
oretical bounds are currently 130 < my, < 190 GeV [5]. The lower bound 
comes from the requirement that the standard model vacuum be stable. 
The upper bound comes from the requirement that A be small enough 
that perturbation theory can be used. It should remain valid up to a 
supposed grand unification scale Agur ~ 101° GeV. 

The fermions are included according to the following scheme. The quark 
mass eigenstates are not eigenstates of the weak interactions. The matrix 
connecting the different sets of eigenstates is the Cabibbo—Kobayashi— 
Maskawa (CKM) matrix. By convention the charge 2/3 quarks (u, c, t) are 
unmixed. The CKM matrix, Uckm, is unitary and relates the eigenstates 
of the charge —1/3 quarks (d, s, b) as 


d' d 
s! = Uckm S (15.18) 
b' b 


The elements of Uckm will not be needed in the subsequent discussion. 
The fermions are then grouped into left-handed SU(2) doublets and 
right-handed SU(2) singlets. For example, the electron and its neutrino 


form the doublet 
L= ( ) (15.19) 
E Ji 


where e7 = $(1—7s5)e~, and a singlet R = $(1+75)e~. These are cou- 
pled to the gauge bosons via 


R (ið — g'B)R+ L (ið — 5q'B + $g A%T") L (15.20) 


The other leptons and quarks are included in an analogous way. The 
coupling to y, WF, and Z can be written compactly as 


epy” { QA, lp 


1 TW +T W7 
23/2 sin Ow | 75) ( u t i) 


1 : 
[5 (1 — 95) T3 — Qsin? Ow] Za} w (15.21) 
where w is one of the following doublets, 


(7) ©) @) () (4) &) ea 


and where Q is the electric charge operator, 73 is the third component 
of the weak SU(2) spin (with eigenvalue 1/2 for Ve, Vp, Vr, u, C, t, and 
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eigenvalue —1/2 for e~,u~,7~, d, s, b), and TF is the raising or lowering 
operator, which acts on the left-handed particles. The weak hypercharge 
Y is determined by Q = 73 + iY. 

In order to retain the left-handed SU(2) symmetry for the fermions it is 
not possible to add a mass term in the usual form ~y My. The allowable 
term for the electron, for example, is of the Yukawa form 


z (RL r LOR) (15.23) 


After using (15.9) we obtain the electron mass as Mme = i fev? and zero 
neutrino mass. A similar situation prevails for the other fermions. Thus 
all quarks and leptons receive their masses on account of spontaneous 
symmetry breaking. In the vacuum, a quark or lepton mass is therefore 
~ fiGp 1/2 where fi is a dimensionless coupling constant. For all but the 


t quark the f; are very small since Gul? = 293 GeV. 
F 


15.2 Symmetry restoration in mean field approximation 


The existence of phase transitions in the early universe has been a ques- 
tion that has preoccupied a generation of cosmologists. Early on, Kirzh- 
nits [6] found that the symmetry between the weak and electromagnetic 
interactions would be restored at high temperatures. This result was soon 
complemented by similar works by Weinberg [7] Dolan and Jackiw [8], 
and Kirzhnits and Linde [9]. Some consequences of this phase transition 
will be discussed in Chapter 16. In the sections that follow, the stage will 
be set for the theoretical investigation of the electroweak phase transition, 
its existence, and its order. 

The Glashow-Weinberg-Salam model is relatively easy to study at 
finite temperatures in the mean field approximation. At high tempera- 
ture, T > 50 GeV, the fermion masses can be ignored except for that of 
the top quark. For simplicity, we shall ignore that for the moment as well. 
First, we shall use the U-gauge and show that it leads to an erroneous 
result, at least in the mean field approximation. This can be corrected in 
a covariant gauge. 

The U-gauge has the advantage of displaying immediately the physical 
degrees of freedom. From (15.12) and (15.15) we can write the pressure 
as 


PMF = —jet/A+ iew? m $Av4 
+ 6Po(mw) + 3Po(mz) + 2Po(0) + Po(mn) + £n?T4 
(15.24) 
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The last term is the contribution from three generations of massless quarks 
and leptons. The previous four terms are the boson contributions, with 


dk k? 1 r? m? 
P, = ey ie T? 15.25 
o(m) / On) 3w 8 —1 ~ 90 24 (152R) 


where the high-temperature limit is given. Using this limit we obtain 
Pur = lakia Tea e — GT? (A+ G9" + 39”) 
—4Avt — Fc*/d (15.26) 


Maximizing the pressure with respect to the mean field v gives the 
temperature dependence v?(T) = le = IT? (A+ 3g? + 1g”)] IAT g 
4c?/(\ + $9? + 49”) and v(T) = 0 otherwise. This would indicate restora- 
tion of the gauge symmetry that was spontaneously broken at T = 0. 

However, the result (15.26) is wrong. The reason can be traced to the U- 
gauge itself. Although it makes the physical particle content of the theory 
manifest, it is not, in practice, a renormalizable gauge. This follows from 
the poor ultraviolet behavior of the massive vector meson propagators, 
which is p“p” /m?p? instead of 1/p”. The implication for finite temperature 
is serious since T effectively acts as a physical high-momentum cutoff. 
Another way to see the difficulty is to consider the transformation (15.8) 
in the high-temperature phase, where v is supposed to vanish. 

A more appropriate gauge for our purpose is the R-gauge, suitably 
generalized from its first application to the Abelian Higgs model, given 
in Section 7.4. Now we take as the independent fields 7 and ¢, defined by 


1 0 i¢-T (0 1 Cg + iy ) 
G2 ss ay eae = — P 15.27 
ala + ie \e) a a 0597 
which is suggested by (15.7) and (15.8). We choose the SU(2) gauge-fixing 
function to be 


F° = OA tpgug® — f°(x,T) (15.28) 
and the U(1) gauge-fixing function to be 
F = "B, + tog'u’ — f(x,7) (15.29) 


The gauge-fixing delta functions 6(F') and (F°) in the functional integral 
expression for Z are multiplied by 


exp {3 frat +P} 
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and integration over f“(x,7) and f(x,7) is carried out. The result is to 
add to the Lagrangian the gauge-fixing terms 
1 ƏL At 1 a) 2 1 OB Lot, +3)? 1 
~ 3, | u — 20906") -zl u + xpg'vC*) (15.30) 

The cross terms in (15.30) between the gauge fields and Ç are p- 
independent. They combine with the cross terms from (D,,®)'(D#®) to 
produce total divergences that integrate to zero. Thus one advantage of 
using (15.28) and (15.29) is that there is no mixing between the fields. The 
terms —(0"A‘)?/2p — (0"B,)?/2p are familiar from the covariant gauge. 
The last terms in (15.30), when combined with the quadratic terms in 
cepi — \(Si)?, yield the masses 

m? = 30? — 2? 

mer = mez = Mv? — e+ togu? (15.31) 

més = dv? — c? + iol? + g”)v? 


The fact that the ¢ masses are gauge or p-dependent suggests that these 
do not represent physical particles. 

The determinants must be analyzed. They are det(OF/0a) and 
det(OF*/0a°), where the infinitesimal gauge transformations are 
parametrized by a(x,7) and a?(x,7). With the help of (8.11), we find 


or” 2 cab 1 2,,2 cab ‘ 
Jd — —§9*6§ qPgv 6 + linear terms 

a (15.32) 
OF __32_1 122 4 li et 

oa gpg V inear terms 


where “linear terms” indicates terms that are linear in A‘, Ç, and/or n. 
The determinants can be written as functional integrals over the ghost 
fields Ca and C. The ghost masses can be read off directly from (15.32): 


2 = i 
Mg, apa © 


(15.33) 
m2, = 1 pg!2y? 
The propagators for the W and Z fields are 
LY a 2 HY 2 
pu — 9” —p"p"/m" _ p"p”/m (15.34) 


p2 — m2 p — pm? 


where m? = mz, or me, The first term is the usual propagator for a 


massive vector boson. The second term looks like the propagator for an 
unphysical longitudinally propagating particle. 

Now we are ready to put together this strange zoo of real and fictitious 
particles. Again, in the mean field approximation at high temperature we 
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have 
Pur = —jet/r + iev? — tvt + (£ + É) apa 
- 4T? [3m3 + 6m8, +m? + (m? m2, + m2, + m3 + pmz, 


+ 2pmiy = Eme, = 2m2) | 
(15.35) 


The quantity in the second parentheses is all that distinguishes the U- 
gauge from the R-gauge. These mass-squared terms add up to 3(Av? — c°). 
The pressure is thus 


Pur = Hp? + pu? [2 — 47? (2A + Bg? + 49°) 
—4rv* — it/t CT? (15.36) 


This should be compared with (15.26). Note that all p-dependence has 
vanished: a nice check on the calculation. 
Minimizing Pmr with respect to v we obtain 


2 2 jr2 
w'(T) = k TST (15.37) 
r ruer tear er A Per, 
MF = 
same T+ eT? — Fc*/X T >T, 
(15.38) 
and 
a 
2 


This yields a second-order ear phase transition at Te 
since OP/OT is continuous but 0?P/0?T is not. If we take the zero- 
temperature Higgs mass to be 120 GeV then c = 84.9 GeV and à = 
0.119. The critical temperature is Te = 225 GeV. The effective poten- 
tial is plotted in Figure 15.1 as a function of v for several values of the 
temperature, including the critical value. Here the effective potential is 
Ost. (v) = Pur(0,T) — Pur(v,T); in the literature it is also written as 
Veg. Minimizing the effective potential is equivalent to maximizing the 
pressure. 

All the previously discussed difficulties associated with spontaneous 
symmetry breaking and nonabelian gauge theories at finite temperature 
arise in the Glashow—Weinberg—Salam model as well. For example, at 
sufficiently high temperature the Higgs-mass-squared of (15.15) becomes 
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Fig. 15.1. The effective potential in the mean field approximation, as described 
in the text. The curves shown correspond to potentials calculated at T = 0, 
T = 175 GeV, T = T, = 225 GeV, and T = 275 GeV, from bottom to top, respec- 
tively. 


negative, and loop self-energy corrections are necessary to cure it. In the 
high-temperature phase the mean field masses of the gauge fields are zero. 
Thus the same infrared problems will arise as in QCD. The contributions 
of exchange and ring diagrams to the pressure may be computed. 


15.3 Symmetry restoration in perturbation theory 


The applicability of finite-temperature perturbation expansions in the 
electroweak theory will now be more closely examined. Consider a scalar 
field theory, A¢*, like that discussed elsewhere in this book. At each order 
in a loop expansion there will be terms of the form 


3 
ry f yal (HP) (15.40) 


where f(w,,p) is a functional of propagators and vertices. The tadpole 
diagram is a simple example, namely 


Dye EN — (15.41) 
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with w = ,/p?+m?. Clearly this will be dominated by the Matsubara 
zero mode. Omitting the integral over momentum, this fact is expressed 
as 


1 T 
TX — o (15.42) 


+o w 


What might constitute a dimensionless loop-expansion parameter? The 
argument above suggests that when the vertices contribute an overall 
constant À then the expansion parameter that controls the convergence is 
AT/w ~ AT /Meg for bosons (where meg is some soft scale in our theory) 
and AT /T = X for fermions. For bosons the perturbation expansion could 
be ill defined if meg < AT, and then non-perturbative techniques would 
be required. What happens in the standard model is more complicated 
because of the inclusion of the gauge bosons. In what follows we study 
the electroweak theory with the inclusion of the ring diagrams, that are 
known to be important for long wavelengths. 

In the Glashow—Weinberg—Salam model, the gauge boson mass term is 
of the form 


a AG 
(Ai By) M? a 


with a non-diagonal mass matrix 


g 0 0 0 

V| oO g 0 0 
M(x) =] 9 a o g (15.43) 

0 0 —gg' g? 


The customary procedure is to define the physical fields W7, Z,,, and 
A, as linear combinations of the An and B, fields, such that the physical 
masses are m? (v) = g°v?/4, m3 (v) = (9? + g’”)v?/4, and m3 (v) = 0. For 
this application, we now assume that only the top quark Yukawa coupling, 
fi; is nonzero. The shift in the Higgs field generates a mass through the 
term Lyukawa = fittu / V2. 

The one-loop contribution to the thermodynamic potential is split into 
zero-temperature and finite-temperature contributions. Following Car- 
rington [10], one may write the contribution from the Higgs boson (@), 
the gauge boson (gb), and the top quark (w) loops as 


Qı) = Q (v) + QP (v) (15.44) 
where 
Me) = AEC) + OS Co) + AEC) 


wA ees ae pi (15.45) 
omat (y) = or t(v) + QT) + OPS" (v) 
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The zero-temperature loops are regularized using a cut-off. Their contri- 
bution may be obtained from Section 7.3; for an arbitrary mass m,(v) it 


is 
Ae 9 mi (v) m2(v) 1 
3072 má(v) + 6472 [in ( E ) z (15.46) 


This procedure generates a correction to the tree-level zero-temperature 
effective potential, so that 


W2C) = Ou) + OY*(v) (15.47) 
with 
Qtree Cv" + vt 
and 
oreto) 
~ ae Aaa = (ox 7 A $ 5 an= 5) 


Eae fomio) In (>) + 3m% (v) In (>) — 12m}(v) In (>) 
+m4(v) In Ee ’) + 3m4(v) In (ae) (15.48) 


The one-loop finite-temperature thermodynamic potential for bosons and 
fermions is just the negative of the pressure for the free particle of mass 
m,(v). There will be contributions to the ring diagrams from both gauge 
and Higgs bosons. The finite-temperature part of the one-loop potential 
will combine with the ring contribution to define a potential in terms of 
the shifted mass-squared. Therefore we need to evaluate the gauge boson 
and Higgs boson self-energies in the leading infrared limit. For the ith 
Higgs field, 


a 


11,(0) = (0) + mS (0) + (0) + 0 (0) (15.49) 


where the a contributions are 


At 1 1 

w! (0) = PT? nP) (9) (g? 9) T2 
a i if 1 S ey) 
my (0) = le 1y (0) = or 


The ring contribution for the Higgs field is 


amat(y) C/o 5 = Pig aay) (15.51) 
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which, combined with the finite-temperature part of the one-loop poten- 
tial, gives 


OF" (v) = —Po(i1) — 3Poa(M2) (15.52) 


where Po(m) is as in Section 15.2, M? = m? (v) + IL(0), and the factor 3 
is a degeneracy factor. For the gauge boson polarization tensors, as used 
in Section 5.4, 


t= ire + P (15.53) 
In the static infrared limit i (0) = 117 (0) Pi uv, and IË is approxi- 


mately diagonal if the ratio of the gauge boson masses and the tempera- 
ture is small: 


iiig (0) 2 0 0 l 

TIo0(0) = 2 Hoo (9) Be i (15.54) 
0 0 neo o | 
0 0 o m0) 


Here the superscripts (1) and (2) refer to the U(1) and SU(2) gauge 


bosons, respectively. One defines as 1"? (0), m1 (0), and 1? (0), the con- 
tribution to the SU(2) gauge boson polarization tensor from the gauge 
boson, Higgs boson, and t quark loops. One may use a similar notation 


for the polarization of the U(1) gauge boson. Then 


(2) (2) (2) (2) oe 
Hoo (0) = Hy (0) + y (0) + I5 (0) 
where 
(1) L ane (1) 5 2m2 
Iy (0) gI T I, (0) 39 T 
i l (15.56) 
2 2 2 
neos er osre Porr 


The rest of the calculation for the ring contribution to the gauge boson 
effective potential proceeds as in the case of the Higgs particle. In terms 
of the mass and self-energy matrices, it may be written as 


T 


(v) = -z5 Tr {[M*(v) + Too(0)/? - M3()} (15.57) 


QÈ 


ring 
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Fig. 15.2. The ring-improved effective potential that is relevant for the elec- 
troweak phase transition in the standard model. The physical parameters that 
enter this calculation are the masses of the Higgs particle and the top quark. The 
values here are my = 120 GeV, and m = 175 GeV. The curve at the critical 
temperature T, = 140.42 GeV is enclosed by curves at T = 140.40 (lower) and 
140.43 GeV (upper). 


One may show that 


Tr[M?(v) + To0(0)]*/? = 243/? + aA keto- va-r] 


k 


+ [a +c) + y (a — c)? +4 (15.58) 


where a = g?v*/4 + m1) (0), b = —gg'v?/4, and c = g’v?/4 + 149) (0). 


The final expression for the effective potential is obtained by adding to 
the zero-temperature parts the ring-improved finite-temperature expres- 
sions [10]. We remark that two-loop topologies have also been considered, 
along with their contribution (with resummations) to the effective poten- 
tial [11, 12, 13]. 

With the methods described here, it has been shown that the standard 
model has a first-order phase transition, driven by the v? term [10, 14]. 
Using modern values of the physical parameters yields the effective poten- 
tial shown in Figure 15.2. One observes that the perturbation approach 
appears to predict a very weak first-order phase transition with a critical 
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temperature Te = 140.42 GeV. However, this brings us to the core of 
the issue. Consider the behavior of the perturbative expansion in the 
standard model. To make the discussion specific, consider a temperature 
near T,. A parameter can be associated with each loop in the expan- 
sion of the effective potential. For example, the expansion parameter for 
vector loops is g?T../my (ve) (generically writing g? for a linear combina- 
tion of g? and g’), according to the analysis earlier in this section. We 
may write g?T./mw (vc) ~ gTe/ve ~ A/g*. This last value is ~ m3,/mi,, 
evaluated at T = 0. The current experimental value of the mass of the 
W boson is 80.425 + 0.033 GeV [15], and comes from direct measure- 
ments. The Higgs boson, at the time of this writing, is still a hypotheti- 
cal particle. The bounds on its mass placed by self-consistent arguments 
have been reviewed earlier. Indirect experimental bounds for the stan- 
dard model Higgs mass can also be obtained from precision electroweak 
measurements and from fits to measured top quark and W+ masses. The 
global electroweak fits give a preferred value of 96138 GeV [15]. However, 
a recent high-precision measurement of the top quark mass raised the 
world average for m to 178.0 + 4.3 GeV [16]. The impact on the best 
standard-model fit of the Higgs mass is that it is raised from 96 to 117 
GeV. In line with arguments presented earlier, those numbers clearly cast 
doubt on the usefulness of a perturbative loop expansion in theoretical 
searches for an electroweak phase transition in the standard model. It is 
therefore important to consider lattice-based nonperturbative numerical 
approaches. 


15.4 Symmetry restoration in lattice theory 


As the quartic self-coupling À becomes large, the accuracy of perturbative 
calculations decreases. For large enough A, corresponding to a large Higgs 
mass, the order of the phase transition, and even its existence, cannot 
be determined using perturbation theory. As for QCD one might turn 
to numerical calculations of electroweak theory on a lattice. In general 
this is a more intensive numerical endeavor than in the QCD case for 
several reasons: there are two types of gauge field, there is a scalar dou- 
blet field, and there are three generations of fermion fields to deal with. 
Also, surprisingly, the weaker gauge coupling makes the simulations more 
demanding since it introduces a scale hierarchy that is very difficult to 
handle numerically. 

Significant progress in finite-temperature lattice calculations of 
electroweak-like gauge theories has been realized in recent years with the 
help of the technique of dimensional reduction. Provided that we are inter- 
ested in the computation of static quantities, we may generically write a 
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four-dimensional boson or fermion field in terms of its Matsubara modes: 


oF,x)= 3 exp(i2nn1TT) On(x) 
n=—00 (15.59) 
wT, Xx) = Eo exp(i(2n + L)nTT) n(x) 


The original four-dimensional theory is formally equivalent to a three- 
dimensional theory albeit with an infinite number of fields, each cor- 
responding to a mode. The three-dimensional “masses” of bosons are 
mp = 2mnT and those of fermions are mp = (2n + 1)aT. If we are con- 
cerned with soft physics below some scale A, the heavier fields (on that 
scale) may be integrated out. This leaves an effective field theory where 
the parameters of the effective Lagrangian are functions of the temper- 
ature and of the scale A. This integration over heavy modes might be 
done perturbatively, and the expansion parameter would be A/rT. If the 
relevant scale is T or smaller then all fermionic modes, and all bosonic 
modes with n ¥ 0, will have masses larger than mT and can be integrated 
out. 
The effective three-dimensional action can be written as 


Seg = OVT? + pes Let) = (15.60) 


Here Leg is a three-dimensional effective Lagrangian with temperature- 
dependent parameters, b is some number that is related to the number 
of degrees of freedom, V is the volume, and the Opn represent the contri- 
bution from operators of dimension n. The latter will be suppressed by 
powers of the temperature but, in the high-T limit, the three-dimensional 
couplings contained therein will also be large. A typical way to rewrite the 
last term in the equation above is O(m?(T)/T?), the m;(T) being relevant 
mass scales for the problem at hand, such as inverse screening lengths, 
etc. The condition for omitting the last term in the effective action is 
tantamount to that controlling the convergence of the zero-temperature 
perturbative expansion, namely, g? <1 where g is a dimensionless cou- 
pling constant. At first it would appear that little has been gained by for- 
mulating the problem in a reduced number of dimensions. However, the 
expansion parameter is different at zero and finite temperature. At finite 
T the perturbative expansion should prove useful if g°T/A = g3/A <1, 
where g3 is the three-dimensional coupling. Therefore, at finite tempera- 
ture it is entirely possible for the four-dimensional perturbation expansion 
to be unsuitable but for the dimensionally reduced theory to be applica- 
ble. For applications in the vicinity of a critical temperature, it turns out 
that the criterion of applicability of dimensional reduction is satisfied for 
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Fig. 15.3. A plot of the phase diagram of the standard model, investigated with 
lattice Monte Carlo techniques. The broken line is the perturbative (first-order) 
result; the solid line is a fit to the numerical results and shows a first-order 
transition with a second-order endpoint. The figure is adapted from Ref. [18]. 


electroweak theory but not for QCD, since the four-dimensional gauge 
coupling is not small at Te. 

Finite-temperature electroweak theory has been studied in lattice 
Monte Carlo simulations for a number of Higgs mass values by Kajantie 
et al. [17]. The effective Lagrangian they use is 


Let = {fZ fE + (Did) (Di®) + m30 + 3 (O10)? (15.61) 


This is electroweak theory in three-dimensions without the U(1) gauge 
field, without fermions, and where the time component of the SU(2) gauge 
field has been integrated out. There are three parameters: g3, that enters 
via the covariant derivative D;, m3, and \3. To lowest order (and ignoring 
Yukawa couplings and g’) they are 


93 = 9° T 
mi = (P + iAP -e (15.62) 
às = AT 


where g, c, and À are all parameters in the fundamental four-dimensional 
theory (15.1). These parameters have been computed with one-loop 
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corrections too. This allows for a precise connection between physically 
measurable quantities such as the W, Z, and Higgs-boson masses and the 
thermodynamic properties of the electroweak theory. 

The numerical results indicate that the theory has a first-order phase 
transition for small Higgs masses. The transition gets weaker as my grows 
and terminates around my ~ 80 GeV at a second-order endpoint. Those 
results, together with those obtained in perturbation theory, are summa- 
rized in Figure 15.3. It might be that these conclusions are modified by 
physics beyond the standard model; this is a topic still under investiga- 
tion. 


15.5 Exercises 


15.1 Find explicitly the “linear terms” in (15.32). 

15.2 Verify that (15.34) is the propagator for the W and Z bosons. 

15.3 Express T, in (15.39) in terms of the observable parameters e and Ow 
and the zero-temperature Higgs mass. Assuming that perturbation 
theory is valid and using the quoted bounds on my, determine the 
allowable range for Te. 

15.4 Show that the term in the effective potential that is cubic in the 
vacuum expectation value of the scalar field is from the Matsubara 
zero-mode. 

15.5 Derive the three-dimensional couplings in (15.62). 

15.6 How is the temperature dependence of m3 in (15.62) related to the 
critical temperature given by (15.39)? 
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Astrophysics and cosmology 


Finite-temperature field theory finds extensive applications in astrophys- 
ical environments and cosmology. This chapter is devoted to an introduc- 
tion to these applications. A more comprehensive discussion could easily 
fill whole books. 

The end product of the evolution of any star is a white dwarf star, a 
neutron star, or a black hole, depending on the initial mass of the star. 
A white dwarf star is held up against gravitational contraction by elec- 
tron degeneracy pressure (Section 16.1) whereas a neutron star is held up 
by baryon degeneracy pressure and repulsive baryon interactions (Section 
16.2). The sun will end its days by swelling up into a red giant and then 
collapsing to a white dwarf. Neutron stars are formed in the gravitational 
collapse of stars with initial mass in the range from about two to eight 
solar masses. The collapse is sudden and may be seen as a supernova. The 
resulting star is initially quite warm, perhaps 10 to 40 MeV in tempera- 
ture, but cools rapidly by neutrino emission (Section 16.3). If the initial 
mass of the dying star is too great then it will end as a black hole. 

There was some excitement when it was realized that a first-order QCD 
phase transition about one microsecond after the big bang could influ- 
ence the abundances of the light isotopes such as deuterium, helium, and 
lithium. However, quantitative calculations now show that this is very 
unlikely (Section 16.4); in addition QCD, with its known set of quark 
masses, probably does not undergo a first-order phase transition, as we 
saw in Chapter 10. 

Going further back in time, it seems quite likely that the final baryon 
and lepton numbers of the universe were determined at around the elec- 
troweak temperature scale of 100 GeV. Sphaleron transitions were the 
last phenomena that were able to change these numbers (Section 16.5). 
Baryogenesis and leptogenesis may have originated at some much ear- 
lier epoch, in the context of grand unified or supersymmetric theories. It 
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may be that some very massive particles in such a theory preferentially 
decayed into baryons rather than antibaryons. The formation and decay 
rates of such particles are considered in Section 16.6. 


16.1 White dwarf stars 


A white dwarf is the end result of a star of about one solar mass after it 
has burned all its nuclear fuel. It is held up against gravitational collapse 
by the degeneracy pressure of electrons, although essentially all its mass 
is contributed by baryons. It is interesting to inquire to what extent the 
equation of state of the degenerate electron gas influences the structure 
of white dwarfs. 

In a white dwarf, the pressure of the electrons dominates the pressure 
of the atomic nuclei while the mass density of the baryons dominates the 
total energy density. Therefore the energy density is approximately 

MNNe 


= 16.1 
cT (16.1) 


where my is the nucleon mass, ne is the electron density, and Ye is the 
number of electrons per baryon. For a star composed predominantly of 
helium Y = 1/2, while for a star composed predominantly of iron Ye = 
26/56. These values follow from the requirement of electrical neutrality. 
There are small corrections due to the binding energy of the atomic nuclei 
and to their average kinetic energy. 

To determine the mass and structure of cold, nonrotating, spherically 
symmetric stars, we use the Tolman-Oppenheimer-Volkoff equation from 
general relativity, 


20M)" 


r 


eee —G(e+ P)(M + 47r? P) (: — (16.2) 


where 
M(r) = sr f e(r’)r dr’ 
0 


The function M(r) is the total mass contained within a sphere of radius 
r. We can neglect the pressure in comparison with the energy density. 
We can also neglect the general relativistic change in the metric. To an 
excellent approximation Newtonian gravitational physics applies. 

It turns out that as the central density €e of the star increases, the 
mass increases at first while the radius decreases. As the central density 
is increased further, an asymptotic limit is reached for the stellar mass. 
White dwarfs with a mass greater than this “Chandrasekhar limit” cannot 
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exist. To understand this limit we recognize that at very high density the 
electrons become ultrarelativistic. The electron pressure for noninteract- 
ing electrons is then 


u 
P. = — 16.3 
° 127? oe) 
and the density is 
OP. ue 
= = 16.4 
i Ope 3r? eee) 


Together with (16.1) this results in the equation of state 
P= Ké’ (16.5) 


where K is a constant. This has the form of a polytrope (pressure propor- 
tional to the energy density raised to a power). Newtonian gravitational 
physics then predicts the unique asymptotic mass 


K\3/2 
Moo = 4.555 (4) = 5.735Y2 Moun (16.6) 


where the second equality expresses it in terms of the mass of the sun [1]. 
This mass is independent of the central density and the radius, which is 
given by 


1/2 M. 1/3 
R = 3.891 (3) g! = 4.20 (=) y2/3 (16.7) 


Ec 


The physical constants used above are: the average nucleon mass my = 
0.939 GeV; Newton’s constant G = 6.707 x 1073? GeV~?; the solar mass 
Mogan = 1.989 x 10°° kg; and the solar radius Rsun = 6.961 x 108 km. For 
a white dwarf composed of helium Mə = 1.48Msun. The Chandrasekhar 
limit is one of the fundamental concepts in astrophysics. 

The story is not complete. When the electron density becomes high 
enough, roughly when ue = 5m_, electrons are captured by protons to 
form neutrons (the neutrinos escape from the star). The electron-to- 
baryon ratio Y decreases, and so does the mass. As a function of increas- 
ing central density the mass goes up, reaches a maximum just below the 
Chandrasekhar limit, and then decreases. When the star mass falls with 
increasing central density the star is gravitationally unstable and collapses 
further. 

It is clear that several other more minor effects have been left out of 
this analysis. Among these is the change in the equation of state of the 
electron gas owing to interactions among the electrons. Let us see how 
important these interactions are. From our previous studies we know that 
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the first-order correction to the pressure in the limit we > me, T is 


4 
[Me 3a 
P. = m 16. 
ê 1272 ( 2 2) ee) 
and the correction to the density is 
OP, pe 3a 
= = 1 16.9 
i Ope 3r? 2T 2) 
This means that the coefficient K is modified: 
3a —1/3 
K—K{|1--— 16.1 
= ( 5 2) (16.10) 


This changes the Chandrasekhar limit by only 0.2%. So, after all this 
hard work we find that the perturbative corrections in an ultrarelativistic 
electron gas are probably impossible to discern by measuring white dwarf 
masses and radii. 


16.2 Neutron stars 


A neutron star consists of almost pure neutron matter with a central 
density greater than that in atomic nuclei. This represent the final state 
in the evolution of many stars. Owing to their high central density, neu- 
tron stars serve as distant laboratories for the study of dense, relativistic, 
strongly interacting systems. Their central cores may have some compo- 
nent of hyperon matter or quark matter. Much theoretical work has been 
published on this topic over the last forty years. Here we can just touch 
on some of the important issues by studying a few illustrative theories of 
cold dense baryonic matter. 

To first approximation the star consists of pure neutron matter. How- 
ever, neutrons undergo beta decay by the process n > p + e7 + De. This 
decay will continue until the density of protons and electrons is high 
enough for the Pauli exclusion principle to prevent any further decays; 
this happens when the chemical potentials satisfy Un = Hp + He. The neu- 
trinos escape from the star. In fact, neutrino radiation is an important 
mechanism for the cooling of a neutron star from its initial temperature 
of 10 to 40 MeV following its birth by supernova. The details of neutrino 
cooling are a fascinating, and complicated, story in themselves. The inter- 
ested reader is referred to Section 16.3 and to the bibliography at the end 
of the chapter. 

As the central density increases, so does the baryon chemical potential. 
Eventually it becomes high enough that hyperons can be produced and 
coexist in chemical equilibrium with the neutrons and protons. The lowest 
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spin-1/2 baryon octet consists of p, n, A, 5+, £?, 57, 20, =>. If the baryon 
density is high enough, muons may appear too. 

We will consider three different models for the equation of state. The 
first consists of relativistic but non-interacting neutrons. (It can be shown 
that the inclusion of noninteracting protons, whose abundance is deter- 
mined by beta equilibrium with neutrons, does not modify the equation 
of state and therefore the structure of neutron stars by very much.) The 
second model consists of protons and neutrons in beta equilibrium, inter- 
acting via the exchange of o, w, and p mesons in the relativistic mean 
field approximation. The first two mesons heve been discussed already, 
in Chapter 11; the p meson is required here to reproduce the measured 
charge-symmetry energy of nuclear matter. The third model starts with 
the second and adds the six hyperons in the baryon octet. In addition, the 
vector meson ¢ is included, since it couples to the hyperons and represents 
vector repulsion among them. 

All three models for the equation of state are based on the Lagrangian 


L strong = > plig = Mj aie JojO Gui Go5 Goi P TaY 
j 


+ H8 oto — mo?) — tomyn(goo)? — telgoo)t 
Ou o 3 4 


1 L wae il 1.2 
— Gu wy + Mowo" — GO by + gMGbuo" 


— 70k” phy + 3m,on 08 (16.11) 
Here j runs over the spin-1/2 baryons in the octet and T*® is the isospin 
generator. The various models discussed above correspond to the inclusion 
or exclusion of some of the terms in Letrong. 

In the relativistic mean field approximation we allow the meson fields 
to acquire density-dependent average values; the nonzero ones are G, Ww, 
$o, and pg. These are driven by the finite densities of particle number, 
baryon number, strangeness, and isospin asymmetry, respectively. From 


the Lagrangian, one can read off the effective baryon masses m}, 
m} = Mj — Joj (16.12) 


and effective baryon chemical potentials u}, 


H; = hi — gujo — 94540 = 13599500 (16.13) 


where Ts; is the third component of the isospin of the jth baryon (1/2 for 
the proton,—1/2 for the neutron, etc.). 
The particle densities are given in terms of the Fermi momenta by 


nj = Dey /37° (16.14) 
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The Fermi momenta, in turn, are related to the effective chemical poten- 


tials by 


In a neutron star the matter is electrically neutral and in equilibrium 
under the strong, electromagnetic, and weak interactions. Chemical equi- 
librium among the baryons listed above, as well as the electrons and 
muons, implies the relations 


Hp = Hn — He HA = Hn 
HE+ = Hn — He HE? = Hn 
H5- = n+ He HÆ = Hn 
Hz- = Hn + He 


(16.16) 


where He = ,/m2+ p o Ne = pè ai 3x7, and similarly for the muons. Elec- 
trical neutrality then requires 


Np tns+ = Ne + Nu + NS- +N- (16.17) 


The hyperons and muons will only appear when the baryon chemical 
potential un is high enough to give them a nonvanishing Fermi momen- 
tum. 

The total pressure and energy density are expressed in terms of the 
effective masses and chemical potentials as 


P = X Pra(uj,m§) + Pea (he, Me) + Pro(tp, my) 
J 

26 = tbmy(go5)” _ 4C(9oo)* 
28 + Imag? + Imi) (16.18) 
e= X epa (už, MY) + era (pe, me) + EFG (Hp, My) 

J 

+ 5m2a* + sbmn(goo)* + $C(Goo)* 

+ im os + imida + im) (16.19) 

where Pro and epg are the Fermi-gas expressions with the quoted effective 
masses and chemical potentials 
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The values of the mean vector fields are determined in a transparent 
way: 


m?o = 5 Jwjnj 
j 
mZ o = 5 Jejnj (16.20) 
J 
2-3 
mps = >, I3jIpjnj 
J 


The mean value of the scalar field must be determined numerically from 
the self-consistency condition 


m6 + bmngi na? + cgp No? = p9 Jojn (16.21) 
j 
where nê is the scalar density of the jth baryon. 

There are many parameters in Letrong- The masses are known. The 
coupling constants gun, Gon, b, and c were determined in Chapter 11 on 
the basis of the nuclear saturation density, binding energy, compressibility, 
and Landau mass. The p—nucleon coupling constant can be determined 
from the charge symmetry coefficient in the symmetry energy: 


2 3 2 
Gsym = (=) Tee n ae = 32.5 MeV (16.22) 

There is considerable uncertainty surrounding the coupling constants 
in the strange sector. Here we choose ggy = 0 on the basis that the nucle- 
ons have no strange valence quarks while the ¢ meson is composed of s5. 
A study of A hypernuclei by Rufa et al. [2] in the relativistic mean field 
approximation gives goa = 0.48gon and gwa = 0.569 n. A study by Keil, 
Hofmann, and Lenske [3] gives similar numbers, namely, goa = 0.49goN 
and gwa = 0.55gyn. (For comparison, a study of low-energy nucleon- 
nucleon and hyperon—nucleon scattering by Maessen, Rijken, and de Swart 
[4] gives goa = 0.58gon and gwa = 0.66gun.) These two coupling con- 
stants are highly correlated, goa being somewhat smaller than gwa. The 
reason is that the binding energy of a A hyperon in a nucleus or in 
nuclear matter depends mainly on the depth of the mean field potential, 
which is g,jWo9 — Joao. Thus both coupling constants can be increased 
or decreased together to yield the same mean field potential. For the 
sake of illustration we shall use the values from Keil et al.; based on 
quark-counting we then estimate that gox = goz = 0.499oN, J6A = JwA, 
Jue = Jun /3, and gga = 2g¢A. 

The equation of state for electrically neutral matter, P versus e€, is 
plotted in Figure 16.1. At low energy density the pressure of a gas of 
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Fig. 16.1. Equation of state for electrically neutral dense nuclear matter. 


noninteracting nucleons (including electrons and muons) is greater than 
that of nuclear matter that takes into account interactions. The reason 
is that attractive interactions lower the pressure; in fact, for isospin- 
symmetric nuclear matter the pressure is zero at the saturation density of 
nuclear matter. At high energy density the situation is reversed; repulsive 
interactions involving vector mesons cause an increase in the pressure. 
When hyperons are included the pressure is reduced and the equation of 
state is said to be softened, on account of energy having been put into 
hyperon masses rather than into the kinetic energy of nucleons. 

The star mass as a function of central energy density, for each of 
the three model equations of state, is plotted in Figure 16.2. These are 
obtained as solutions to the Tolman—Oppenheimer-Volkoff equation. The 
star mass at first increases with central density, reaches a maximum, and 
then decreases. The maximum mass represents the limit of stability. A star 
cannot be supported against gravitational collapse to a black hole by going 
beyond that limit. As can be seen by comparing Figures 16.1 and 16.2, 
a stiffer equation of state can support a higher maximum mass. A large 
number of neutron star masses have been measured in binary star systems. 
The most accurately measured ones tend to fall in the range between 1.4 
and 1.5 solar masses. This proves observationally that nuclear interactions 
are crucial in supporting a neutron star from gravitational collapse; a gas 
of free neutrons, protons, electrons, and muons can only produce a star 
with maximum mass less than 0.7 solar mass. 


16.2 Neutron stars 387 


2.5 
2.0 + 
s [ 
a 
s 15 - 
™~. k 
= L 
- --- without hyperons 
1.0 E — with hyperons 
S Sari cs free nucleons 
0.5 


3 


10 10 


energy density (MeV/fm*) 


Fig. 16.2. Star mass as a function of central energy density for the three equa- 
tions of state represented in Figure 16.1. 


The chemical abundances of the baryons are very interesting. These 
are shown in Figure 16.3 for the model equation of state that includes 
hyperons. At low baryon density the matter is dominated by neutrons. 
Neutron decay is Pauli-blocked by a small admixture of protons and elec- 
trons. As the density goes up it is advantageous for more neutrons to be 
converted to protons and electrons. Eventually it becomes favorable for 
nucleons to be converted into hyperons. This is a general feature. How- 
ever, the order of appearance of hyperons with density and their relative 
abundances depend sensitively on the numerical values of the coupling 
constants. Increasing the coupling to the scalar field decreases the effec- 
tive mass, and decreasing the coupling to the vector fields increases the 
effective chemical potential, both of which work to favor the appearance 
of a given hyperon. Note, however, that the maximum-mass star only 
probes the equation of state up to an energy density of about 1 GeV fm? 
and a baryon density of about 0.9 fm~* ~ 6no, where no is the nuclear 
saturation density. 

Whether the central density in the most massive neutron stars is great 
enough to support a core of quark matter has been a topic of much study 
and debate over the last three decades; if so, the core may be a color 
superconductor, as described in Section 8.9. Unfortunately, it is very dif- 
ficult to probe the deep interior of a cold neutron star. A neutron star is 
born in a supernova, however, and therefore has an initial temperature 
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Fig. 16.3. Baryon chemical composition for the equation of state that includes 
hyperons. Note that the cusps correspond to particle production thresholds. 


that may be as high as 40 MeV. The interior of the star cools by several 
mechanisms, including neutrino production. This is a topic to which we 
turn our attention now. 


16.3 Neutrino emissivity 


As mentioned in the previous section, neutron stars are born with a sig- 
nificant amount of thermal energy. A great deal of this is lost by neutrino 
emission. The microscopic processes are quite varied and complicated. 
The environments for these processes are usually separated into the outer 
crust and the inner core; the inner core may be nonsuperfluid or it may 
be superfluid and magnetized. 

Two of the most important reactions in the crust are pair annihila- 
tion, ete — vv, and plasma decay, y — vv. Pair annihilation is quite 
straightforward, but it was not until 1993 that a fully relativistic treat- 
ment of plasma decay (actually the decay of collective excitations of the 
plasma) was carried out, by Braaten and Segel [5]. One of the most impor- 
tant reactions in the crust is the direct Urca process, n — pe~ De, and the 
related reaction pe~ — nve. (The process was named after a casino in Rio 
de Janeiro by Gamow and Schoenberg [6] who likened thermal energy to 
money and neutrinos to the casino that takes it away.) There is also a 
modified Urca process, in which a spectator nucleon N facilitates the 
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process, namely, nN —> pNe De and pNe’ > nNve. The nucleon N, or 
the neutron or proton for that matter, may be replaced by a hyperon, 
depending on the chemical conditions in the core. Then there is neu- 
trino cooling by more exotic processes, such as pion condensation, kaon 
condensation, the Urca process for quarks, or color superconductivity. We 
shall consider some of these processes in this section. For a comprehensive 
survey the reader should consult the review by Yakovlev et al. [7]. 


16.3.1 Pair annihilation 


When the temperature of the crust or the core reaches 100 keV or so, 
which is a significant fraction of the electron mass, there will be a sig- 
nificant number of electrons and positrons which can annihilate into 
neutrino—antineutrino pairs. The rate (number of reactions per unit time 
per unit volume) can be calculated directly from the cross section: 


dR=oa(ete —> ynH)v (An )) (2 dpa Nt( )) (16.23) 
1V1 )Urel GAE F W- (2T)? F P+ $ 

Here the subscript / specifies the neutrino flavor and Ure = 
V (p+: p-)? — m4/E}E_; the quantities in large parentheses represent 
the thermal phase space for electrons and positrons, including the spin 
factor 2 (the Fermi—Dirac occupation numbers are the same as in (5.57)). 
This expression assumes that neutrinos escape so that there is no Pauli- 
blocking in the final state. Note that the cross section is proportional to 
the imaginary part of the forward scattering amplitude and to the square 
of the invariant amplitude, as discussed in Section 12.2. The same expres- 
sion can be derived from the finite-temperature field theory rules using 
the standard model Lagrangian. For the present situation, where the tem- 
perature and chemical potential are smaller than the electroweak scale of 
100 GeV, we might as well use the cross section as calculated in many 
texts on the standard model. 

The neutrino emissivity Q is the energy radiated into neutrinos per 
unit time per unit volume. This involves multiplication of dR by the total 
energy E4 + E_ and integration over all phase space: 


Qo = Ef (EEN try) (SBE nts) (Be + E) 


x {CF [me + 3m2(p_ - p+) + 2(p_ + p+)? 
+ 3m2C? [m2 + (p_ -p+)]} (16.24) 


The Fermi constant is denoted by Gp. The quantities CZ = 7,(C?, + 
C%,) are sums over neutrino flavors of the vector and axial-vector 
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constants. Electron neutrinos can be produced via charged or neutral 
current interactions, involving W and Z vector bosons, respectively, while 
muon and tau neutrinos can only be produced via neutral current interac- 
tions. Thus Cye = 2sin? Oy + 1/2, Cae = 1/2, Cy, = Cvr = 2sin? Ow — 
1/2, Cay = Car = —1/2, with sin? Ow ~ 0.23. The six-dimensional inte- 
gral for Qpair can be reduced to products of one-dimensional integrals. 
The latter cannot be found in closed form in general, but they can be 
evaluated numerically; simple parametrizations for them also exist (see 
[7). 

A particularly simple limit, although not the most relevant for the 
majority of periods of neutron star cooling, is the nondegenerate (Np < 1) 
ultrarelativistic (T >> me) limit; 


76(5) 


5 C4 GET” (16.25) 


Q pair =; 


This illustrates how rapidly the cooling rate increases with temperature. 
In this limit, a ten-fold increase in T results in a billion-fold increase in 
the emissivity! 


16.3.2 Plasma decay 


We saw in Chapter 6 that the photon propagator at finite temperature 
has singularities corresponding to the propagation of transverse and lon- 
gitudinal modes. Both modes have a finite energy at zero momentum. 
As a consequence, they will decay into a neutrino—antineutrino pair. This 
occurs via the coupling of the photon to a (virtual) e*e~ pair, which 
then annihilates into neutrinos. The general expression for the emissivity 
is 


Q sass = / i [2Ng(wr)wrr rwr) + Np (wy wL L(wL)] (16.26) 


The Ng are the Bose-Einstein distributions, wp and wy, are the energies 
of the transverse and longitudinal modes with momentum k, and I'r and 
Ty are the decay rates into a vv pair. 

The complete one-loop analysis of the plasma decay rates at arbi- 
trary temperature and chemical potential was carried out by Braaten 
and Segel [5]. The rates are expressed in terms of the photon lon- 
gitudinal and transverse self-energies, F and G, and the residues of 
their poles, ZL and Zr. Specifically, ZT (ko, k) = 1 — OF (ko, k)/Ok? and 
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Za (ko, k) = 1 — OG(ko, k)/Ok2. We have 


G? k 
Pr(kosk) = Fe 5,, 21o k) g [CVG (ko, k) + CAIA (ko, k)] 


; (16.27) 


G k? 
TL(ko, k) = —E-Z, (ko, k) — CHF? (ko, k 
The transverse rate also involves a new axial self-energy Ila. To leading 
order in a it is given by 


k2 d8 E k - k) — Ek? 
Ia(k) = T u [Np (E) — NE (E)] ae i (k2)2/4 


where E = \/p? + m2. To first order in a, the term (k”)?/4 in the denom- 
inator can be set to zero; it corresponds to an imaginary part arising 
from the production of electron—positron pairs. This is unphysical since 
it does not take into account the dispersion relation of electrons to the 
same order in a. The resulting expression for I4 can be expressed as a 
one-dimensional integral that in general must be done numerically. When 
used to calculate the emissivity, all functions above are evaluated using 
the appropriate dispersion relation, either ko = wy (k) or ko = wp(k). 

For neutron star cooling it is numerically efficient to have simple, accu- 
rate, analytic formulas for the emissivity. Nice formulas were derived by 
Braaten and Segel with this in mind. The following expressions were 
shown to be correct in the classical, degenerate, and relativistic limits 
for all momenta and correct at small momenta for all temperatures and 
densities; they were interpolated to an accuracy of order a in between 
these limits (in what follows k = |k|): 


3 2 2 2 k2 wk 
wh = b+ wT h a m (2 )| 0< k< oœ 
U 


(16.28) 


one 2u,kwp wp — Vsk 
(16.29) 
3w [ w WT + Usk 
2 2 L L T * 
= i 1 <= hae 16. 
WT, WP eke a n (2) | 0x < ( 6.30) 
3 1 1l+v, 
kmax _ l . 
E 5 n(*) to (16.31) 
4a [°° dpp? Ji (2)' 
2 2 
— Ngp(E 16.32 
vue f z (3 3 (Z) | Ne(B) (16.32) 


In these expressions wp is the plasma frequency, defined in Chapter 6. 
The variable v, lies between 0 and 1. Since we start with two independent 
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variables, T and yu, it is quite natural that the two independent variables 
wp and v, appear in the result. The longitudinal and transverse energies 
must still be solved self-consistently from this set of equations. 

When evaluated with the dispersion relations calculated above, the self- 
energies and residues are approximated to the same accuracy, as follows: 


F=% -k (16.33) 
G=w- k (16.34) 
2w (wa — v2k?) 


Zn = 16.35 
T= ok + Rt PWR) — aR S) 
2w? (w2 — v2k?) 
ZL = ee 16.36 
L= GP Kw — WP — ok?) ee 
2. k2 3 2 2 2ra k2 
iz ma )Bwp — 2(vf )] (16.37) 


Blo oe) 


One new frequency appears, which is 


_ 2a f° p\? pt z f 
eal d b (=) 2 (=) | [Nz(E)-N¢(B)] (16.38) 
To calculate the emissivity, first the two dispersion relations must be 
solved numerically and inserted into the functions appearing in the inte- 
grand, and then the one-dimensional integral must be evaluated numeri- 
cally. However, several limits can be evaluated analytically. Consider the 
high-temperature limit defined by T >> wp. It can be shown that the con- 
tribution of the longitudinal part is smaller than that of the transverse 
part by a factor of order we, /T?, and the axial part is smaller by a factor of 
order wi, /T?. The transverse part can be evaluated by setting the factor 
wA — k? equal to m? = G(ko = |k|) (see Section 6.7) because the integral 
is dominated by k >> wr, and otherwise setting wp = k. The emissivity is 
then given by 


G2 
Qplasma = satay VS (3)mpT™ (16.39) 


In the limit T > |ue| and T >> Mme, m x aT”. Then the emissivity goes 
as a?G2T*. The powers of the couplings follow from the lowest-order 
diagrams needed to make the process go, and the power of the temperature 
follows from dimensional analysis. 


16.3.8 Direct Urca process for quarks 


The analog of the direct Urca process for quarks is d > u+e + De and 
ute —> d+ rve. In beta equilibrium the chemical potentials are related 
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by 


Hd = Hs = Hu + fe (16.40) 


If the particles are assumed to be massless, electrical neutrality is achieved 
without any electrons: 
UTR ee (16.41) 
Ne = 0 
where n is the baryon density. At low temperatures the quark Urca process 
can only occur when all particles are near their Fermi surface; hence, there 
is very little phase space for the reactions to occur. In particular, if all 
particles are massless then energy and momentum conservation requires 
the up quark, down quark, and electron momenta all to be collinear. Giv- 
ing the d quark a slightly greater mass than the u quark, say 7 MeV 
versus 5 MeV, does allow the decay to proceed, but very slowly. Iwamoto 
[8] showed that interactions among the quarks change the situation dra- 
matically. 
From Chapter 8 we know that the relation between the Fermi momen- 
tum, defined via the density, and the chemical potential is 


2 
Hq = (1 + Zas) PFq (16.42) 


for quark flavors q = u, d. For relativistic electrons, 


lle & PFe (16.43) 


Therefore pra — Pru — pre © —(2/37)aspre < 0. This opens up the phase 
space for the reactions and allows them to occur at a much higher rate. 
Knowing the decay rate for the down quark, and the cross section for the 
flavor-changing reaction, both of which could easily be calculated within 
the standard model, Iwamoto found their sum to be 
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Qquark Urca = 439 CEOs cos” OC PFa PFu PFe T! (16.44) 


where ĝc is the Cabibbo angle with cos? 8c ~ 0.948. The electron Fermi 
momentum would be zero if the strange quark mass were zero, but it is 
not. For the temperatures of interest, say 5 to 50 MeV, pfe is comparable 
to T, while prg and pp, are definitely larger than T. The QCD coupling 
is in the range of 0.1 to 1.0. Therefore the quark Urca process provides 
quite a large emissivity. 

There is also the direct Urca process in which the strange quark replaces 
the down quark. The current-quark value of the strange quark mass at 
the scales of relevance is around 105 to 150 MeV. This suppresses the 
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reaction u+e —> s + Vve but enhances the decay s > u + e` + De. How- 
ever, the latter is suppressed by the factor sin? 0c ~ 0.052 because it is 
a strangeness-changing process. Overall one finds that the direct Urca 
process with the strange quark is smaller than with the down quark. 

If the electron Fermi momentum becomes too small then the modified 
quark Urca process d +q > u +q +e +%andut+qt+e —>d+q+ rve 
dominates. This was calculated by Burrows [9]. 


16.4 Cosmological QCD phase transition 


The main interest in a cosmological quark-gluon to hadron phase tran- 
sition arises from its potential to influence the big bang nucleosynthesis. 
Whether QCD with its known set of parameters undergoes a first-order 
transition or something smoother is still not completely settled. Assum- 
ing that there is a first-order phase transition one needs nucleation the- 
ory to understand how the transition proceeds; this topic was discussed 
in Chapter 13. In this section we first discuss how it can be that nucle- 
osynthesis is affected by a QCD phase transition, and then we analyze 
the dynamics of a first-order phase transition during the expanding early 
universe. 


16.4.1 Inhomogeneous big bang nucleosynthesis 


A cosmological first-order phase transition at T ~ 160—180 MeV could 
leave spatial inhomogeneities in the baryon-to-entropy ratio and in the 
ratio of protons and neutrons. If these inhomogeneities survive to T ~ 
0.1—1 MeV then they could influence nucleosynthesis. This was first 
pointed out and analyzed by Witten [10], by Applegate, Hogan, and Scher- 
rer [11], and by Alcock, Fuller, and Mathews |12]. In thermal and chemical 
equilibrium one might expect that the baryon density in the quark-gluon 
phase is higher than in the hadron phase. This is called the baryon den- 
sity contrast. Assuming a critical temperature of 160 < Te < 180 MeV, 
Kapusta and Olive [13] computed this baryon density contrast to be 1.5 
to 2.5 when hadronic interactions were neglected and 5 to 7 when they 
were included. One would expect that the last regions of space to undergo 
the phase conversion would contain more baryons per unit volume than 
the first regions to phase-convert because of the lack of time for baryons 
to diffuse. After phase completion the neutrons will diffuse more rapidly 
than protons because they are electrically neutral and therefore do not 
Coulomb-scatter on electrons. This leads to isospin inhomogeneities, at 
least temporarily. 

A detailed calculation of inhomogeneous nucleosynthesis with a com- 
parison to the observed abundances of the light elements was performed 
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Fig. 16.4. Conservative upper limit to the baryon-to-photon ratio 7 from the 
4He abundance Y, < 0.248 and the deuterium abundance D/H > 1.5 x 107°. 
The three thicker curves are for volume fractions covered by the high-density 
regions of 1/(2/2) (solid), 1/8 (broken), and 1/(16,/2) (broken and dotted). 
The two thinner curves are for volume fractions 1/64 (solid) and 1/256 (broken). 
From [15]. 


by Kurki-Suonio et al. [14]. They considered baryon density contrasts 
ranging from 1 to 100 and matter-fractions in the high-density regions 
ranging from 1/64 to 1/4. The average separation of the high-density 
regions | was left as a free parameter, as was the average baryon-to-photon 
ratio of the universe. The differential diffusion of protons and neutrons 
was accounted for and then a standard nucleosynthesis code was run. 
By fitting the observed abundances of tHe, D, *He, and ‘Li they con- 
cluded that the baryon-to-photon ratio must lie between 2 x 107!° and 
7 x 10~1° (or 20 x 107! if certain constraints on ‘Li were relaxed). They 
also concluded that l < 150 m at the time of nucleosynthesis, whereas at 
the completion of the QCD phase transition this upper limit would have 
been only about 1 m. A quantitative theoretical estimate of the latter 
scale is the purpose of the next subsection. 
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Recently the inhomogeneous nucleosynthesis calculation was redone, 
with technical improvements and updated estimates of the cosmic abun- 
dances of the relevant light elements, by Kainulainen, Kurki-Suonio, and 
Sihvola [15]. Their results are shown in Figure 16.4. The high-density 
matter was distributed in spheres. The inhomogeneities are ineffective in 
influencing nucleosynthesis unless the high-density regions are separated 
by more than about 150 m at T = 1 MeV. 


16.4.2 Dynamics of the phase transition 


The nucleation rate for a system of particles or fields that has negligible 
baryon number compared with the entropy was derived in Section 13.4. 
Here we mention only the essential details. The change in free energy due 
to the appearance of a bubble of hadronic matter in quark—gluon plasma 
is 


AF = 7,8 [P,(T) — P,(T)] + 4rr’°o (16.45) 


where r is the radius. The critical-sized bubble has radius 


r, = 16.46 
PAT) — PT) ee 
which leads to 
AF, = Kor? (16.47) 
The nucleation rate is 
4 a \3/2 0(3Gq + 40q)r* -AF /T 
= * 16.48 
T Go 3(Aw)?é4 i ( ) 


It is proportional to the shear viscosity ng and the bulk viscosity ¢, in 
the quark—gluon plasma and is inversely proportional to the square of the 
enthalpy (w = «€ + P) difference between the two phases. 
For numerical purposes we use a simple bag-model-type equation of 
state with 
ge 
P, = (45.5 + 14.25) TT —B 


f (16.49) 


Py, = (5.5 + 14.25) i 


The constant 45.5 approximates the effective number of degrees of freedom 
arising from massless gluons and up and down quarks and a strange quark 
mass comparable with the temperature. The constant 5.5 approximates 
the hadronic equation of state near T, arising from a multitude of massive 


16.4 Cosmological QCD phase transition 397 


hadrons. The constant 14.25 arises from photons, neutrinos, electrons, 
and muons common to both phases. The bag constant B is chosen to give 
T, = 160 MeV. For definiteness we take o = 50 MeV /fm?, ég = 0.7 fm, 
and nq = 18T? (see Section 9.6 and Baym et al. [16]). 

Given the nucleation rate one would like to know the (volume) fraction 
of space h(t) that has been converted from the quark-gluon plasma to 
hadronic gas at proper time t in the early universe. This requires kinetic 
equations that use the nucleation rate J as an input. Here we use a rate 
equation first proposed by Csernai and Kapusta [17]. The nucleation rate 
I is the probability of forming a bubble of critical size per unit time per 
unit volume. If the system cools to JT. at time te then at some later time 
t the fraction of space that has been converted to the hadronic phase is 


t 
h(t) =a) dt’ (T(E) — AIV (E, t) (16.50) 
te 
Here V(t’, t) is the volume of a hadronic bubble at time t that was nucle- 
ated at an earlier time t’; this takes into account bubble growth. The 
factor 1 — A(t’) takes into account the fact that new bubbles can only be 
nucleated in the fraction of space not already occupied by the hadronic 
gas. This conservative approach neglects any spatial variation in the tem- 
perature. However, it does allow for completion of the transition without 
violating any of the fundamental laws of thermodynamics. 

Next we need a dynamical equation that couples the time evolution of 
the temperature to the fraction of space converted to the hadronic phase. 
We use Einstein’s equations as applied to the early universe, neglecting 
curvature. The evolution of the energy density is 

de 3w 

aos (16.51) 
where R is the scale factor at time t. This assumes kinetic but not 
phase equilibrium and is basically a statement of energy conservation. 
We express the energy density as 


e = hep(T) + (1 — h)e(T) (16.52) 


where ep and eg are the energy densities in the two phases at the tem- 
perature T. There is a similar equation for the enthalpy w. The time 
dependence of the scale factor is determined by the equation of motion 


1dR  /8nGe 

Rd — 3 
This expression can be used to relate the time to the scale factor using 
the normalization R(t.) = 1. 


(16.53) 
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Fig. 16.5. Temperature as a function of scale factor. 


We also need to know how fast a bubble expands once it is created. This 
is a subtle issue since by definition a critical-sized bubble is metastable 
and will not grow without a perturbation. After applying a perturbation, 
a critical-sized bubble begins to grow. As the radius increases the surface 
curvature decreases, and an asymptotic interfacial velocity is approached. 
The asymptotic radial-growth velocity will be referred to as v(T). The 
expected qualitative behavior of v(T) is that the closer T is to Ty the 
more slowly the bubbles grow. At Te there is no motivation for bubbles 
to grow at all since one phase is as good as the other. The bubble-growth 
velocity was studied by Miller and Pantano [18]. Their hydrodynamical 
results may be parametrized by the simple formula 


vy =3 (1 — z) (16.54) 


c 


which indeed has the expected behavior. A simple illustrative model for 
bubble growth is then 


t 3 
V(t, t) = 7 cre) + f we're) (16.55) 
y 
This expression can also be written in terms of R, R', R” instead of t, t', t”. 
We now have a complete set of coupled integro-differential equations, 
which must be solved numerically. These equation take into account bub- 
ble nucleation and growth, energy conservation, and Einstein’s equations. 
They make no assumption about entropy conservation. 
Figure 16.5 shows the temperature as a function of the scale factor. 
For practical purposes, nucleation begins near the bottom of the cooling 
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Fig. 16.6. Average bubble density as a function of scale factor. 


line. Thereafter, the nucleation and growth of bubbles release latent heat 
that causes the temperature to rise. The increasing temperature shuts 
off nucleation, and the phase transition continues owing to the growth 
of already nucleated bubbles. The temperature can never quite reach 
Te; if it did, bubble growth would cease and the transition would never 
complete. This is a result of the equations of motion and is not an 
imposition. 
Figure 16.6 shows the average bubble density 


n(R(t)) = i dt! (TEI — h(t’)| (16.56) 


c 


as a function of the scale factor. The bubble density rises rapidly just 
before R reaches 1.007 and reaches its asymptotic value just after 1.007. 

Figure 16.7 shows the nucleation rate as a function of scale factor. The 
rate has a very sharp maximum between 1.0070 and 1.0071. The turn-on 
and turn-off of the nucleation rate corresponds precisely with the fall and 
rise of the temperature shown in Figure 16.5. 

Figure 16.8 shows the fraction of space h that has made the conversion 
to the hadronic phase. When h = 1 the transition is complete and the 
temperature will begin to fall again. This occurs when R ~ 1.4464, to 
be compared with the value one would obtain from an ideal Maxwell 
construction, RMaxwell = (239/79)1/8 = 1.44630. . . . In fact the whole 
curve h(R) is very close to the ideal Maxwell construction, apart from its 
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Fig. 16.8. Volume fraction of space h occupied by the hadronic phase as a 
function of scale factor. 


delayed start, apparent in the figure. The interested reader could work 
out the Maxwell formula from the equations given here. 

Figure 16.9 shows the average bubble radius 7 as a function of scale 
factor, obtained from 


Fn =h (16.57) 
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Fig. 16.9. Average bubble radius as a function of scale factor. 


It grows with time and with the scale factor, of course. At the end of the 
phase transition it is of order 1 cm. This is also the order of magnitude of 
the distance between the final quark—gluon plasma regions. Unfortunately, 
it is two orders of magnitude too small to affect nucleosynthesis. This 
result is rather robust against reasonable variations in any of the input 
parameters. 

Nucleosynthesis is affected by remnant inhomogeneities in the baryon- 
to-entropy ratio and in isospin if the high-baryon-density regions imme- 
diately following a QCD phase transition are separated by at least 1 m. 
A set of dynamical equations can be written and solved for the evolution 
of the universe through such a phase transition all the way to completion. 
The evolution of the temperature and hadronic volume fraction as func- 
tions of time and scale factor are hardly different from the results of an 
idealized Maxwell construction. The information not available in the lat- 
ter construction is the length scale of the inhomogeneities, that is, bubble 
sizes and so on. The characteristic distance between the last regions of 
quark-gluon plasma seem to be of order 1 cm, too small to affect nucle- 
osynthesis. However, qualifications and improvements can be made. For 
example, when the fraction of space occupied by bubbles exceeds about 
50%, interactions among the bubbles probably cannot be neglected. It 
is unlikely, though, that further improvements in the dynamics would 
qualitatively change the current picture of the transition. Indeed, crude 
estimates of the effects of bubble fusion on the dynamics of the QCD 
transition in heavy ion collisions indicate that the transition completes 
only a little faster, and that the average bubble size is greater (Csernai 
et al. [19]). At least this is in the right direction to be interesting. 
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16.5 Electroweak phase transition and baryogenesis 


The standard model conserves baryon and lepton number at the classical 
level but not at the quantum level. This violation is always a possibility 
when the current is associated with a global symmetry rather than with a 
local gauge symmetry. Electric charge, for example, is conserved at both 
the classical and quantum levels. This phenomenon is called the Adler— 
Bell-Jackiw anomaly (Bell and Jackiw [20]; Adler [21]). In the standard 
model the divergence of the baryon current is 


OSE = Nen gi Vee ge Fafi + 9P Iuvgpo) (16.58) 
Entering on the right-hand side are the field strength tensors for the SU(2) 
and U(1) gauge fields, in the same notation as in Chapter 15. There is a 
factor Nfam on the right-hand side equal to the number of quark families 
(the standard model has three). The divergence of the lepton current is 
exactly the same, so that if the numbers of families of quarks and leptons 
are the same, as in the standard model, the baryon number minus the 
lepton number, B — L, is conserved. Of course, baryon and lepton number 
will change only if the field configurations are such that the right-hand 
side does not vanish. 

Gerard ’t Hooft [22] showed that, indeed, the conservation of baryon 
number is violated by the instanton of the weak SU(2) group. (For instan- 
tons in QCD see Chapter 8.) The rate for baryon number violation is 
proportional to the factor exp(—16m?/g?) ~ 1071. The probability of 
observing this effect is exceedingly small with any reasonable estimate of 
the prefactor. The proton lifetime, for example, has been estimated to be 
many orders of magnitude larger than the age of the universe. It would 
seem that this effect is merely a curiosity of quantum field theory. 

However, Kuzmin, Rubakov, and Shaposhnikov [23] showed that this 
is not the case at high temperatures. The reason that baryon number 
can be violated at zero or low temperatures is that the weak instanton 
involves tunneling between inequivalent vacua with different baryon num- 
bers. This tunneling is exponentially suppressed by the aforementioned 
factor. At high temperatures the transition can occur because of thermal 
fluctuations, and if the temperature is high enough the corresponding 
Boltzmann factor may not be nearly as small as the tunneling probabil- 
ity. Specifically, they calculated the free energy of a static classical field 
configuration involving the SU(2) gauge field and the Higgs field. The 
Boltzmann factor for the baryon-number-violating process is 


ep (=m) — | f alr f dPeLal Atx), D(x] (16.59) 
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The calculation is done at fixed temperature. Therefore the resummed 
effective Lagrangian derived in Sections 9.3 and 15.4 can be used. This 
is a beautiful example of the use of the effective resummed theory. To 
lowest order, this means that the coupling constant and the Higgs con- 
densate become functions of temperature, g(T), v(T). Before describing 
the relevant classical solution to the field equations, let us understand the 
connection between baryon (and lepton) number violation and the Adler— 
Bell-Jackiw anomaly. Here we follow Klinkhamer and Manton [24], who 
coined the word sphaleron to refer to this and related classical solutions. 

We compute the time rate of change of total baryon number as dB/dt = 
f @xdJ?,/Ot. Let us assume that either the spatial baryon current Jp 
vanishes at spatial infinity or that it is periodic in a large box of volume V. 
In either case Gauss’s theorem can be used to express the volume integral 
of the divergence of the spatial current in terms of a surface integral, 
which vanishes under the above assumptions. The change in the baryon 
number, relative to its value as t — —oo, is associated with the baryon 
number of the sphaleron, 


Neamg? : / 3 pvpo fa fa 
Bsphaleron = 6472 dt ad’x € Jiv po (16.60) 
—oo 


The integrand can be expressed as the divergence of a current: 


1 
H — -Vps fa fa 
o, K = Tide 


9 (16.61) 
K” = vpo ( a Aa — Seane AB ABAS ) 


vepra 


This can be proven by using the classical equations of motion. 

To proceed we must have time-dependent fields with finite energy at 
all times. Furthermore, we want these fields to evolve from the trivial 
vacuum, Aj, = 0, at t + —oo to the sphaleron configuration at time t. 
Moreover, we want Aj, to be a pure gauge field at spatial infinity such 
that K = 0 there. Then we can write 


Niam9" 
Bgphaleron = son [es RD) (16.62) 


Whether this is nonzero depends on the field configuration. Notice that 
the sphaleron configuration we discussed earlier was time independent. In 
fact, to make the identification of baryon number with sphaleron, we first 
find a static configuration of fields and then make a gauge transformation 
to satisfy the conditions given above. 
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Define the dimensionless variable ¢ = gur. The static sphaleron ansatz 
is 


xo (16.63) 


with boundary conditions f(0) = h(0) = 0, f(co) = h(co) = 1. The result- 
ing equations of motion are 


2 
Op =arl—a-27)-Sa-pKw (16.64) 
Ch = =26h + 2(1 — 77h Za h°)h (16.65) 


These cannot be solved exactly in closed form, although analytic approxi- 
mations can be found. Klinkhamer and Manton showed that the resulting 
free energy is Fsphaleron = (4rv/g)Fo(à/g°). The factor Fo varies smoothly 
from 1.566 at \ = 0 to 2.722 at A = co, with Fo(1) = 2.10. The charac- 
teristic size of the sphaleron is found to be 1/gv simply from dimensional 
analysis. Note that the characteristic energy is 4tu/g ~% 5 TeV when the 
parameters are those appropriate to the vacuum. 

In order to compute the baryon number of the sphaleron we must make 
a gauge transformation. We choose the gauge transformation 


U(x) = exp (Seine . x) (16.66) 
with a function O(r) that varies smoothly from 0 to 7 as r varies from 0 
to oo. The function should be chosen so that A goes to zero faster than 
1/r as r > œ, so that K does not contribute to the integral yielding the 
baryon number. In particular 


[1 — 2f(gur)] cos O(r) — 1 


A? = 2 EjabXb 
gr 
1-2 i ifa 
rm [ f(gur)] sin O(r) (Siar? — Ti£a) + 1 dO ax (16.67) 
gr? gdr r? 


By using this formula in K® it is easy to show that the baryon num- 
ber of the sphaleron is Bsphaleron = Nfam/2. This is reasonable since the 
sphaleron interpolates between two sectors that differ by baryon number 
1 for each family. The same holds true for lepton number. 

The rate of sphaleron transitions involves primarily the Boltzmann fac- 
tor, but for numerical purposes the prefactor is needed too. Calculation of 
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the prefactor is analogous to that for the nucleation of bubbles in a first- 
order phase transition, as analyzed in Chapter 13. The first calculation 
was performed by Arnold and McLerran [25] who found that 


3 
== T — Fsphal 
T'sphaleron = 3 (IV) V Neran8T Mot (2) K exp (pa) 


T 

(16.68) 
Here w_ is the magnitude of the negative mode causing the instability. It 
was estimated to be of order gv. The volume of phase space associated 
with translational zero modes is (gv)?V, where the volume of the box or 
universe is V. The volume of rotation space, SO(3), is 877. The factors 
Niran and Mot relate to the normalization. They are given as integrals 
involving the functions f and h describing the sphaleron. Finally there 
is a determinantal factor «x (not to be confused with the quantity used 
in Chapter 13), that depends on the ratio \/g?. It is this last quantity 
that is very difficult to compute; this must be done numerically with 
great care. Carson et al. [26] found that Miran is a smoothly increasing 
function, and Mot a smoothly decreasing function, of \/g?. However, their 
product has the approximately constant value 90 for 0.1 < \/g? < 10. 
They found that w_ is a slowly increasing function of the same ratio of 
couplings and differs from gv by only 30% as \/g? varies by two orders 
of magnitude. They calculated « for four different values of \/g?. Baacke 
and Junker [27] also calculated « for seven values of /g?. Their results 
are in approximate numerical agreement. It turns out that « peaks at 
d/g? ~ 0.4 and falls off rapidly for both smaller and larger values of A/g?. 
A simple parametrization that captures this feature is 


X 2 g? 2 
In k= In Kmax — 0.09 (= = 0.1) — 0.13 (£ = 2.5) (16.69) 


Inkmax = — 


If we now put everything together we find the rate per unit volume, 


Ts aleron z 4 
Psphaleron _ 56 3gu(g?r)3 EAI exp ( TEROA) (16.70) 


V Kmax 


This depends on two scales, gv and g?T, as well as on the ratio of the 
quartic and gauge couplings. 

For what range of temperature is the sphaleron rate formula given above 
valid? It assumes that the baryon- and lepton-changing transitions are 
dominated by the sphaleron configuration and that higher excitations are 
unimportant. This means that on the one hand the argument of the expo- 
nential must be larger than unity, or T < 4mu/g. On the other hand, it 
assumes that gv provides an infrared cutoff smaller than the temperature, 
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gv < T. Therefore the expected range of validity is 
gu < T <4nv/g (16.71) 


The values of v, A, and g are those appropriate to T, not the zero- 
temperature values. Of these, v changes the most rapidly with T, as we 
saw in Sections 15.2 and 15.3. If we use the vacuum value g = 0.637 and 
10% of the vacuum value of v = 246 GeV, the temperature range is 16 
to 480 GeV. This is centered directly on the electroweak energy scale, 
which suggests that the baryon and lepton numbers of the universe were 
essentially determined when the universe had that range of temperatures. 

To relate the sphaleron rate to the baryon-number-changing rate we 
follow Arnold and McLerran [25]. Suppose that the universe has different 
sectors of baryon and lepton number and a sphaleron appears. It is associ- 
ated with baryon and lepton numbers equal to Nfam/2. The change in free 
energy of the universe when a sphaleron is formed now involves the extra 
term (ANgug + ANzpyz)/T; ANg = AN, = +Neam/2, the sign being 
determined by whether the sphaleron increases or decreases the baryon 
and lepton numbers. The difference in the forward and backward rates 
involves the factor 


ete tite) Nea /2P _ gietu) Nia 2E oy (y+ ur) Neamd T (16.72) 


where the last approximate equality follows because the chemical poten- 
tials are extremely small (the observed baryon-to-photon ratio is about 
107°). Furthermore, the sphaleron facilitates the transition between two 
sectors that differ by a baryon number value equal to the number of fam- 
ilies Nfam. Therefore the baryon-changing rate is 


dNg 
dt 


UB + HL 


Isphaleron (16.73) 


We need to relate the baryon number to the chemical potentials. We 

allow for a third chemical potential ug associated with electric charge. 

Taking three families of fermions, calculating the electric charge density 

and setting it to zero, and solving for the chemical potentials we find that 
liz = (3u — uB)/8. Then the densities are 

5 

ip: UB + HL T2 

_ 9uL + LB (LOETA) 
C 


T? 


If we further assume that the baryon and lepton numbers of the universe 
are equal we get ur, = up/2 and finally ng = (11/16)ugT?. Putting this 


16.5 Electroweak phase transition and baryogenesis 407 


into the baryon-changing rate we finally get 
1 dN r/ 9° 4 
2 aai le exp (-FAwe)) (16.75) 


Ng dt is Kmax 
The absolute baryon number is decreased by sphalerons no matter 
whether it starts out positive or negative. 

The characteristic time for the relaxation of baryon and lepton numbers 
to their equilibrium value of 0 is just given by the previous equation. This 
should be compared with the expansion rate of the universe. According 
to Einstein’s equations the scale factor of the universe evolves according 
to (16.53). For an equation of state corresponding to Ngo © 100 massless 
bosonic degrees of freedom the characteristic expansion time scale is found 
from 


1 dR Te 
— — = 1.66\/ Naor 
R dt j MPlanck 


(16.76) 


where mplanck = G-1/2 = 1,22 x 10/9 GeV. The baryon-number-changing 
rate is greater than the expansion rate of the universe for temperatures 
greater than Tx, that is determined approximately by 


T, In (7 ect meu (16.77) 
Ti g 

The solution to this equation is approximately given by Tą = v(T;). 

Within a factor 2 we can estimate T, to be about 100 GeV, the electroweak 

scale, that is within the range of validity of the sphaleron approximation 

to the baryon-changing rate. We would expect the net baryon and lepton 

numbers of the universe to be determined somewhere around T}. 

For some range of temperatures above the regime of validity of the 
sphaleron calculation the baryon- and lepton-number-changing reactions 
are not expected to be suppressed. When T > 47v/g there is no longer 
a barrier to these reactions. On dimensional grounds the rate per unit 
volume is then expected to be Ag!°In(1/g?)T*, where A is a constant 
[28, 29]. This involves a factor (g?7)°, arising from the spatial volume 
associated with the scale g?°T, and a factor g*In(1/g’)T arising from the 
relaxation time. Since the rate per unit volume grows as T^ and the 
particle density grows approximately as T3, the rate per particle grows 
as T. This should be compared with the T? growth of the expansion rate 
of the universe. Therefore baryon- and lepton-number-changing processes 
will be predominant for T,, > T > Tą; it is left as an exercise for the 
reader to estimate T;,... 

One can ask a different question. Is it possible for the net baryon and 
lepton numbers of the universe to be generated at the electroweak scale? 
This requires three ingredients: baryon- and lepton-changing processes; 
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CP violation; and a system out of equilibrium. The first has already been 
demonstrated in the standard model. CP violation also exists in the stan- 
dard model, as evidenced by neutral kaon oscillations. The requirement 
that the universe be out of equilibrium is certainly possible if the stan- 
dard model has a first-order electroweak phase transition. Much work has 
been done in this context, but the consensus is that there is no first-order 
electroweak phase transition in the minimal standard model; see Section 
15.4. An extension of the minimal standard model to include extra Higgs 
bosons generally does allow for a first-order phase transition. There also 
seems to be a consensus that a second-order phase transition is not suffi- 
cient to generate baryon and lepton numbers anywhere near their observed 
values. What happens beyond the minimal standard model is a topic of 
much current research. 


16.6 Decay of a heavy particle 


Presumably there is physics beyond the standard model. This may include 
grand unified theories (GUT), supersymmetry (SUSY), and string theory. 
A feature common to all of these is the existence of new particles that have 
masses well above the electroweak scale of 100 GeV. These particles could 
have been in thermal and chemical equilibrium in the very early universe 
when the temperature was comparable with or greater than their masses. 
Since these particles are not observed today they must have been unstable 
and have decayed to lighter particles. The methods developed in previous 
chapters are perfectly adapted to describe the physics of these decays at 
finite temperature. 

Following Weldon [30], consider a very heavy scalar field ® with mass 
M that decays into a pair of lighter scalar fields ġa and ¢y with masses 
Ma and mp, (M > Ma + mp). The interaction responsible for the decay is 
taken to be Lint = gsPGaop. The self-energy of the ® can be computed in 
the one-loop approximation in the usual way: 


II(ko = Türis k) 


gT SJE 5 
p 3w; EET wj — Wn)? + (p-k)? +m? 
(16.78) 


Here wn and w; are the Matsubara frequencies. After performing the sum 
the self-energy may be expressed as 


dp 1 1na +n Na — Nb 
(ko = iwn, k) Co a (tee tee 
‘i Ny — Na tt 
ko — Ea + Ep kot Ea t+ Eo 


(16.79) 
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The energies are Ea = \/p? + m2 and Ey = 4/(p — k)? + m2, and the na 
and n, are the Bose-Einstein occupation numbers. 

Since the ® is unstable its self-energy has both real and imaginary 
parts. The imaginary part is what concerns us most here. As in Section 
6.6, we write kg = w — iy and assume weak damping, y < w. Then it is 
easy to see that 


d? 1 
ImH(w, k) = -r ESET 
x {[(1 + na) (1 + ne) — nane] 
x [6(w — Fa — Er) E 6(w + Ea + E,)| 
+ [na(1 + ne) — no(1 + na)] 
x [E(w + Ea — Ey) — 6(w — Ea + Ey)]} (16.80) 


The product ngnp has been added and subtracted in each of the terms 
to provide a transparent physical interpretation. Under the conditions 
stated above, the kinematically allowed processes are the decay ® — 
oa + d and the formation a + œb — P. The former involves the factor 
(1+ na)(1 + ny), that is a Bose enhancement of the final state. The lat- 
ter involves the factor ngnp and a relative minus sign as is appropriate 
for a formation reaction. The overall normalization is governed by the 
decay amplitude gs times kinematic factors. At zero temperature all the 
Bose-Einstein occupation numbers go to zero and y = —ImII/2w just 
represents the in-vacuum decay. The other terms represent processes that 
are kinematically forbidden in the present situation but could occur under 
different ones. They include ® + ha — pb, ® + dy — ba, © + ba + Qb > 0, 
Pa > P + bb, bb > P ++ ba, 0 > B+ ha + Op. 

It may also be possible for the ® to decay into a fermion—antifermion 
pair. This could happen via the interaction Lint = gew®. In that case 
the imaginary part would be 


3 s— m2 
Im H(w, k) = -anat | e oe 
x {1 F Na) (1 F np) = Nane] 
x [E(w — Ea — Ey) — êlw + Ea + E)] 
+ [na(1 + ne) — na(1 + na)l 
x [6(w + Ea — Ey) — lw — Ea + Eb) } (16.81) 


The physical interpretation of these terms is exactly analogous to those 
for the decay of the ® into bosons. 
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The imaginary part due to the coupling to either bosons or fermions 
can be written in a universal format: 


1 dpa dp 4 
miw k= 2 
T R) Eo 3B, (2n)5 | s) 


 {8"(k — pa — p) M(® > a + b) 
x [(1 — na) (1 — na) — nan 
+ 6°(k+ pa — po)|M(® + a = b)|? 

x [na(1 — ny) — na(1 — na) 
+ 6°(k — pa + po)|M(® +b — a)? 
x [np(1 — Nna) — Na(l — nb) 
+ 6 (k + pa + py)|M(® +a +b = 0)|? 

x [nane — (1 — na) (1 — na)]} (16.82) 


Here M is the corresponding amplitude for a given process, whether for 
bosons or fermions. 

This result is of wide application. It applies to final states involving 
more than two particles also. It easily generalizes to the decay of vector 
mesons and to the decay of a heavy fermion in an obvious way. 


16.1 


16.2 


16.3 


16.4 


16.5 


16.6 


16.7 


16.8 


16.9 


16.7 Exercises 


Derive the formulas for the asymptotic mass and radius of a white 
dwarf star given in Section 16.1. 

Derive the expression for the charge symmetry coefficient (16.22) 
given in Section 16.2. 

Using the numbers given in the text, calculate the mean field 
potential at nuclear saturation density for nucleons and for the 
A, %, and = hyperons. 

Calculate the neutrino emissivity for an ultrarelativistic degener- 
ate electron gas (fe > T > me). 

Show that the formulas for Zp and Zz, (16.35), (16.36), follow 
from the previous formulae. 

Look up the relevant matrix element and use it to calculate 
(16.44). 

Derive formulae for and plot the temperature T(R) and hadronic 
volume fraction A(R) assuming an idealized Maxwell construction 
for a QCD phase transition in the early universe. 

Derive the equations of motion for f and h that start from the 
sphaleron ansatz (16.63). 

Show that the baryon number of a sphaleron is Nfam/2 by using 
(16.67). 


References 411 


16.10 Derive the formulae (16.74) for the baryon and lepton densities. 
16.11 Suppose that the baryon-changing rate is given by 


Ag'°In(1/g?)T*. If the baryon-to-photon ratio ņ has the 
value 107°? at T =100 GeV, what would it have been at ear- 
lier times and temperatures? What is your estimate for the 
temperature Tą discussed in the text? 


16.12 Consider a very heavy boson of mass M that decays into a mass- 


less fermion—antifermion pair. Write down the rate equation for 
the abundance of these heavy bosons. Solve this equation in the 
temperature range M >> To > T > 100 GeV in terms of the initial 
density nm (To). 
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Conclusion 


In this book we have developed relativistic quantum field theory at finite 
temperature and density. We have studied extensively the theories of three 
of the four fundamental forces of nature: QED, QCD, and the Glashow- 
Weinberg—Salam theory of the weak interactions. In its nonrelativistic 
quantum mechanical guise, QED is responsible for the structure of atomic 
and molecular systems. Here we have focused on the properties of rela- 
tivistic plasmas as realized in astrophysical environments. We have stud- 
ied the screening of static electric charges, the propagation of collective 
excitations with the quantum numbers of the photon and the electron, 
shear and bulk viscosities, and thermal and electrical conductivities. We 
have also used the cold equation of state of dense electrons to calculate 
the masses and radii of white dwarf stars. 

Spontaneous symmetry breaking is an important concept in both the 
strong and the electroweak interactions. When such symmetries are bro- 
ken, the result is Goldstone bosons that reflect the underlying symmetry. 
In simple models illustrating this phenomenon, the spontaneously broken 
symmetry is restored at high enough temperatures, often via a second- 
order phase transition. An extension of these models to include gauge 
bosons reveals the Higgs mechanism, whereby one of the would-be Gold- 
stone bosons combines with a gauge boson to produce a massive vector 
boson with three spin states. In simple enough models, this symmetry is 
restored at high temperatures. 

QCD is the theory of quarks and gluons. We have studied it using 
perturbation theory and have found the limitations of the latter. The 
minimum extension is to sum the set of ring diagrams. This gives a con- 
tribution of order g? to the pressure at high temperature. Contributions 
of order gf, g* In g?, gř, and gln g? have all been computed at high tem- 
perature, with rather slow convergence. The ring diagrams spawned a 
more elaborate technique that goes under the title of hard thermal loops. 
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They are important for calculating various linear-response properties of 
quark—gluon plasma, such as the emission of electromagnetic radiation in 
the form of photons and lepton pairs. At asymptotically high tempera- 
tures asymptotic freedom forces g?(T) to go to zero, albeit only logarith- 
mically. Since individual quarks and gluons are never observed at zero 
and low temperatures, due to confinement, only color-neutral objects, or 
hadrons, can exist there. Numerical calculations with lattice gauge theory 
show conclusively that for the physical three-color theory without quarks, 
there is a first-order phase transition separating the two phases. For two 
flavors of massless quarks it should be a second-order transition, and for 
three massless flavors it should be first order. The answer for two up and 
down quarks, which are light, and one slightly heavier strange quark is still 
not known with certainty. Cold dense quark matter has been shown to be 
color superconducting. Various ways of pairing quarks can occur, includ- 
ing two-flavor superconducting and color-flavor-locked superconducting. 

At subcritical baryon densities, the most economical way to describe 
the system is in terms of nucleon and hyperon degrees of freedom. The 
simplest model that displays the main features of nuclear matter is the 
Walecka model, which is readily solved in the mean field approximation. 
Sophistications can include more interactions and more fields, and solv- 
ing to a higher number of loops. Complications with the former occur 
at high densities when the baryons are densely packed and multipar- 
ticle interactions become important. Complications with the latter are 
due to the large, order of 10, coupling constants. In any case, the phi- 
losophy is to construct the most sophisticated Lagrangian possible, that 
reflects the symmetries of QCD and low-energy scattering properties, and 
then to calculate the partition function to the best of one’s abilities. The 
goal is to extrapolate to high densities, such as those in a neutron star. 
In fact, dozens of such stars have been observed with masses measured 
to be twice that of a star composed of neutrons alone, thereby showing 
the crucial importance of including interactions and/or other degrees of 
freedom. 

Hot hadronic matter occurs at subcritical energy densities and with 
small or zero baryon density. The symmetries of QCD, particularly chi- 
ral symmetry, again restrict the form of effective Lagrangians used to 
describe the properties of this matter. The equation of state at small 
temperatures is quite well determined. As the temperature rises, more 
and more of the hundreds of hadrons observed in particle physics experi- 
ments are created, and the interactions among them are complicated and 
generally unknown. Still, it is important to understand this type of matter 
for it is the ultimate fate of quark—gluon plasma created in high-energy 
heavy ion collisions, as explored at accelerators at Brookhaven National 
Laboratory and at CERN. Signatures of the formation of quark—gluon 
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plasma include the thermal emission of photons and lepton pairs, J/w 
production, strangeness production, and the relative abundances of 
numerous species of mesons and baryons. 

The early universe provides an ideal setting to study matter at extraor- 
dinarily high temperatures. If QCD, for example, does undergo a first- 
order phase transition with its physical parameters then one may study 
the nucleation of the low-density hadronic phase from the high-density 
quark-gluon phase and the subsequent evolution of the bubbles and 
drops. The resulting inhomogeneities in energy density, baryon density, 
and isospin density may even influence nucleosynthesis at later times. At 
an even earlier epoch it was suspected that the spontaneously broken sym- 
metry of the combined electroweak interactions might have been restored. 
A mean field approximation yields a second-order phase transition, but 
this becomes a very weak first-order transition when a resummation of the 
ring diagrams is done. This might have bided well for baryogensis occur- 
ring at this time via nonperturbative field configurations or sphalerons. 
However, it turns out that the order and even existence of a transition 
depends on the value of the quartic coupling in the Higgs sector, or rather 
on the Higgs mass. Lattice calculations in the three-dimensional sector 
show that present limits on the as yet undiscovered Higgs boson preclude 
a phase transition. 

The reader should now be in a position to read the current literature on 
finite-temperature field theory and to make original contributions. There 
are a large number and variety of topics that require investigation. Neu- 
tron stars are being discovered all the time. Refined calculations of dense 
nuclear matter are still needed. Comparing their computed mass, radius, 
glitch characteristics, and cooling rates with observation should be invalu- 
able for learning about the matter inside the densest objects in the uni- 
verse. Since this is likely to be the only environment where superconduct- 
ing quark matter may exist, it is necessary to understand it thoroughly. 
It has been suggested that quark matter at modest densities is actually 
in a color-superconducting crystalline state; this need to be worked out. 
The matter formed in high-energy nuclear collisions at RHIC seems to be 
behaving as a near perfect fluid. What is the nature of quark—-gluon matter 
just above the critical, or crossover, temperature? What are the correla- 
tions between quarks and gluons there and how strong are they? Lattice 
calculations may be the best approach for studying the strongly coupled 
region in this vicinity. Much has been accomplished, but more work needs 
to be done even though the first lattice calculations at finite temperature 
were made twenty-five years ago. Analytical results are always appealing 
and welcome; the order gê and g” contributions to QCD should be avail- 
able in the near future. How far can one go? A topic that has not been 
covered in this text is the absorption of high-energy jets at RHIC. This 
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may well provide important information on the nature of the matter the 
jets traverse. 

The full equation of state of electroweak theory has not been computed 
to the same level as it has for QCD. The importance of this theory for the 
early universe, and the possibility that it affects baryogenesis, strongly 
suggests that more work ought to be done. The same is true of grand 
unified theories (GUTs), which attempt to unify the strong, weak, and 
electromagnetic forces. Supersymmetry and supersymmetric extensions 
of the standard model have been studied to some extent in the literature 
but not at the level that QCD has. Hawking radiation has been discussed 
briefly in this book. It is unique in the sense that so far it is the only 
concrete connection we have between quantum theory and gravity. How 
was it manifested in the early universe, and where might it possibly be 
manifested today? More generally, how can one use thermal field theory in 
a possible theory-of-everything, namely, string theory? What about dark 
matter and dark energy? 

We hope that, in some way, this book stimulates people to make further 
progress. There is much to be done. There is work for all! 


Appendix 


A1.1 Thermodynamic relations 


Following is a list of the most commonly encountered thermodynamic 
functions. They are expressed in terms of their natural variables. This 
means that if a variational parameter, such as a condensate field, is intro- 
duced, the given function is an extremum with respect to variations in 
the parameter with all natural variables held fixed. To obtain an inten- 
sive function from an extensive function in the large-volume, thermody- 
namic, limit either divide by the volume or differentiate with respect to 
it. Only one chemical potential is indicated; the generalization to an arbi- 
trary number of conserved charges is obvious. For a general reference, see 
Landau and Lifshitz [1] and Reif [2]. 


Grand canonical partition function: 
Z(u,T,V) = Tr exp[—@(H — uN)| (A1.1) 
Thermodynamic potential density: 


TlaZ 
Q(u, T) = — V = 


VdQ = —SdT — PdV — Ndu 
S (22) (A1.2) 
H 


P(u,T) 


oT 


yV 
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Energy: 


E = E(N,S,V) 
dE = TdS — PdV + dN 


OE 
T= (35) wy 
OE 
P=- (a)y 
(ðE 
H= | ON m 


F=F(N,T,V)=E-TS 
dF = —SdT + PdV + pdN 


Helmholtz free energy: 


Gibbs free energy: 


G=G(N,P,T)=E—-TS+PV 
dG = —SdT + VdP + pdN 


(A1.5) 


A1.2 Microcanonical and canonical ensembles 
The level density is defined as 


o(E)= X 6(B-E,) (A1.6) 


states s 
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The number of states with energies between E and E + AF is the integral 
E+AE 
N(E, AE) = dE'o(E’) (A1.7) 
E 
This will be a choppy discontinuous function for low energies but will 
approach a smooth continuous function at high energies when many 
states are contained within the energy window AF. If there are con- 
served charges, such as baryon number or electric charge, the sum over 
states should be restricted to those that have the specified values. For one 
conserved charge with fixed value N, 


o(E,N) = X 6(E - E,)6nn, (A1.8) 


The conserved charge involves a Kronecker rather than a Dirac delta 
function because charge is always discrete. Specifying the exact energy 
and charge numbers of a system leads to the microcanonical ensemble. 
This is the situation for an isolated system. 

The level density can always be expressed as the Laplace transform of 
the grand canonical partition function. For example, for a system with no 
conserved charges, 


o(E) : [~ de® ZB) (A1.9) 


~ 2ri —ioo+e 
where 
Z(8)=Tre 


This may be illustrated by applying it to the massless, self-interacting, 
scalar field theory discussed in Chapter 3. From (3.56) we know that 


nZ=V (=) c(A) (A1.10) 
where 
5 /9A\ 5 fone 
aAa = =a (3) + 7g (3) + 
Hence 
l o a 
aas aa dfs (A1.11) 
where 


f(@) =GE+mZ (A1.12) 
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Asymptotically, when V — œ and E — oo with E/V fixed, we can eval- 
uate the level density using the saddle-point approximation. The location 
of the saddle point is determined by df /dG = 0. This occurs when 

B T? V 
~ 308° 


(It is legitimate to neglect the G-dependence of À induced by the renor- 
malization group to the order \°/2 at that we are working.) Then 


ef 
nen D | V T saddle point 


= aV */8 E75/8 exp (ev™4g/4) (A1.14) 


6’ (A) (A1.13) 


where 


i E au 


The saddle point value of 8 is therefore just the inverse temperature. 
Notice that the saddle point condition (A1.13) can also be written as 


E r? 4 
r aA (A1.16) 
that agrees with the energy density obtained via —P+TdP/dT from 
(3.56). Furthermore, the level density (A1.14) agrees with that derived 
on the basis of single-particle phase space [3] when we set A = 0. 

The canonical ensemble refers to a system in a box of volume V, main- 
tained at temperature T by thermal contact with a heat reservoir but 
with a fixed number of conserved charges. For a system with just one 
conserved charge, say baryon number, the canonical partition function is 


ZA(N,T,V) = = / dô eN 7 (6) (A1.17) 
T =J 
where 


Z(6) = Tre GHt+ion 


Notice the integral representation of the Kronecker delta on account of 
the discreteness of baryon number. Make the change of variable 6 = —iGu. 
Then 


Z = Tre AHH) (A1.18) 


that is the familiar form, albeit with an imaginary chemical potential. 


A1.8 High-temperature expansions 421 


As an illustration, recall the partition function for a massless noninter- 
acting gas of fermions: 


= V 4 4 202-2 T 4 
hZ = E (4 L 2T B M + Tem (A1.19) 
Then 
EE f duet A1.20 
c= EF He ( * ) 
where 


f=—-GuN+InZ 
The saddle point is determined by the condition 


N H 2 2m2 

yaa" +7°T’) (A1.21) 
which is just the expression for the baryon density in the grand canoni- 
cal ensemble, namely, OP(,T)/O. In the large-volume limit with fixed 


intensive quantities, 


OT? mT” ) -1/2 
ala 
T 3 


3u’ E 
-E oTt E N a 
(3 -arr EY) cary 


Ze(N,T, V) x V OP ( 


x exp | pE 


In this equation, u is given by (A1.21) as a function of N/V and T. Up 
to corrections of relative order (ln V)/V the canonical partition function 
is 

TnZ.=TmMZ-pN=PV-pN=-F (A1.23) 


It is also possible to fix the total three-momentum of the system [4] 
and to pick out the singlet states of SU(N) gauge theories [5]. Different 
boundary conditions on the surface, such as periodic, Dirichlet, Neumann, 
and Cauchy, result in contributions to the free energies that scale as the 
surface area but with differing coefficients. Compared with the volume 
contributions they are of no importance in the large-volume, thermody- 
namic, limit and so we do not discuss them further. 


A1.3 High-temperature expansions 

Frequently a high-temperature (T >> m) expansion of an integral like 
1 So deans 1 

P(n) Jo yax? +y eyt? — 1 


hn(y) = (A1.24) 
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is desired, where y = m/T. These integrals satisfy the differential equation 


dhn+1 _ yhn-1 


A1.25 
dy n ( ) 


The high-temperature expansion is obtained by using the identity 


1 1 
= 2 A1.2 
e -1 z s+ are z2 + Cae ( 6) 


=E 


multiplying the integrand by x~‘, integrating term by term, and letting 


c€ — 0 at the end. One obtains 


hy) == +5m(2) +5 tea) (2) + E e 


2y 2 27 16 27 
(A1.27) 
where yg = 0.5772 . . . is Euler’s constant and ¢(3) = 1.202 .. ., ¢(5) = 
1.037 . . . are specific values of the Riemann zeta function ¢(n). Also 
ho(y) = —In(1 — e™”) (A1.28) 


For example, the pressure of a noninteracting spinless boson field is 


90 24 127 
mî 4nrT 3 mê 
= Al.2 
sam Pa) tito (ze) Avan 
The analysis for a noninteracting charged spinless boson field is only 


slightly more complicated. See Haber and Weldon [6] for details. In the 
limit T >> m > |u| the pressure is 


m4 ArT 3 mË mip? 
l — A1.30 
at [In (=) wt a] +o (Fa or} 30) 


For fermions with zero chemical potential the integral of interest is 


1 © dr get 1 
n = A1.31 
The fn satisfy the same differential equation as the hy, 


dy n 
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€ 


To evaluate the fermion integral, insert the factor x‘, integrate term by 


term using the expansion 


(oe) 


1 1 z 
= A1.33 
e+1 2 22 2? + (21+ 1)?n? ( ) 


and let € — 0 at the end. One obtains [7] 
_ 1l Y 1 
f(y) = -5 In (2) - Set (A134) 
fo(y) = In(1 + e”) 


For a noninteracting gas of fermions with u = 0 the pressure is 


167" m Tr? mT? 
T 180 12 


mt rT 3 mê 
+ fin (2) — e (28) cars 


Notice the absence of an m?T term, that is present for bosons. For small 
mass and small chemical potential the high-temperature expansion begins 
as 


T2 


Tr? (2u? — m?)T? 

= ges ee ce ee A1.36 
180 = 12 ji ( ) 

A1.4 Expansion in the degeneracy 


The pressure of a noninteracting gas may be expressed as 


P=(2s+1)T I tia In (1 2 ezte) (A1.37) 


Here s is the spin, while the upper sign refers to fermions and the lower 


sign to bosons. The logarithm may be expanded in powers of the expo- 
nential and then integrated term by term: 


P= 


(2s sues 3 Gy eÊ K5 (Im) (A1.38) 


(=I 


Here Kə is a modified Bessel function of the second kind. This is an 
expansion in powers of the quantum degeneracy. 
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The number density, entropy density, and energy density may be cal- 
culated using the thermodynamic identities: 


ea (2s F 1)m?T y a e! K5 (13m) 


Qn? 
l=1 


5 m2T2 20 l+1 
s- a T yo ol |(2 — 18) K2(19m) 
i=] 
+ 48m (Ky (18m) + K3(18m)) | 
3 m3 oo 141 
Te (2 a ay ca elbu [Klam + eg Kolam) (A1.39) 


l=1 
These expressions do not include contributions from the antiparticles, 
if they exist; they may be obtained by the substitution u —> —u. The 
nonrelativistic limit may be obtained by using the expansions of the Bessel 
functions K(x) when x > 1: 


TE n? = n? = n? = 


Numerical approximations for both bosons and fermions have been 
worked out for arbitrary values of m, T, u by Johns, Ellis, and Lattimer 
[8]. 
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